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Abstract

The bio-heat transfer equation is a macroscopic model for describ-
ing the heat transfer in microvascular tissue. So far the derivation of
the Helmholtz term arising in the bio-heat transfer equation is not com-
pletely satisfactory. Here we use homogenization techniques to show that
this term may be understood as asymptotic result of boundary value prob-
lems which provide a microscopic description for microvascular tissue. An
appropriate scaling of so-called heat transfer coefficients in Robin bound-
ary conditions on tissue-blood boundaries is seen to play the crucial role.
In view of a future application of our new mathematical model for treat-
ment planning in hyperthermia, we derive asymptotic estimates for the
first order corrector.
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Introduction

A detailed understanding of thermoregulation in the human vascular system is
of utmost interest in a variety of applications in medical technology. The present
paper emerges from problems arising in the patient-specific therapy planning for
the cancer therapy regional hyperthermia — see [7, Chap. 1] for a general survey
or [8] for details concerning applied adaptive multilevel methods. Up to now,
the model of thermoregulation used therein is the quite popular bio-heat transfer
(BHT) equation, a partial differential equation (PDE) model developed by the
neurologist Pennes [15] already in 1948.

The aim of the present paper is to carefully revisit the original problem of
thermoregulation on the micro/meso scale via mathematical homogenization.

The paper is organized as follows. In Section 1 we describe the problem
setting in the framework of regional hyperthermia; the arguments underlying
the existing derivations of the BHT equation are discussed together with their
limitations. Next, in Section 2, we introduce a periodic model problem which is
a usual first step within the homogenization approach — see, e.g., the research
monograph [3]. This kind of model yields a slight variant of the BHT equation.
More general scaling laws are discussed as well. However, as turns out, the
more general approach does not lead to any further useful mathematical model.
In Section 3, in view of a possible embedding of the microvascular model in a
numerical multiscale model, we derive the first and second order corrector terms
of our periodic model and prove error estimates for the first order corrector.

1 Thermoregulation Modeling Revisited

The investigations of this paper have been motivated by a long term interdis-
ciplinary project in microwave regional hyperthermia, a rather recent cancer
therapy. Its clinical setting at the Charité in Berlin is shown in Fig. 1, left. A
prerequisite for mathematical therapy planning is the construction of a so-called
virtual lab, which contains a 3D grid model of the real patient, the so—called
virtual patient — see Fig. 1, right. The underlying medical and mathematical
problem is to tune the microwave antennas optimally in such a way that heat
is concentrated within the patient’s tumor, but nowhere else in healthy tissue.

For this purpose, the distribution of the temperature T within each indi-
vidual human body must be quantitatively carefully modeled. Up to now, the
rather simple so—called bio-heat transfer (BHT) equation

—VeVT + pppeym(T —T,) + S5 =0 (1.1)

is mostly used, where x denotes the thermal conductivity, p,;, the density of
tissue/blood, ¢; the specific heat capacity, m the perfusion, T} the arterial tem-
perature, and S some external thermal source — which in regional hyperthermia
is the heating by microwave absorption. This elliptic PDE dates back to an early
suggestion by the neurologist Pennes [15] from 1948 (actually he had treated the
time dependent parabolic PDE). The construction of his model was based on



Figure 1: Regiona hyperthermia: real patient (left, Charit’e), virtual patient
(right, Z1B).

experimental observations which hetried to understand by an ingenious mixture
of physical, physiological and mathematical arguments. His model was under-
stood to apply to the whole resting human forearm. Multiscale considerations
did not show up.

Not earlier than 1980 the two bioengineers Chen and Holmes [4] looked into
this topic again in subtle detail. In their derivation the above Helmholtz term
arises, when a “sufficiently large control volume” is considered, such that all
further bifurcations from precapillary arterioles are contained. Moreover, they
require the assumption that blood leaves the control volume at the solid tissue
temperature. Upon carefully examinating different heating effects by the blood
flow, they arrive at the BHT equation with an additional convection term. In
their summary, they draw the following main conclusions:

* The equilibration of blood temperature within solid tissue takes place
between arterial branches and precapillary arterioles, not inthe capillaries.

* The heat transfer from larger vessels should be calculated individually,
and not collectively in a continuum formulation.

Obviously, these authors already envision a two-scale model — the BHT meso-
level and the large vessel macro-level.

Later, in 1989, one of the present authors suggested another derivation of
the Helmholtz term — see[17]. This derivation started from the above additional
convection term and assumed some potential temperature flow —in the spirit of
Darcy’s law as used in reservoir simulation. Following thisline, Green’s theorem
then helps to recover a Helmholtz term just asthe onein the BHT equation. As
is well-known, Darcy’s law has originally been based on experiments, whereas
today it can be derived by homogenization arguments. First such derivations
have used some periodic microstructure assumption [1, 9], more sophisticated
later derivations could dispense of such atype of assumption [2].

Stepping back to the original problem, we are facing a true multiscale sit-
uation. As shown in Fig. 2, we will have to deal in parallel with large blood



