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Abstract. This book offers a self-contained introduction to the field of semidefinite 
programming, its applications in combinatorial otimization, and its comutational 
methods 

We equip the reader with the basic results from linear algebra on positive semidefinite 
matrices and the cone spanned by them. Starting from linear programming, we intro­
duce semidefinite programs and discuss the associated duality theory. We then turn to 
semidefinite relaxations of combinatorial optimization and illustrate their interrelation. 

In the second half we deal with computational methods for solving semidefinite pro­
grams. First, the interior point approach, its iteration complexity, and implementa-
tional issues are discussed. Next, we explain in great detail the spectral bundle method, 
which is particularly suited for large scale semidefinite rogramming. 

One of the most successful techniques in integer linear programming is the cutting 
lane approach which improves an initial relaxation by adding violated inequalities 

We explore possibilities to combine the two solution methods with the cutting plane 
approach in order to strengthen semidefinite relaxations of combinatorial otimization 
problems 

Mathematics subject classification (MSC 2000). Primary 90C22; secondary 
90C27, 90-02 

Keywords. Positive semidefinite matrices, semidefinite cone, semidefinite program­
ming, semidefinite duality, combinatorial optimization, max-cut, quadratic 0-1 ro­
gramming, graph partitioning, semidefinite relaxations, interior point methods, s e c 
tral bundle method, eigenvalue otimization, cutting lane algorithms. 

Software. An implementation of the s p e c a l bundle method is now available at URL 
http://www.zib.de/helmberg/SBmethod 

Note . Except for a few minor corrections, this text is identical to my Habilitations 
schrift of January 2000. 
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ntrodction 

Combinatorial optimization is the task of finding, with respect to a given cost function, an optimal 
subset in a given family of subsets of a finite set. In general, the solution of this kind of problems 
requires comlete enumeration. Typically, structural properties of the feasible set and the cost 
function allow to reduce the number of subsets that have to be enumerated. In this context, the 
technique of convex relaxation has proven highly effective. First, the combinatorial optimization 
problem is reformulated (if possible) as the task of optimizing a linear cost function over a finite 
set of integral points. Then the set of integral points is relaxed to some convex set that contains 
all feasible integral points and is accessible for standard optimization methods. 

The technique of convex relaxation is strongly connected to linear programming. After all 
the tightest convex relaxation is the convex hull of the integral oints, a polyhedral set, which 
can be described by linear constraints. Unfortunately, for many problems of practical relevance 
it is computationally too expensive to provide the full description of the convex hull. None the 
less, numerous examples of linear relaxations of combinatorial optimization problems can be found 
in the literature, that lead to strong theoretical results and efficient practical solution methods. 
The success of linear programming goes hand in hand with the general familiarity of the scientific 
community with its theoretical properties and the availability of efficient solvers. 

If no reasonable linear approximation of the convex hull is available, it is worth to consider 
other than linear relaxations of the feasible set. Several classical problems, e.g., quadratic 0-1 pro­
gramming, suggest the use of nonlinear methods. In general, nonlinear relaxations are considered 
much harder to analyze and implement. In the last two decades, new results and algorithms for 
convex optimization have led to a better understanding and better solution methods for nonlinear 
optimization problems. In particular, the field of semidefinite programming has experienced (and 
is still experiencing) considerable progress. Within the last few years it has become a standard 
tool in optimization that is sufficiently easy to use. Its most important applications are found 
within control theory, signal processing, eigenvalue optimization, and combinatorial optimization. 

In comparison to linear programming, semidefinite programming offers the additional possibil 
ity to work with positive semidefinite matrix variables. A linear cost function is optimized over 
the cone 5+ of positive semidefinite matrices (instead of the cone M of nonnegative variables) 
subject to linear constraints. Since the semidefinite cone is not polyhedral, duality theory requires 
more care than in linear programming. In order to guarantee strong duality, one usually assumes 
the Slater condition to hold, i.e., the existence of a strictly feasible primal or dual solution. Given 
this, semidefinite rograms can be solved in a routine manner by interior point methods. 

In the seminal paper "On the Shannon Capacity of a Graph" Loväsz [1979] introduced a sur 
prising bound on the independence number of graphs. He gave several equivalent formulations of 
this bound. They involved the minimization of the maximal eigenvalue over an affine set of matri 
ces or linear programs with positive semidefiniteness constraints. Grötschel, Loväsz, and Schrijver 
[981] proved that, in fact, the bound can be computed in polynomial time by means of the el­
lipsoid method. Unfortunately, the ellipsoid method has not been successful in implementations 
so the result was mainly of theoretic interest at the time. With his nonlinear polynomial time 
algorithm for linear programming, Karmarkar [1984] initiated the development of interior point 
methods with polynomial iteration comlexity for more general convex problems. To the best of 
our knowledge the first for semidefinite programming was proposed by Nesterov and Nemirovskii 
[994] Overton and Womersly [993] clarified the connection between certain eigenvalue o t i 
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mization problems and semidefinite programs, a connection that was in part anticipated already 
in the fifties (cf. Overton and Womersly [1992]). Because of this connection the first semidefi­
nite programming bounds for combinatorial optimization may arguably be attributed to Donath 
and Hoffman [1972]; Donath and Hoffman [1973]; they employed eigenvalue optimization in or 
der to obtain lower bounds for graph partitioning. Alizadeh [1995], who was among the first to 
develop semidefinite interior point methods with polynomial iteration complexity, also presented 
a survey on combinatorial applications of semidefinite programming. With his work semidefinite 
relaxations were considered to be of potential practical value. Recent progress in approximation 
algorithms, initiated by the paper of Goemans and Williamson [1995], confirmed the imortance 
of semidefinite programming for combinatorial optimization. 

In spite of these promising developments, only few people have embarked on actually employing 
semidefinite programming as a tool for attacking hard combinatorial optimization roblems. The 
reasons for this moderate interest might be twofold. Even though semidefinite programming 
is currently a "buzzword", there is a lack of introductory texts that lead into the field. In 
consequence, semidefinite programming remained somewhat eculiar for many peo le that have 
grown accustomed to linear programming. Second, the development of semidefinite programming 
algorithms and codes is still in its beginning. In particular, it seems to be significantly more 
difficult to exploit structural properties of the underlying data. This has led many e o l e to 
believe that semidefinite programming is applicable to small academic problems only. 

In this text we address both topics. First, we hope to provide an introduction to the field that 
is sufficiently easy to read for anybody with some basic knowledge about linear programming and 
convexity, yet complete enough to establish a firm ground for subsequent deeper studies. Second, 
we describe in detail two semidefinite programming algorithms, the primaldual interior point 
method and the spectral bundle method, which we believe to be especially useful for combinatorial 
applications. For these two methods we discuss various possibilities, as well as advantages and 
disadvantages of combining them with a cutting plane approach. We hope to convince the reader, 
that in particular the spectral bundle method is well suited for large scale optimization and may 
indeed be a helpful tool for several difficult combinatorial optimization problems. 

We give a short outline of the contents. Chapter 1 reviews some important results from linear 
algebra and basic properties of the cone of symmetric positive semidefinite matrices. Chapter 2 
is devoted to the theory of semidefinite programming, including standard formulations, duality, 
and a short survey on complexity results. In Chapter 3 we discuss semidefinite relaxations of 
several combinatorial optimization problems and their interrelation. The interior point approach 
to semidefinite programming in general and a particular primaldual interior point method are 
the topic of Chapter 4. In Chapter 5 we explain the spectral bundle method, its connection 
to semidefinite programming, and its extension to bounded variables. Finally, we resent our 
experience with cutting plane approaches in semidefinite programming in Chapter 6. In this last 
chapter we also provide some numerical results illustrating the quality of the relaxations obtained 
and describe an approach for fixing variables whose bounds are imlied by the semidefiniteness 
constraint. 

For the convenience of the reader, basic terminology and facts about linear algebra and con­
vexity are listed in the appendices. 

We would like to emphasize that this text is not a comprehensive study of semidefinite pro­
gramming and its algorithmic approaches, nor does it provide a complete listing of combinatorial 
applications in semidefinite programming. Indeed, we have confined the material to aspects that 
we believe are indispensable in order to understand and work with semidefinite relaxations of 
combinatorial optimization problems. We try to compensate for the omission of further relevant 
material by including, at the end of each chapter, an extra section "Remarks on the Litera­
ture" that refers to the sources of the presented material and provides pointers to further read­
ing on related topics. Many of the articles cited may still be available on the world wide web, 
see http:/ /www.zib.de/helmberg/semidef.html. For a comprehensive treatment of all aspects 
of semidefinite programming we recommend the "Handbook of Semidefinite Programming" by 
Wolkowicz, Saigal, and Vandenberghe [2000], which will be published soon. 

Acknowledgments. I thank Andreas Eisenblätter, Alexander Martin, and Robert Weisman-
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el for reading parts of this text and for their thoughtful suggestions that helped to improve the 
presentation. I thank Martin Grötschel for his challenging, yet supporting scepticism on my at 
tempts to render semidefinite programming applicable to real world combinatorial optimization 
problems, for his helpful criticism on an earlier version of the text, and for providing an excetional 
working environment at the onrad-ZuseZentrum für Informationstechnik Berlin. 

Berlin, January 2000 C h r i s h Helmber 
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0. Personal Contributions to the Field 
This text is my Habilitationsschrift, but in the hope to open it to a wider audience it is organized 
as a self contained introduction to the field. In view of the latter goal it is unavoidable that 
the major part of the contents refers to results that are not part of my work and it would not 
be approriate to bore my audience by constantly explaining my contributions inside the text. 
Therefore I will try to point out my contributions in this sea ra t e section, so that they can be 
located easily within the text. 

Chapter 1 and Chapter 2 contain no noteworthy personal contributions. Chapter 1 provides 
the basic tools from linear algebra. These are rarely used by people working in combinatorial 

ptimization and so a detailed treatment seemed advisable. C h a t e r leads into semidefinite 
rogramming and its duality theory. 

In Chapter 3 the personal contributions are the representation of the isomorphism between 
quadratic { — 1,1}- and 0- formulations as a scaling (Section 3.2; Helmberg [2000]) and the work 
on the quadratic knapsack problem (Section 3.3.2; Helmberg, Rendl, and Weismantel [2000]). 

The isomorphism between the max-cut problem and quadratic 0-1 programming has been 
known for a long time (Hammer [1965]; De Simone [1989]), the equivalence of the semidefinite 
relaxation is first noted in Helmberg, Poljak, Rendl, and Wolkowicz [1995]; Laurent, Poljak, and 
Rendl [1997]. The advantage of the scaling transformation given in Helmberg [2000] is that 
this representation also allows to map the constraints so that the dual variables and structural 
proert ies of the constraints are preserved, in particular, sars i ty (sparsity was also achieved by 
the revious transformation) and low rank structure. The preservation of the dual variables is 
of importance, because certain manipulations are easier in the dual of the max-cut relaxation 
than in the dual of the quadratic 0-1 programming relaxation. In particular the routine for 
fixing variables of Section 6.3.2 exploits the constraint structure of the max-cut relaxation. With 
the scaling transformation it is easy to employ this routine to optimal solutions computed for 
appropriate formulations of the quadratic 0-1 programming relaxation. In connection with the 
conic representation T (see Lemma 3.1.7) of the approximation result of Goemans and Williamson 
[1995] the transformation easily yields the equivalent result for the quadratic 0- rogramming 
setting (see Corollary 3.2.6). 

In the case of the quadratic 0-1 knasack problem the intention of Helmberg, Rendl, and 
Weismantel [2000] was to devise a good representation of a linear inequality by just one constraint 
in the semidefinite relaxation. The motivation came from the fact that the number of constraints 
in a semidefinite program has a significant influence on the performance of interior point methods. 
The general approach of Loväsz and Schrijver [1991] would require n inequalities to represent 
one linear inequality. For a constrained quadratic 0-1 programming problem with many linear 
constraints, applying the LoväszSchrijver approach may be computationally too expensive. The 
square representation ((SQK2) in Lemma 3.3.3) proved not only to be better than the diagonal 
representation (SQK1) in theory, but also to be of good quality in comparison to the Loväsz 
Schrijver relaxation (SQK4) in practice. Recently, Bauvin and Goemans informed me, that we 
had overlooked an intermediate representation that was used in our original proof of Lemma 3.3.3 
(it needs a moment of thought, though, therefore we attribute it to Bauvin and Goemans), this is 
now (SQK3) in Lemma 3.3.3. The semidefinite relaxation for linear cost functions (Lemma 3.3.5) 
has certainly little practical relevance, because the semidefinite approach is not competitive, but 
it is instructive to see that the representation gains something even in this simple case. For 
quadratic cost functions, however, the difference between diagonal representation (SQK1) and 
(SQK2)/(SQK3) may be significant, see the numerical results of Section 6.1.2. We consider this 
an important first ste towards a general cutting lane routine for constrained quadratic 0-

rogramming. 

In Chapter 4 the main contribution has already been part of my PhD-thesis Helmberg [1994] 
It is the development of the first primaldual interior point algorithm for semidefinite programming 
by Helmberg, Rendl, Vanderbei, and Wolkowicz [996]. Indeendently the same algorithm was 
developed by Kojima, Shindoh, and Hara [1997]. Whereas we presented good numerical results 
but could only rove convergence of the method (see also Helmberg [994]), they rovided a roof 
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of polynomial convergence but had not yet imlemented the algorithm. One year later Monteir 
[1997] rediscovered the same search direction. It is now often referred to as the HRVW/KSH/M 
or HKM direction. In the text, the direction is listed under (4.6). It is the basis of the algorithm 
described in Sections 4.2 and 4.4. The search direction still yields one of the fastest methods 
in terms of CPU time, in particular for combinatorial applications. Other than through the 
develoment of the search direction the theoretic results of Chapter 4 are not influenced by my 
work. In an introduction to the field, however, these results are indispensable and so I tried to 
present them in a unified framework that may differ considerably from the original works. Section 
4.4 is based on personal experience with imlementing the method, but several recommendations 
are still open to discussion. 

The spectral bundle method of Chapter 5 forms the core of the Habilitationsschrift. The 
cha t e r is based on Helmberg and Rendl [2000], Helmberg and Kiwiel [1999], but includes some 
new material as well. The motivation for this work was to devise an algorithm that can compute, 
within reasonable time, approximate solutions of well structured semidefinite rograms with large 
matrix variables and many constraints. 

Helmberg and Rendl [2000] employ, to the best of our knowledge, for the first time a non-
olyhedral model in bundle methods (Section 5.2). The concept of combining semidefinite interior 

point methods and nonsmooth optimization techniques in order to derive an efficient algorithm for 
solving semidefinite programs is also new. The structure of the semidefinite cutting plane model 
is unusual in that not the subgradients are stored themselves but rather a set for generating them. 
On the one hand this makes it possible to use the bundle approach also for cutting plane methods, 
see Chapter 6. On the other hand, this opened new ossibilities for aggregation in combination 
with the interior point algorithms. For linear cutting planes, aggregation consisted of linear com­
binations of cutting planes; here, aggregation is achieved in art by identifying and maintaining 
an appropriate nonpolyhedral face of the semidefinite cone. 

Helmberg and Kiwiel [1999] propose a new technique for including box constraints (Section 
5.4) that is particularly easy to implement and very efficient in practice. This allows the use of 
inequality constraints in the associated primal semidefinite program at almost the same cost as 
equality constraints. The inexact evaluation approach of Section 5.6 reduces the time spent in the 
eigenvalue computation significantly. Kiwiel [1995] already suggested inexact function evaluation 
and subgradient computations; The inexact evaluation criterion used in Helmberg and Kiwiel 
[1999] differs slightly from Kiwiel [1995] and exploits the special structure of the problem. The 
proofs of convergence follow the framework of Kiwiel [990], but several subtle changes had to be 
made in order to cover bounds and inexact evaluation. 

The proof of Theorem 5.3.8, establishing convergence of the optimal solutions of the subprob-
lems to a solution of the associated primal problem, is new. The result is not very surprising, but of 
fundamental importance for cutting plane methods, because it justifies the use of the solutions of 
the subroblems for separation. The inexact stopping criterion for the quadratic semidefinite sub-
problem of Lemma 5.5.3 is published here for the first time, fruitful discussions with K. C. Kiwiel 
are gratefully acknowledged. It ensures finite convergence of the interior point method and suffi­
cient relative precision of the respective solution. The associated Lemma 5.5.4 h e l s to establish 
convergence of the entire algorithm (Theorem 5.5.5) for inexact model evaluation. 

Chapter 6 on cutting plane algorithms in semidefinite programming is based on the implemen­
tations of Helmberg [1994]; Helmberg and Rendl [1998]; Helmberg, Rendl, and Weismantel [2000]; 
Helmberg [2000] and new work on the spectral bundle method. The importance of implementa-
tional contributions is difficult to judge because of their heuristic nature. I believe that the early 
separation and restarting technique developed for max-cut in my PhD-thesis Helmberg [1994] does 
make good use of the possibilities offered by primaldual interior point methods. At first it was a 
surr ise that the approach did not work at all for the quadratic 0-1 knapsack problem (Helmberg 
and Weismantel [1998]), so I try to highlight this problem dependence. Helmberg, Rendl, and 
Weismantel [2000] introduce a new class of valid inequalities for the quadratic knasack polytope 
(see Lemma 6.15), but the roof does not match the topic of this text. On the implementational 
side, the development of separation routines for quadratic knasack cuts seems imor tant , but 
this has not yet led to direct use in real world applications 


