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Abstract

The aim of this paper is to demonstrate a specific application of Computer Alge-
bra to bifurcation theory with symmetry. The classification of different bifurcation
phenomena in case of several parameters is automated, based on a classification
of Gröbner bases of possible tangent spaces. The computations are performed in
new coordinates of fundamental invariants and fundamental equivariants, with the
induced weighted ordering. In order to justify the approach the theory of intrinsic
modules is applied. Results for the groups D3, Z2, and Z2 × Z2 demonstrate that
the algorithm works independent of the group and that new results are obtained.
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1 Introduction

We present a systematic and algorithmic approach for the theory of bifurcations with
symmetry. In applications the solutions often depend on several parameters. By natural
geometric arrangements symmetry comes in, i.e. a group action. It is well accepted that by
Lyapunov Schmidt reduction it suffices to study low dimensional problems. Golubitsky,
Stewart, Schaeffer [11, 12] have described the singularity theory for various groups in
detail. Similarity of phenomena is identified by contact equivalence and classified by
codimension. Golubitsky, Stewart, Schaeffer present several examples of normal forms.

Our aim is to study possible phenomena by algorithmic generation of representatives of
contact equivalence classes. The emphasis is not to study problems of high codimension,
but to develop an algorithm for arbitrary group actions.

The main tool is Computer Algebra, especially Gröbner Bases. Several people [1, 8,
2, 19] have used Computer Algebra in dynamical systems and bifurcation theory, but our
approach is different from those procedures since our new classification of singularities is
based on a classification of Gröbner bases of possible tangent spaces.

A list of representatives explains which phenomena may occur and is the basis for the
development of numerical algorithms. The question whether two vector fields are in the
same equivalence class is not relevant because one has to use numerical algorithms for
applications anyway and for theoretical purposes it suffices to have one representative.

We make systematic use of Computer Algebra methods. This includes that instead of
germs we handle polynomials which creates new problems but nevertheless it seems to be
a reasonable approach.

The paper is organized as follows. Section 2 introduces bifurcation theory while sec-
tion 3 recalls the basics of Gröbner bases for modules and parameter handling. A section
on invariant theory of discrete groups and the subgroups of the contact equivalence com-
pletes the preparational work. The idea of our algorithm outlined in section 5 is explained
in more detail and justified in the following sections. The example of D3 demonstrates
the algorithm in detail. Computed bifurcation problems for Z2 and Z2 ×Z2 complete the
paper.

2 Notions of Singularity Theory

In this section the notations from singularity theory are given which are needed to for-
mulate the aim of this paper and the algorithm. Since one studies the phenomena locally,
germs are used. Secondly, one may restrict to the case that the point of interest is the
origin. We use the notations in [12] as far as possible.

Two C∞ functions fi : Ui → R, i = 1, 2, where U1, U2 are open neighborhoods of
0 ∈ Rn, are identified, if f1|U1∩U2 = f2|U1∩U2. This is an equivalence relation and the
equivalence classes are called germs. The spaces of germs in the variable λ or variables
x1, . . . , xn, λ are denoted by ελ or εx,λ, respectively. These spaces are rings. By �εx,λ map-

germs of C∞ vector fields f : Rn×R → Rn are denoted and
↔
ε x,λ is the space of germs of

matrix valued functions f : Rn×R → Rn×n. �εx,λ and
↔
ε x,λ are finitely generated modules

over the ring εx,λ.
Symmetry is described by a linear representation ϑ : G → Gl(Rn). In this paper we

consider finite groups G only. By this fact we may assume that ϑ is orthogonal and of
course we assume that G and ϑ(G) are isomorphic, i.e. ϑ is faithful.

Usually the notations Γ instead of ϑ(G) and γ ∈ Γ instead of ϑ(t), t ∈ G are used,
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but we prefer to distinguish the abstract group G and their action because this is more
precise and avoids misunderstandings.

A germ f ∈ εx,λ is called invariant, if

f(ϑ(t)x, λ) = f(x, λ), ∀ t ∈ G, (1)

and a map-germ f ∈ �εx,λ is called ϑ-equivariant, if

f(ϑ(t)x, λ) = ϑ(t)f(x, λ), ∀ t ∈ G. (2)

The commuting matrix-germs S ∈↔
ε x,λ satisfy

S(ϑ(t)x, λ) = ϑ(t)S(x, λ)ϑ(t−1), ∀ t ∈ G. (3)

We denote the spaces by εx,λ(ϑ), �εx,λ(ϑ) and
↔
ε x,λ (ϑ).

We also need to classify the space L(ϑ) of commuting matrices S in Rn×n

S = ϑ(t)Sϑ(t−1), ∀ t ∈ G.

By L(ϑ)0 one denotes the connected componentL(ϑ)∩Gl(Rn) which contains the identity.

Example 2.1 For example for the representation of D3 = {id, r, r2, s, sr, sr2}

ϑ(r) =

⎛
⎜⎜⎝

− 1
2

√
3
2

0

−
√
3
2

− 1
2

0
0 0 1

⎞
⎟⎟⎠ , ϑ(s) =

⎛
⎜⎝ 1 0 0

0 −1 0
0 0 −1

⎞
⎟⎠ .

Then

L(ϑ)0 = {
⎛
⎜⎝ a 0 0

0 a 0
0 0 b

⎞
⎟⎠ | a > 0, b > 0}.

In order to study symmetric bifurcation problems one investigates germs g ∈ �εx,λ(ϑ)
with g(0, 0) = 0 and gx(0, 0) = 0 ∈ Rn×n. We use the notations Mx,λ(ϑ) = {g ∈
ε(ϑ)|g(0, 0) = 0}, �Mx,λ(ϑ) = {g ∈ �ε(ϑ)|g(0, 0) = 0}.
Definition 2.2 ([12, p. 166]) Let ϑ be an orthogonal, faithful representation of a finite

group G. Let f1, f2 ∈ �Mx,λ(ϑ) be two map-germs with dxfi(0, 0) = 0, i = 1, 2. f1 and
f2 are ϑ-contact equivalent (f1 ∼ f2), if there exists an invertible change of coordinates

(x, λ) → (X(x, λ),Λ(λ)) with X ∈ �Mx,λ(ϑ),Λ ∈ Mλ, S ∈↔
ε x,λ (ϑ) with

f1(x, λ) = S(x, λ)f2(X(x, λ),Λ)) (4)

and
S(0, 0), dxX(0, 0) ∈ L(ϑ)0. (5)

If Λ(λ) ≡ λ then f1 and f2 are called strongly ϑ-contact equivalent, denoted by f1 ∼s f2.

A representative of the equivalence relation is called normal form. This notion of normal
form should not to be confused with the normal forms in the context of Gröbner bases
(section 3). The inequalities (5) are necessary to preserve stability assignments. It is no
restriction to allow only linear changes of coordinates in the range, by a result due to
Mather [16].

The investigation of equivalence classes of germs is done by considering the lineari-
zation. The tangent space at the orbit of a germ is the key for the understanding of
symmetric bifurcation problems.
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Definition 2.3 ([12, p. 167]) Let g ∈ �Mx,λ(ϑ) with gx(0, 0) = 0. The ϑ-equivariant
restricted tangent space is defined by

RT (g, ϑ) = {f ∈ �εx,λ(ϑ)|∃X ∈ �Mx,λ(ϑ), S ∈↔
ε x,λ (ϑ) with f = S(x, λ)g(X(x, λ), λ)} (6)

Note that RT (g, ϑ) is a εx,λ-module and a submodule of �εx,λ. For many group actions
�Mx,λ(ϑ) = �εx,λ(ϑ) holds, but if ϑ contains the trivial irreducible representation then
�Mx,λ(ϑ) is a proper subspace of �εx,λ(ϑ) as an R-vector space, i.e.

�εx,λ(ϑ) = �Mx,λ(ϑ) +R{Y1, . . . , Ym}.

Definition 2.4 Let g ∈ �Mx,λ(ϑ) with gx(0, 0) = 0. The ϑ-equivariant tangent space is
defined by

T (g, ϑ) = RT (g, ϑ) +R{gxY1, . . . , gxYm}+ ελ{gλ}. (7)

T (g, λ) is a R-vector space, but no εx,λ-module like the restricted tangent space. If ϑ

contains no trivial part ( �Mx,λ(ϑ) = �εx,λ(ϑ)), then T (g, ϑ) is a ελ-module. Throughout
this paper we restrict to the case that ϑ contains no trivial irreducible representation.

While the restricted tangent space refers to the notion of strong equivalence, the
tangent space corresponds to contact equivalence itself.

The main application of singularity theory to bifurcation theory is the study of unfol-
dings. For given g(x, λ) one considers g̃ : Rn×R×Rk → Rn, (x, λ, α) → g̃(x, λ, α1, . . . , αk)
and the bifurcation diagram of g̃(x, λ, α1, . . . , αk)α=α0 for a fixed value of α. Loosely spea-
king, an universal unfolding of g is a g̃ which covers all deformations of the bifurcation
diagram for g, but has minimal number of parameters α i.

This universal unfolding can be obtained using the tangent space. As a R-vector
space T (g, ϑ) has a complementary space spanned by v1, . . . , vl provided T (g, ϑ) has
finite codimension. Then g̃(x, λ, α) = g(x, λ)+

∑l
j=1 αjvj is a universal unfolding of g, see

[12]. The number of parameters (the codimension of T (g, ϑ)) is the codimension of g.
Since the restricted tangent space is easier to handle than the tangent space itself,

it is interesting to know that T (g, ϑ) has finite codimension if and only if RT (g, ϑ) has
finite codimension. For G = {id} and one equation (n = 1) this is formulated in [11,
p. 127] while the general case is mentioned in [12] and goes back to an unpublished proof
by J. Damon [7].

The first task is to produce for various group actions lists of representatives of different
ϑ-contact equivalence classes up to a certain small codimension. Based on these lists
numerical analysts may develop algorithms for the numerical treatment of bifurcation
problems with symmetry and with several parameters. With these numerical algorithms
it can be checked whether two functions are in the same contact equivalence class.

Our aim is the automation of the theoretical process. In the following sections we
describe how to use Computer Algebra to generate these lists in a systematic way.

3 The Main Tool: Gröbner Bases

In this section some basic facts about Gröbner bases will be recalled. They are needed in
the following. The Buchberger Algorithm for the computation of Gröbner bases may be
viewed as generalization of the Euclidian Algorithm or the Gaussian elimination for the
solution of systems of linear equations.

The polynomial ring K[x1, . . . , xn] over the field K (usually Q or some algebraic field
extension of Q) is generated by monomials or terms xi1

1 · · ·xin
n which are ordered. In order
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to fit with computations the ordering <T has to be admissible: if m1 <T m2 for some
monomials m1, m2 then for all monomials m it is required that m ·m1 <T m ·m2.
Examples: Let x1 >> x2 >> · >> xn be the ordering among the variables. The lexicogra-
phical ordering is defined by

xi1
1 · · ·xin

n ≤l x
j1
1 · · · xjn

n ,

if there exist 1 ≤ ν ≤ n with iμ = jμ for 1 ≤ μ ≤ ν − 1 and iν < jν.
For the weighted ordering one uses a vector (d1, . . . , dn) ∈ Nn.

xi1
1 · · · xin

n ≤w xj1
1 · · · xjn

n , if

n∑
ν=1

iμdν <
n∑

ν=1

jνdν or

(
n∑

ν=1

iμdν =
n∑

ν=1

jνdν and xi1
1 · · · xin

n ≤l x
j1
1 · · ·xjn

n

)
.

Each vector d ∈ Nn corresponds to a different grading of the polynomial ring. Compare
these orderings with those in [3].

Given an ordering one denotes for a polynomial f ∈ K[x] the leading term by lt(f),
i.e.

f = a · lt(f) +
∑

m<T lt(f)

am ·m, a, am ∈ K, a 
= 0. (8)

We shall write LT (F ) = {lt(f1), . . . , lt(fm)} for the leading terms of a set of polynomials
F = {f1, . . . , fm}. By T (f) we denote the set of terms in the representation (8) of f .

Loosely speaking, a polynomial f1 is simpler than f2, if lt(f1) < lt(f2). Polynomials
are made ’simpler’ by an elementary operation called reduction. Given some polynomials
F = {f1, . . . , fm} ⊂ K[x] and f ∈ K[x] one writes f →F g, if there exists a t ∈ T (f), a
polynomial fi ∈ F , and a constant a 
= 0 such that t = m · lt(fi) and

f = a ·m · fi + g with t 
∈ T (g). (9)

If t = lt(f) the reduction→F is called a top-reduction and we have lt(g) <T lt(f) or g = 0.
The notation →∗

F is more general. It includes f →∗
F f and f →F g1 →F g2 · · · →F gr as

f →∗
F gr. In other words it is the transitive and reflexive closure of →F . The operation

→F is easily implemented. A polynomial that can’t be further reduced is called a normal
form modulo F . Observe that this normal form is something completely different than
the normal form defined in section 2 and should not be confused.

Definition 3.1 ([3]) A set F = {f1, . . . , fm} ⊂ K[x] \ {0} is a Gröbner basis of the ideal
A = (f1, . . . , fm) (wrt ≤T ) if it satisfies f →∗

F 0 for all polynomials f in the ideal A which
is generated by F .

There are two important facts about Gröbner bases.
Consider the ideal generated by f1, . . . , fm. By abuse of language the computation of
a Gröbner basis {g1, . . . , gl} of this ideal wrt the lexicographical ordering is called the
solution of the system f1(x) = 0, . . . , fm(x) = 0. This is justified by the fact that the
Gröbner basis often is of triangular form g1(x1, . . . , xn), g2(x2, . . . , xn), . . . , gn(xn), which
is easily solved by backward substitution. In [15] it is shown that each radical of an ideal
is the intersection of maximal ideals which are generated by polynomials in triangular
form.

Secondly, for every polynomial f and every ideal A one can immediately decide algo-
rithmically whether f ∈ A or not (ideal membership test).
We will use this in the following way: Assume f(x, p) ∈ K[p][x] depends on some pa-
rameters p and one is interested in the values p0 ∈ K̄ such that f(x, p0) is the element
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of an ideal A ⊂ K̄ [x]. Demanding f(x, p) →∗
F 0 where F is a Gröbner basis of A gives

conditions on the parameters p. Since F is a Gröbner basis the normal form of f wrt F
is unique. So the conditions are given by the coefficients of the normal form.

Of course the computation of a Gröbner basis can’t be based on the Definition 3.1 since
the formulation involves all polynomials in an ideal. But the conditions are generated by
a finite number of conditions, the reduction of the S-polynomials. Let fi(x) = aimi +∑

n<mi
aimm, i = 1, 2 then

S(f1, f2) = a2
lcm(m1, m2)

m1

f1 − a1
lcm(m1, m2)

m2

f2

is called the S-polynomial of f1 and f2, where lcm is the abbreviation of least common
multiple. Observe that by subtraction the leading terms of the two summands cancel and
thus a reduction modulo {f1, f2} is not obvious.

Theorem 3.2 ([3, Thm.5.48 p. 211]) Let F = {f1, . . . , fm} ⊂ K[x] \ {0} and let A be
the ideal generated by this set. The following statements are equivalent.

i) F is a Gröbner basis of A.

ii) S(fi, fj) →∗
F 0 1 ≤ i < j ≤ m.

Theorem 3.2 is the key to the Buchberger algorithm. Starting with any set F the S-
polynomials are reduced and non-zero normal forms are added to the set F . But there are
a lot of details in the Buchberger algorithm and the computation time depends sensitively
on these details.

The concept of Gröbner bases extends naturally to modules. Let b1, . . . , br be new
variables which represent a module basis. Then one computes in the free module

H1(K[x, b]) = {
r∑

j=1

hj(x)bj|hj ∈ K[x]}.

For a set F ⊂ H1(K[x, b]) the reduction →F is defined similarly to (9), but m ∈ K[x].
Secondly, S-polynomials are defined only for fi, fj ∈ F if there exists a bk with bk|lt(fi)
and bk|lt(fj). By these modifications the variant of the Buchberger algorithm computes
a Gröbner basis that now generates a submodule. A formal description based on graded
Gröbner bases can be found in [3].

Definition 3.3 ([3]) Let f1, . . . , fm ∈ K[x1, . . . , xn] be homogeous with respect to a gra-
ding Γ. A d1-d2-Gröbner basis is a Gröbner basis where only S-polynomials with

d1 ≤ Γ(S(fi, fj)) ≤ d2

are considered.

For H1(K[x, b]) choose the grading Γ with Γ(xi) = 0,Γ(bj) = 1. Then elements in
H1(K[x, b]) are homogeneous of degree 1 and a 1-1-Gröbner basis is a Gröbner basis of a
module.

We will need to determine whether a submodule has finite codimension. For ideals
the codimension is checked with the Hilbert function that is implemented in common
Computer Algebra systems. The value of the Hilbert function is either a polynomial
(if the codimension is infinite) or the value of the codimension. For modules generated
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by f1, . . . , fm one considers the leading terms bimji, i = 1, . . . , r, ji = 1, . . . , ri, where
mji are monomials in K[x]. For i = 1, . . . , r one considers the codimension of the ideals
generated bymji , ji = 1, . . . , ri. If all these ideals have finite codimension then the module
has finite codimension, but in general the codimension is not the sum of the codimensions
of the ideals. If a Gröbner basis of the submodule is known the calculation of the finite
codimension is easier. It is the number of monomials which are not elements of the
submodule generated by the leading terms.

Finally we discuss the role of parameters in the computation of Gröbner bases. The
computation of Gröbner bases depending on parameters is a hard problem and should be
avoided, if possible. There are two different concepts for the treatment of parameters. In
the approach in [21] comprehensive Gröbner bases are introduced that are Gröbner bases
for each value of the parameters. The concept in the Gröbner Package [17] in REDUCE
is different from that. The computed polynomials form a Gröbner basis for almost all
values of the parameters. The exceptions are stored and available on request.

4 Groups, Discrete and Continuous

The computation of singularities depends heavily on the use of new coordinates, the
invariants and equivariants of the representation ϑ : G → Gl(Rn). So in this section we
recall the induced representation of ϑ on polynomial mappings. The second point is the
interpretation of the equivalence classes as orbits of a Lie group.

Since Hilbert it is known that the ring of invariant polynomials denoted by R[x]ϑ is
generated by a finite number of invariants called the Hilbert basis. In commutative algebra
one improves the basis such that n invariants σ1, . . . , σn form the primary invariants and
the secondary invariants η1, . . . , ηs (with η1 = 1) form the basis ofR[x]ϑ overR[σ1, . . . , σn]
as a free module. This means that every p ∈ R[x]ϑ has a unique representation

p(x) =
s∑

i=1

ηi(x)pi(σ1(x), . . . , σn(x)), pi ∈ R[σ1, . . . , σn].

Details of invariant theory can be found e.g. [20].
The ϑ-equivariant polynomial mappings form a module R[x]ϑϑ over the invariant ring

which is finitely generated. Moreover the module is free over the subring R[σ1, . . . , σn],
see e.g. [22],[10]. If this basis is denoted by b1, . . . , br it means that every equivariant f(x)
has a unique representation

f(x) =
r∑

i=1

bi(x)pi(σ1(x), . . . , σn(x)) with

some polynomials pi ∈ R[x]. The same facts are valid for the module of commuting

matrices. In order to handle the restricted tangent space we will need �Mx(ϑ) = {f ∈
R[x]ϑϑ | f(0) = 0}. Since we assume that ϑ contains no trivial irreducible representation

in its decomposition into irreducible representations, we have �Mx(ϑ) = R[x]ϑϑ.

Example 4.1 (Example 2.1 continued) For the representation ϑ in example 2.1 the pri-
mary invariants are given by σ1(x) = x2

1 + x2
2, σ2(x) = x2

3, σ3(x) = −x3
1+3 · x1x

2
2 and the

secondary invariants are η1(x) = 1, η2(x) = −3 · x2
1 · x2 · x3 + x3

2 · x3. The fundamental
equivariants are⎛
⎜⎝ 0

0
x3

⎞
⎟⎠ ,

⎛
⎜⎝ x1

x2
0

⎞
⎟⎠ ,

⎛
⎜⎝ x2 · x3

−x1 · x3
0

⎞
⎟⎠ ,

⎛
⎜⎝ −x21 + x22

x1 · x2
0

⎞
⎟⎠ ,

⎛
⎜⎝ −x1 · x2 · x3

−x21 · x3 + x22 · x3
0

⎞
⎟⎠ ,

⎛
⎜⎝ 0

0
−3 · x21 · x2 + x32

⎞
⎟⎠ .
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Since ϑ decomposes as the sum of two nontrivial irreducible representations the equiva-
riants generate �Mx(ϑ) as well. The number of fundamental commuting matrices is 18.

Part of the results above are relevant for germs as well. Due to Schwarz (see [12,
Thm. 4.3 p. 46]) a Hilbert basis of R[x]ϑ generates as well the invariant germs εx(ϑ). A
second theorem was proved by Poénaru (see [12, Thm. 5.3 p. 51]). A set of polynomial
mappings b1, . . . , br that generates R[x]ϑϑ over R[x]ϑ also generate �εx(ϑ) over εx(ϑ).

If S1, . . . , Sl generate the module of commutingmatrices inR[x]n×n then they generate
↔
ε x (ϑ) as well.

These facts allow a rewriting of the restricted tangent space: RT (g, ϑ) is the submo-

dule generated by S1g, . . . , Slg, gxb1, . . . , gxbr, where bi are the generators of �Mx(ϑ), see
[12, p. 169].

We are not aware of investigations concerning the further structure of primary and
secondary invariants and the fact that Rϑ

ϑ is a free R[σ]-module inherit to the germs.
Nevertheless the theorems by Schwarz and Poénaru justify the computation with polyno-
mials instead of germs. In contrast to the usual approach we use that R[x]ϑ and R[x]ϑϑ
are free modules over R[σ1, . . . , σn], since the representations are unique.

We use new variables σ1, . . . , σn, η2, . . . , ηs, b1, . . . , br and compute inR[σ]+⊕s
i=2ηiR[σ] ⊂

R[η, σ] andH1(K[σ, b]). The advantages are lower complexity of polynomials and avoiding
the computation with tupels.

The grading of R[x]ϑ inherits a weighted ordering in R[η, σ] in a natural way:
ηs >> ηs−1 >> · · · >> η2 >> σn >> · · · >> σ1 and the tupel of weights (es, . . . , e1, dn, . . . , d1)
where ei and di are the degrees of pi(x) and σi(x), respectively. Analogously, the weigh-
ted ordering for R[b, σ] is defined by br >> · · · >> b1 >> σn · · · >> σ1 and weights
(er, . . . , e1, dn, . . . , d1) where ei, di are the degrees of bi(x) and σi(x), respectively. In the
following we will compute using this weighted ordering.

In this context we have to solve 4 problems:

(i) the computation of primary invariants σi and secondary invariants ηj

(ii) a.) the computation of fundamental equivariants bi

b.) the computation of fundamental commuting matrices S i

(iii) compute the polynomials pi in the representation of an equivariant f(x) ∈ R[x]ϑϑ as

f(x) =
r∑

i=1

pi(σ1(x), . . . , σn(x)) · bi.

The first task is described in [20]. There is even a Maple package called Invar [14]
available. Algorithms for the second and third task are presented in [10].

So far we have discussed the effect of the finite symmetry group, now we look at the
group of equivalences of bifurcation problems.

Definition 4.2 Assume ϑ : G → Gl(Rn) is an orthogonal, faithful linear representation

and recall �Mx,λ(ϑ) ⊂ �εx,λ(ϑ), L(ϑ)0,Mλ ⊂ ελ and
↔
ε x,λ (ϑ) as defined in section 2. Then

B := {(S,X,Λ) ∈ (
↔
ε x,λ (ϑ), �Mx,λ(ϑ),Mλ)|

(X,Λ) invertible , S(0, 0), dxX(0, 0) ∈ L(ϑ)0}, (10)

is the contact equivalence group where the group composition is defined by

(S1, X1,Λ1) ◦ (S2, X2,Λ2) = (S1 · S2 ◦ (X1,Λ1), X1 ◦ (X2,Λ2),Λ1 ◦ Λ2).
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As already indicated B is a group. The orbit

Og = {f ∈ �εx,λ(ϑ)|∃(S,X,Λ) ∈ B : f = (S,X,Λ)g},

is the ϑ-contact equivalence class of g.
Strong equivalence corresponds to the subgroup

Bs := {(S,X,Λ) ∈ B|Λ(λ) ≡ λ}.

Other important subgroups are

BΛ = {(S,X,Λ) ∈ B| X(x, λ) ≡ x, S(x, λ) ≡ Id},
BL0 = {(S,X,Λ) ∈ B| X(x, λ) ≡ x,Λ(λ) ≡ λ, S(x, λ) ≡ S ∈ L(ϑ)0},
Bλ = {(S,X,Λ) ∈ B| X(x, λ) ≡ x,Λ(λ) = γ · λ, γ ∈ R, γ > 0, S(x, λ) ≡ Id},
Bx = {(S,X,Λ) ∈ B| X(x, λ) =

∑r
i=1 γibi(x), γi ∈ R, γi > 0,

Λ(λ) ≡ λ, S(x, λ) ≡ Id},
(11)

where bi are the generators of �Mx(ϑ), which are linear and fulfill dxbi(0, 0) ∈ L(ϑ)0.
We will use these subgroups in section 9 to eliminate higher order terms (BΛ) and to

restrict to a special representative of an orbit Og (BL0,Bλ,Bx).

5 The Concept

In this section we present the basic idea of this paper. The further details are worked out
in sections 8 and 9.

In computations it is not possible to work with germs or with polynomials of arbitrary
degree, therefore we choose a finite-dimensional vector space A ⊂ H1(K[(σ1, . . . , σn, λ), b])
that is generated by some monomials. For example A corresponds to the space of poly-
nomial mappings up to degree k. We will only compute singularities in A. That means
that we make an Ansatz

g =
∑
m∈A

cm ·m, (12)

where the monomialsm generate A and cm ∈ K are unknowns that have to be determined.
By abuse of language we use A simultaneously as vector space and as the set of monomials
that form a vector space basis of A.

The first conditions are that g(0) = 0 and gx(0) = 0 in order for g to be a singularity.
For g ∈ A an analogue of the tangent space for germs is defined.

Definition 5.1 For g ∈ A the restricted tangent space RT (g, ϑ) ⊂ H1(K[(σ, λ), b]) is
defined to be the K[σ, λ]-module generated by Sig, i = 1, . . . , l, dxgbj, j = 1, . . . , r where
the Si form a module basis of the commuting matrices K[x]n×n over K[σ] and the bj
form a module basis of �Mx,λ(ϑ) over K[σ]. The tangent space T (g, ϑ) is defined as the
K[λ]–module given by

RT (g, λ) +K[λ]{gλ}.
Here we use that ϑ contains no trivial irreducible representation.
Since the algebraic structure of T (g, ϑ) is very important we give another definition.

Definition 5.2 A K[λ]-module t ∈ H1(K[(σ, λ), b]) is called a possible tangent space if
there exists a subspace rt which is also a K[σ, λ]-module and a q ∈ H1(K[(σ, λ), b]) such
that t = rt +K[λ]{q}.
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The concept of reduction and Gröbner basis extends to this type of spaces.

Definition 5.3 Let F be a set of polynomials in H1(K[(σ, λ), b]) generating a submodule
and let q ∈ H1(K[(σ, λ), b]). Consider the reduction →∗

F with respect to an ordering in
H1(K[(σ, λ), b]) and the reduction →∗

q in H1(K[λ, u]) with respect to the same order, where
u stands for all monomials in H1(K[σ, b]). We denote by →+

F,q the transitive closure of
the union of these two relations.

The key idea is to classify the possible tangent spaces up to a certain codimension. This
is based on a guess of LT (rt) of leading terms of RT and one additional monomial r in
K[σ, λ] for generating the rest of t.

Then parameters p(lt,m) are introduced in the following way: For each lt ∈ LT (rt)

P (b, σ, λ) = lt+
∑

m<T lt

p(lt,m) ·m, p(lt,m) ∈ K, and (13)

Q(b, σ, λ) = r +
∑

m<T lt

p(r,m) ·m, p(r,m) ∈ K. (14)

Here <T denotes the weighted ordering introduced in section 4.
The assumption that the polynomials (13) form a Gröbner basis of rt in the variables

σj, λ and module variables bi gives conditions for the free parameters p(lt,m) ∈ K. That
the polynomials in (13) and (14) form a Gröbner basis wrt the variable λ and the module
variables σj, bi gives conditions for the free parameters p(r,m).

Conditions for the parameters cm in the singularity g ∈ A are now given by requiring

RT (g, ϑ) ⊂ rt and q ∈ t. (15)

A second alternative is to demand

T (g, ϑ) ⊂ t. (16)

This corresponds to the notions of contact equivalence and strong contact equivalence.
After solving these conditions there may be still free parameters in g. They can

be determined by choosing special representatives of the orbits of g under the groups
Bλ,Bx,BΛ,BL0.

The ideas of this section are worked out in more detail in sections 8 and 9.

6 Intrinsic Modules and Determinacy

The concept of intrinsic ideals and submodules proves to be very important both for the
theoretical foundation of our work as well as for some practical aspects. In a situation
with one state variable, one parameter, and no symmetry present, intrinsic ideals have
a particular nice form and can be used to give more precise results as in the equivariant
context. However, as far as we know, this has never be explored in a systematic way.
The fundamental ideas go back to the paper by Bruce, du Plessis and Wall [4] for general
singularity theory. Gaffney [9] gives a translation of these results to bifurcation theory.
Some more background material can be found in the monographs by Golubitsky and
Schaeffer [11], Golubitsky, Stewart and Schaeffer [12] respectively. Let us briefly recall
the definition. As before B denotes the group of transformations given in Definition 2.2.

Definition 6.1 An ideal I in εx,λ(ϑ) is called intrinsic, if it is invariant under the action
of B. Similarly a submodule M of �εx,λ(ϑ) is intrinsic if it is invariant under the action of
B, i.e. ∀ f ∈ M, (S,X,Λ) ∈ B : (S,X,Λ)f ∈ M .
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In general RT (f, ϑ) is not invariant under B, but it has an intrinsic part.

Lemma 6.2 For f ∈ �εx,λ(ϑ) the set

P(f) = {h ∈ �εx,λ(ϑ) | g ∼ f ⇒ g + h ∼ f}, (17)

is an intrinsic submodule (ideal if f ∈ �εx,λ(ϑ) is replaced by εx,λ(ϑ)).

Observe that the set P(f) is independent of the representative of Of . So we may write
as well P(O, ϑ) = {h ∈ �εx,λ(ϑ) | g ∈ O ⇒ g + h ∈ O}.

Definition 6.3 P(f) is called the intrinsic module of f .

We recall that a bifurcation problem f has finite codimension, if and only if the
restricted tangent space has finite codimension, see also the remark in section 2. The
codimension of f is given by the codimension of T (f, ϑ). P(f) can be characterized as
Lf , where L ⊂ LB is a maximal nilpotent Lie-algebra (Gaffney [9]). Therefore P(f) ⊂
RT (f, ϑ) and we have the trivial part of the following lemma.

Lemma 6.4 For f ∈ �εx,λ(ϑ)

codim(RT (f, ϑ)) < ∞ ⇔ codim(P(f)) < ∞. (18)

Proof: We have seen that the trivial case follows from Gaffney’s characterization of P(f)
immediately. The other direction follows from Theorem 1.3 in Gaffney [9]. �

Since P(f) ⊂ RT (g, ϑ) for all g ∈ Of it is clear that

P(f) ⊆
⋂

g∈Of

RT (g, ϑ).

For the rest of this section let f ∈ �εx,λ(ϑ) be a bifurcation problem of finite codi-
mension. In view of Lemma 6.4 one could in principle do the computations mod P(f)
if one would know P(f). Then f itself can be considered mod P(f). Secondly, due to
Lemma 6.4 we can choose a complement V of the R-vector space P(f) in �εx,λ(ϑ) of finite
dimension. Then

�εx,λ(ϑ) = V+ P(f)
∀g ∈ Of RT (g, ϑ) = Vg+ P(g),

where Vg := RT (g, ϑ) ∩ V and P(f) = P(g). The action of B extends to an action of
the set of all Vg, g ∈ Of . The element (S,X,Λ) maps g to (S,X,Λ)g and Vg to V(S,X,Λ)g.
Thus one computes on RT (g, ϑ) mod P(f).

Definition 6.5 Let A ⊂ �εx,λ(ϑ) be a finite dimensional vector space and A+ a direct
complement in �εx,λ(ϑ). A germ f ∈ �εx,λ(ϑ) is called A-A+-determined, if f = fA +
fA+ , fA ∈ A, fA+ ∈ A+ and there exists a (S,X,Λ) ∈ B with (S,X,Λ)f = fA.

Lemma 6.6 Let f ∈ �εx,λ(ϑ) and V a direct complement of P(f) in �εx,λ(ϑ). Then all
g ∈ Of are V -P(f)-determined.
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Proof: The statement follows directly from the definition of P(f). �

Lemma 6.6 means that the action of B on f can be restricted to the action on V ∩ Of .
Definition 6.5 is especially important for certain cases. In order to investigate this we
need some further definitions.

Let ι1 : R[x, λ]ϑϑ → �εx,λ(ϑ) be the embedding of equivariant polynomial mappings into
the space of germs. The mapping π1 : �εx,λ(ϑ) → R[x, λ]ϑϑ is the inverse and is defined
in the following way: If a C∞-mapping g as a representative of the germ mapping [g] is
polynomial, then π1([g]) = g. If no polynomial representative exists, then π1([g]) = 0. Let
P ϑ
k ⊂ R[x, λ]ϑϑ denote the subset of all equivariants up to degree k. Let Jk : �εx,λ(ϑ) → P ϑ

k

denote the Taylor expansion up to degree k and let jk : �εx,λ(ϑ) → �εx,λ(ϑ) be the mapping

[·] ◦ Jk with image [P ϑ
k ]. Let �Mk denote the submodule of �εx,λ(ϑ) containing all g with

Jk−1g = 0. Observe that �Mk is intrinsic.
Substituting A = ι1(P

ϑ
k ) and A+ = �Mk+1 in Definition 6.5 gives the definition of

k-determinacy in Mather [16].

Definition 6.7 (Mather [16]) The germ mapping f ∈ �εx,λ(ϑ) is called k-determined if
there exists a g ∈ P ϑ

k and (S,X,Λ) ∈ B such that g = Jk(f) and (S,X,Λ)f = ι1(g). f is
called finitely determined if it is k-determined for some k ∈ N.

For sake of completeness we state:

Lemma 6.8 If f ∈ �εx,λ(ϑ) has finite codimension, then there exists a k ∈ N such that
�Mk ⊆ P(f).

Proof: Lemma 6.4 gives that P(f) has finite codimension. �

Lemma 6.9 f ∈ �εx,λ(ϑ) is of finite codimension if and only if f is finitely determined.
Moreover if f ∈ �εx,λ(ϑ) is finitely determined then all g ∈ Of and also the common
intrinsic part P(f) have finite codimension.

Proof: If f has finite codimension then P(f) has finite codimension and there exists a

k ∈ N with �Mk+1 ⊂ P(f). Since f is V -P(f)-determined, it is P ϑ
k -

�Mk+1-determined
which equals k-determinacy. If f is finitely determined then f has finite codimension which
implies that P(f) has finite codimension. Also for all g ∈ Of : P(f) = P(g) = dimf < ∞.
�

Corollary 6.10 Let f ∈ �εx,λ(ϑ) have finite codimension and �Mk+1 ⊂ P(f). Then there
exists a complement V ⊂ ι1(P

ϑ
k ) of P(f) in �εx,λ(ϑ).

Corollary 6.10 implies that the investigation of RT (f, ϑ) for f of finite codimension
can be restricted to the computation in P ϑ

k . It suffices to use polynomial mappings up to
degree k.

7 Germs versus Polynomials

It is clear that the computer cannot handle germs. The closest mathematical object to
work with are polynomials, but nevertheless these are completely different objects.

First the polynomials g ∈ K[x] are identified with C∞-mappings g̃ : Rn → Rn x �−→
g̃(x) where we assume K ⊂ R. This embedding is very natural, but the main difference
is that g̃ has domain and range which are normally not considered by Computer Algebra
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packages. In Computer Algebra polynomials g are handled with the algebraic properties
as objects in K[x]. The C∞-mappings g̃ are not considered nor the germs [g̃].
For the representation and substitution we write

π2 : R[x, λ]ϑϑ → H1(R[(σ, λ), b]), f(x, λ) → ∑r
j=1 Aj(σ, λ)bj,

ι2 : H1(R[(σ, λ), b])→ R[x, λ]ϑϑ,
∑r

j=1 Aj(σ, λ)bj → f(x, λ) =
∑r

j=1 Aj(σ(x), λ)bj(x).

Since we compute not with R, but with K ⊂ R, we consider the embedding

ι3 : H1(K[(σ, λ), b]) → H1(R[(σ, λ), b]) and (19)

π3 : H1(R[(σ, λ), b]) → H1(K[(σ, λ), b]), (20)

π3(p) = 0 if one coefficient in R \K appears.

Altogether we consider ι = ι1 ◦ ι2 ◦ ι3 and π = π3 ◦ π2 ◦ π1. Unfortunately π is not
a module homomorphism, but this property is not needed. For modules B ⊂ �εx,λ(ϑ) the
spaces π(B) are submodules again, but now over the ring K[σ, λ].

Another mapping
ζk : �εx,λ(ϑ) → H1(K[(σ, λ), b]) (21)

is given by a Taylor expansion up to order k (the so-called k-jet) and then the equivariant
in R[x, λ]ϑϑ is expressed in variables bi, σi, λ, i.e. ζ

k = π3 ◦ π2 ◦ Jk.
Having in mind that Computer Algebra deals with polynomial rings we justify our

algorithm with the results of section 6. We have seen that every bifurcation problem f
of finite codimension is finitely determined. There exists a k ∈ N and a g ∈ ι1(P

ϑ
k ) ∩Of

such that �Mk+1 ⊂ P(f) and J l(g) − Jk(f) = 0∀ l > k. So it makes sense to work with
A := π3 ◦ π2(P

ϑ
k ).

Assume we make an Ansatz A := π3 ◦ π2(P
ϑ
k ) for some given k we have the chance to

find representatives g ∈ Of in π2(P
ϑ
k ) for all bifurcation problems f of finite codimension

which are k-determined.
The second point is the use of RT (f, ϑ) mod P(f). Unfortunately, it is not possible

to do a classification of possible intrinsic modules P(f). On the other hand, for f of

finite codimension there exists a k such that �Mk+1 ⊂ P(f) and RT (f, ϑ) = Vf + P(f)
can be chosen in a way that Vf ⊂ ι1(P

ϑ
k ). Thus it makes sense to replace RT (f, ϑ) by

π2(Vf ) ⊂ π2(P
ϑ
k ) and/or by the R[σ, λ]-module generated by π2(Vf ). This submodule

equals π2 ◦ π3(RT (f, ϑ)). That is why we consider submodules rt in H1(K[(σ, λ), b]) up
to a certain codimension.

Certainly, there areK[σ, λ]-modules rt and possible tangent spaces t ⊂ H1(K[(σ, λ), b])
such that no germ g ∈ �εx,λ(ϑ) exists with π(RT (g, ϑ)) = rt and π(T (g, ϑ)) = t. This
follows from the fact that RT (g, ϑ) is a εx,λ(ϑ)-module, but rt is a module over the
polynomial ring K[σ, λ]. For every f ∈ �εx,λ(ϑ) of finite codimension it holds that π2 ◦
π3(RT (f, ϑ)) has finite codimension, since RT (f, ϑ) = P(f) + Vf with Vf ⊂ ι1(P

ϑ
k ) for

some k ∈ N as described in section 6.
When we are dealing with tangent spaces we should be aware that there are at least

four versions of the restricted tangent space.
For g ∈ A ⊂ H1(K[(σ, λ), b]) there is RT (g, ϑ) ⊂ H1(K[(σ, λ), b]), as defined in Defini-
tion 5.1, the space of germmappingsRT (ι(g), ϑ) ⊂ �εx,λ(ϑ), π(RT (ι(g), ϑ) ⊂ H1(K[(σ, λ), b])
and K[σ, λ] · ζk(RT (ι(g), ϑ)) ⊂ H1(K[(σ, λ), b]). In general the first, the third and the
fourth are different.

So concerning our concept there is one open question to which the consideration above
give only partial answers.
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Is there for every g ∈ �εx,λ(ϑ) a p ∈ A such that RT (p, ϑ) ⊆ π(RT (g, ϑ)), T (p, ϑ) ⊂
π(T (g, ϑ)) and ι(p) ∈ Og?

In general p ∈ A is not unique.

Some known facts about our algorithm can be formulated as follows.

1.) Each g ∈ A corresponds to ι(g) which is a member of a contact equivalence class
Oι(g).

2.) If RT (g, ϑ) for g ∈ A has finite codimension, then ι(g) has finite codimension.

3.) For g ∈ A the relations RT (g, ϑ) ⊂ π(RT (ι(g), ϑ)), T (g, ϑ) ⊂ π(T (ι(g), ϑ)) hold.

4.) The Ansatzes should be in a way that Pk ⊂ A and �Mk ⊂ rt fit together.

5.) Non-uniqueness of the approach.
Given a Gröbner basis of the K[σ, λ]-module rt and let q complete the possible
tangent space t = rt+K[λ] · {q}. The Ansatz (12) g ∈ A leads with the conditions
(15) or (16) to a system of equations in the parameters. So the question whether
there exist a g ∈ A satisfying the conditions is related to the question whether
the system of equations has a solution in K. It is clear that there may be several
solutions of the system of equations. This reflects the fact that we are testing for
inclusion, but not equality. The second reason for non-uniqueness is that there may
be several representatives g ∈ A with ι(g) ∈ O of the same orbit satisfying (15) (or
(16)) e.g. the equations depend not on all the parameters.

6.) While for all g ∈ Oι(f) for some given f ∈ A the restricted tangent spaces RT (g, ϑ)
have the same codimension, this is not necessarily true for all π(RT (g, ϑ)) where
g ∈ π(Oι(g)) ∩A.

The difference between germs and polynomials influences all computations, i.e. the compu-
tation of a Gröbner basis. Let p1, . . . , pm ∈ K[x, λ]ϑϑ generate a module Bk over K[x, λ]ϑ.
Then ι(p1), . . . , ι(pm) generate a module Bε over εx,λ(ϑ) as well. If q(x, λ) ∈ K[x, λ]ϑ with
q(0, 0) 
= 0 and q ·r ∈ Bk, then [ι(q ·r) · 1

ι(q)
] = ι(r) ∈ Bε, but r ∈ Bk is not true in general.

This argumentation was taken from [1].

For the computation of the codimension of the module π(εx,λ(ϑ)·ι(B)), B ⊂ H1(K[(σ, λ), b])
one proceeds as follows: Given a set of generators of B one computes the Gröbner basis.
If a polynomial of type bip(σ, λ)q(σ, λ) with p(0, 0) 
= 0 is an element of the Gröbner basis
then recompute the Gröbner basis with input old Gröbner basis plus biq(σ, λ). Eventually
this step has to be repeated. Finally, one gets an approximation of π(εx,λ(ϑ) · ι(B)) and
a bound for its codimension. In order to get π(εx,λ(ϑ) · ι(B)) precisely one needs to check
all polynomials in the submodule for factorization which is not possible.

When talking about germs the concept of determinacy is extremely important. The
reason is the following: If one has computed the k-jet of a k-determined germ, no higher
order terms in the Taylor expansion are necessary. The essential phenomena are captured.

Our approach is completely different and does not determine the order of determinacy
since Computer Algebra methods are not able to determine the intrinsic module P(f) nor

the order k with �Mk(ϑ) ⊂ P(f). Of course for a given g ∈ A there exists in general not
a direct complement A+ of R · ι(A) in �εx,λ(ϑ) such that g is A-A+-determined. But the
g ∈ A which we compute fulfill special requirements.

Concerning determinacy the following questions arise. Let g ∈ A be given.
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(a) Are there other representatives of g in A? What is π(Oι(g)) ∩A?

(b) Assume ι(g) has finite codimension and g has degree k. Is g k-determined?

The last point in this section is the use or non-use of standard bases as investigated
by Mora [18]. His tangent cone algorithm is implemented in Singular [13]. These bases
correspond in principle much better to singularities than Gröbner bases, since the lowest
terms play the role of the leading terms. On the other hand an Ansatz as in (13) is
not possible since the number of terms in a standard bases are not known. Secondly, as
outlined in Section 6 it suffices to limit the degree to k for a k-determined germ. These
are the reasons why we use Gröbner bases instead of standard bases.

8 Generation of Possible Tangent Spaces

The main idea of this paper is to classify normal forms by a classification of possible tan-
gent spaces. The handling of possible tangent spaces t = rt +K[λ]{q} ⊂ H1(K[(σ, λ), b])
is possible by using a Gröbner basis of theK[σ, λ]-module rt and the additional element q.

Algorithm 8.1 generates leading terms of Gröbner bases of K[σ, λ]-modules with co-
dimension less than a given number. Since RT (g, ϑ) has finite codimension if and only
if T (g, ϑ) is of finite codimension it is reasonable to consider such rt that have finite
codimension. For practical reasons the list of these modules (represented by the leading
terms of the Gröbner bases) is not complete by restricting the recursion deepness in Algo-
rithm 8.1. The function successor generates the following monomial with the next lowest
ordering.

Algorithm 8.1 (Generate LT’s of Gröbner bases of K[σ, λ]-modules in H1(K[(σ, λ), b]))
Input: module variables bi, variables σ, λ,
maximal codimension codim, vector d ∈ Nn for weighted ordering

GenerateLts(nil,m0, codim, 1, 0) % m0 is the monomial with the lowest ordering.

procedure GenerateLts(lts,m, codim, tiefe, h)
if Codimension(lts)> codim then return nil;
if FiniteCodimensionp(lts) then return list(lts);
if tiefe> maxtiefe then return nil;
if m element of K[σ, λ]-module generated by lts

then return GenerateLts(lts,successor(m), codim, tiefe+ 1, h)
else

return append
(GenerateLts(lts ∪ {m},successor(m), codim, tiefe+ 1, h),
GenerateLts(lts,successor(m), codim, tiefe+ 1, h+ 1));

The basic idea of Algorithm 8.1 is to run through the monomials starting with the
first one and decide whether it belongs to the leading terms or not.

Then the classification of possible tangent spaces is completed by choosing a leading
term for q. This is either zero or a monomial which is not an element of K[σ, λ] · LT (rt).
In principle one could eliminate some of the approaches if they generate the same K[λ]-
module. But the introduction of the parameters and the effect of Theorem 8.2 is different.

15



Once the leading terms LT = {m1, . . . , mν} in H1(K[(σ, λ), b]) are given such that
they form a Gröbner basis and r in H1(K[(σ, λ), b]) is given such that either r = 0 or
r 
∈ K[σ, λ] · LT ), an Ansatz is made:

Pi = mi +
∑

m<Tmi,m�∈K[σ,λ]·LT
p(mi, m) ·m, i = 1, . . . , ν, (22)

Q = r +
∑

m<T r,m�∈K[σ,λ]·LT
p(r,m) ·m (23)

The restrictionsm 
∈ K[σ, λ]·LT can be assumed since otherwise by linear combination
one can always achieve p(mi, m) = 0. In other words we assume a reduced Gröbner basis.
Further restriction of the unknowns are given by the fact that a space RT (ι(g), ϑ) has to
be approximated. So one has to take the relations between germs and polynomials into
account.

The following theorem relies heavily on the concept of an intrinsic module P(f).

Theorem 8.2 Let g ∈ �εx,λ(ϑ) have finite codimension. Let RT ⊂ π(RT (g, ϑ)), T ⊂
π(T (g, ϑ)) be modules over K[σ, λ] and K[λ], respectively. Let F = {P1. . . . , Pν} and
LT = LT (F ) with

Pi = mi +
∑

m<Tmi,m�∈K[σ,λ]·LT
p(mi, m)m, p(mi, m) ∈ K, i = 1, . . . , ν.

Let F be a Gröbner basis of RT and

Q = r +
∑

m<T r,m�∈K[σ,λ]·LT
p(mi, m)m,

such that T = RT +K[λ] · {Q}.
(i) Consider the polynomial Pi and a monomial m̃ 
∈ K[σ, λ] ·LT such that there exists

a monomial m0 
∈ K with mi = m0 · m̃. If p(mi, m̃) 
= 0 then

1

ι(m0 + p(mi, m̃))
ι(Pi) ∈ RT (g, λ),

and there is an element in π(RT (g, ϑ)) of the form∑
m�∈K[σ,λ]·LT

αm ·m, αm ∈ K. (24)

(ii) Consider the polynomials Pi, Pj and a m̃ ∈ K[σ, λ] with m̃ < mj < mi and mj =
m0 · m̃,m0 
= 1. If p(mi, m̃) 
= 0 then

1

ι(m0 + p(mi, m̃))
ι(Pi + Pj) ∈ RT (g, λ),

and π(RT (g, ϑ)) contains an element of the form (24).

(iii) Let m̃ < mi with r = m0 · m̃ with m0 = λj, j 
= 0 Then p(mi, m̃) = 0 or

1

ι(m0 + p(mi, m̃))
ι(Pi +Q)) ∈ T (g, ϑ),

and π(T (g, ϑ)) contains a polynomial of the form∑
m�∈K[σ,λ]·LT,m�∈K[λ]r

αm ·m, αm ∈ K. (25)
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(iv) Let m̃ < r with mi = m0 · m̃,m0 = λj , j ≥ 1, mi < r. Then p(r, m̃) = 0 or

1

ι(m0 + p(r, m̃))
ι(Q+ Pi)) ∈ π(T (g, ϑ)),

π(T (g, ϑ)) contains a polynomial of the form (25).

(v) Let m̂ <T m̃ <T mi with m̃ = m0 · m̂,m0 
= 1. Then either p(mi, m̂) = 0 or

1

ι(p(mi, m̃)m0 + p(mi, m̂))
ι(Pi) ∈ π(RT (g, ϑ)),

and π(RT (g, ϑ)) contains a polynomial of the form (24).

(vi) Let m̂ <T m̃ ≤T r with m̃ = m0 · m̂,m0 ∈ K[λ], m0 
= 1. Then either p(r, m̂) = 0 or

1

ι(p(r, m̃)m0 + p(r, m̂))
ι(Q) ∈ π(T (g, ϑ)),

and π(T (g, ϑ)) contains a polynomial of the form (25).

Proof: Since the proofs are all very similar we prove only (i). RT is a module over
K[σ, λ]. The embedding ι(RT ) generates a module over εx,λ(ϑ) and is a submodule of
RT (g, ϑ). Since p(mi, m̃) 
= 0, we can embed 1

m0+p(mi,m̃)
as a germ in εx,λ(ϑ) and thus

ι( Pi

m0+p(mi,m̃)
) is an element of the submodule generated by ι(RT ). This proves the first

statement. The explicit form is

h :=
ι(Pi)

ι(m0 + p(mi, m̃))
= ι(m̃) + ι

⎛
⎝ ∑

m<Tmi,m�=m̃,m�∈K[σ,λ]·LT

p(mi, m) ·m
m0 + p(mi, m̃)

⎞
⎠ .

RT (g, ϑ) can be written as RT (g, ϑ) = P(g)+Vg where P(g) is the intrinsic module and
where we can assume Vg ⊂ ι1(Pϑ

k ) for some k ∈ N. Since h ∈ RT (g, ϑ) there exists a

h̃ ∈ P(g) such that h+ h̃ ∈ Vg ⊂ ι1(Pϑ
k ). Then π(h+ h̃) ∈ H1(K[(σ, λ), b]) is of weighted

degree ≤ k. Reduction modulo the Gröbner basis gives a polynomial of the desired form.
�

By Theorem 8.2 we can restrict the number of parameters in Ansatz (13) a lot. Since
the Ansatz is assumed to approximate RT (g, ϑ) and T (g, ϑ) and it is unlikely to happen
that the polynomials (24) and (25) are zero we can assume p(mi, m) = 0, p(r,m) = 0 for
all cases discussed in Theorem 8.2. We did not investigate the circumstances under which
(24) and (25) are zero or not. The cases p(mi, m) 
= 0 leads to an Ansatz with a different
set of leading terms of the Gröbner basis.

Although we have thus chosen a lot of the free parameters in the Ansatz to be zero
one has to make sure that the Ansatz (13) defines a Gröbner basis for all values of the
remaining parameters. Due to Theorem 3.2 one needs to demand that S-polynomials
reduce to zero

S(Pi, Pj) →∗
F 0 in H1(K[p][(σ, λ), b]) (26)

S(Pi, Q) →+
F,Q 0 in the K[p][λ]−module generated by H1(K[p][λ, u]), (27)

where u stands for all monomials in H1(K[σ, b]) and F = {P1, . . . , Pν}. Due to the
module version of the Buchberger algorithm (see section 3) one needs to consider all
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S(Pi, Pj) where a k exists with bk|lt(Pi) and bk|lt(Pj). In (27) all Pi with lt(Q)|lt(Pi) are
considered. Top reductions →F are carried out for S(Pi, Pj) and S(Pi, Q) successively
until a normal form is obtained (command Preduce in REDUCE). The normal forms
of S(Pi, Q) are then further reduced with top reductions →Q until a normal form in
H1(K[p][λ, u]) is obtained. Demanding the coefficients of the normal forms to be zero
gives the equations for the unknowns p(mi, m), p(r,m). The equations turned out to be
very small in the computed examples and could be solved by the REDUCE command
Solve. The result is substituted into (13) and (14) completing the Ansatz.

Before comparing the possible tangent spaces with the tangent space T (g, ϑ) for g ∈ A
given by the Ansatz (12), the computation of T (g, ϑ) has to be discussed in detail since
this involves calculations with the old variables x1, . . . , xn. Recall that for g(b, σ, λ) =∑r

i=1 biAi(σ, λ) the restricted tangent space is generated by

Si(x)g, i = 1, . . . , l, dxg · bj(x), j = 1, . . . , r, (28)

and completed by gλ to T (g, ϑ).
The treatment of g and dxg in (28) suffices to substitute bi = bi(x) and g =

∑r
i=1Aibi(x).

Using d
dx
Ai =

d
dσ
Ai

dσ
dx

the derivatives Aiσj are treated as kernels in the Computer Algebra
package, while σixj is substituted in (28) by its corresponding polynomial. Thus dxg ·bj(x)
yields expressions in K[x, λ]ϑϑ as a module over the polynomial ring in Ai and Aiσj . Of
course Ai and Aiσj appear only linearly.

By an algorithm presented in [10] and mentioned in section 4 these expressions are
represented as polynomials in ⊕r

i=1biK[σ, λ, Ai, Aiσj ]. Also gλ gives one polynomial in the
same space.

The Ansatz (12) is equivalently expressed as an Ansatz Ai(σ, λ) in explicit polynomials
inH1(K[(σ, λ), c]) . Substitution of Ai and Aiσj , Aiλ yields expressions inH1(K[c][(σ, λ), b])
generating RT (g, ϑ) and T (g, ϑ), respectively. Let the generators of RT (g, ϑ) denote by
pi, i = 1, . . . , s+ l, the additional element of T (g, ϑ) by q.

The main step of the automatic classification of normal forms is now prepared. De-
manding

RT (g, ϑ) ⊆ rt and Q ∈ t (29)

yields a system of equations in the parameters p(mi, m), p(r,m) and cm in the following
way. Let F = {P1, . . . , Pν} denote the Gröbner bases of Ansatz (13), of rt and Q in
Ansatz (14) be the additional element for t. Then (29) is equivalent to.

pi →∗
F 0 in H1(K[p, c][(σ, λ), b]), (30)

q →+
F,Q 0 in H1(K[p, c][(σ, λ), b] and H1(K[p, c][λ, u], (31)

where u stands for all monomials in H1(K[σ, b]). This gives equations for the unknown
parameters p(mi, m), p(r,m) and cj(m), which are linear in cj(m). A weaker condition is

T (g, ϑ) ⊆ t. (32)

This is equivalent to
pi →+

F,Q 0 and q →+
F,Q 0 (33)

in H1(K[p, c][(σ, λ), b] and H1(K[p, c][λ, u]. The yielded equations are linear in cj(m) as
well.
The operator Solve in REDUCE solves such systems of equations distinguishing nicely
the different cases of parameter values of p(mi, m), p(r,mi). This solutions are substituted
into g.

In the end of this section we observe the following
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a) For each possible tangent space t = rt +K[λ]{r} there is one or several g.

b) The subset relation in (29) (or (32)) may happen to be a proper inclusion and no
equality, since only one direction is used.

c) The coefficients in the normal forms g still depend on part of the unknown parame-
ters p(mi, m), p(r,m), cm.

Statement b) means that an approach t of codimension d may lead to normal forms
of codimension > d. Statement c) can be interpreted in a way that the representative of
the ϑ-contact equivalence class is not unique. The restriction to one representative is the
topic of the next section.

9 Restriction to Special Representatives

Once a g ∈ H1(K[(σ, λ), b]) depending on some limited number of parameter is known
the parameters are restricted to certain values by the action of the subgroups BL0,Bλ,Bx.
Such criteria are developed in this section.

After performing the process described in section 8 we end up with a g ∈ A ⊂
H1(K[(σ, λ), b]) depending on some parameter cm and p(mi, m), p(r,m).

Proposition 9.1 Let g =
∑

m∈A am(p, c) ·m be A-A+-determined and let the coefficient
am̂ be fixed, where m̂ = bj · σi · λk, k ≥ 1. Then (Id, Id,Λ(λ)) ∈ B,Λ(λ) = λ + 0 · λ2 +
· · ·+ 0 · λk + Λ̃(λ), gives a ϑ-contact equivalence germ in Og(BΛ) and the coefficients ãm
of π((Id, Id,Λ(λ))g) =

∑
ãmm 
= 0 satisfy

ãm̂ = am̂, ãm = 0, for m = λν · m̂, ν = 1, 2, . . .

Proof: Substitution of Λ(λ) into g produces new terms of the form bjσ
iλν , ν > k. Choo-

sing Λ̃(λ) in a special way one can always achieve that ãm = 0 for m = bjσ
iλν , ν =

k + 1, . . . , μ. Since g is finitely determined, so is (Id, Id,Λ(λ))g and another representa-
tive in A with the required properties can be constructed. �

Criterion 9.2 crithottvar (eliminate higher order terms in λ)
Input: g =

∑
m∈A am(p, c)m,

monomial m̂ = bjσ
iλk, k ≥ 1 with fixed coefficient am̂

Output: g := g −∑
m∈A\{m̂},m∈K[λ]·m̂ amm

We would like to have more criteria which deletes higher order terms, i.e. show that
g +m ∼ g, where m is a monomial of higher degree.

Definition 9.3 ([12, p. 204 f]) Let g ∈ �εx,λ(ϑ), bi(x), i = 1, . . . , r the generators of R[x]ϑϑ
and Sj, j = 1, . . . , k the generators of the commuting matrices. The submodule of �εx,λ(ϑ)
generated by M · RT (g, ϑ), d

dx
gbi with deg(bi) ≥ 2 and Sjg with deg(Sj) ≥ 1 is denoted by

Ks(g, ϑ). Furthermore one defines K(g, ϑ) = Ks(g, ϑ) + ελ{λ2gλ}.

Theorem 9.4 ([12, p. 205 f], Gaffney) Let p ∈Itr(K(g, ϑ)). Then g + p is ϑ-contact
equivalent to g.

Since we are not able to determine Itr(K(g, ϑ)) with Computer Algebra methods we use
a heuristic which is similar to crithottvar (Criterion 9.2).
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Criterion 9.5 H1 (eliminate higher order terms)
Input: g =

∑
m∈A am(p, c)m,

monomial m̂ with fixed coefficient am̂
Output: g := g −∑

m∈A\{m̂},m∈K[σ,λ]·m̂ amm

The following criteria are based on the action of the groups BL0 ,Bλ,Bx on g.

Proposition 9.6 Let g =
∑

m∈A am(p, c)m, where the coefficients am depend on some
parameter p, c. Let S1, . . . , Sk ∈ L(ϑ)0 form a basis of the vector space of constant com-
muting matrices. Assume that for i exists some integers j(i) such that

Sibj(i) ∈< bj(i) > . (34)

Then (
∑k

i=1 γiSi)g ∈ Og(BL0), where γi > 0, i = 1, . . . , k and

(
k∑

i=1

γiSi, Id, Id)g =
∑
i

⎛
⎝ ∑

m∈A,bj(i) |m
am(p, c) · γi ·m

⎞
⎠+

∑
m∈A,bj(i) � |m∀j(i)

am(p, c)m.

Condition (34) is a very strict condition, if ϑ decomposes into several irreducible repre-
sentations. On the other hand it can be easily achieved by choosing the right coordinate
system. In this coordinate system the matrices ϑ(t) have block diagonal form with blocks
corresponding to irreducible representations. Then the fundamental equivariants bj(x)
and fundamental commuting matrices S i(x) can be determined in a way that each de-
pends only on few of the variables xi explicitly. The algorithmic determination of bj and
Si fulfills this requirement automatically. So (34) is a natural condition in our implemen-
tation.

Criterion 9.7 critmat (action of BL0 on g)
Input: g =

∑
m∈A am(p, c)m,

S1, . . . , Sk, set of indices Ji = {j(i)}, i = 1, . . . , k.

for i = 1, . . . , k determine the monomial mi
min with the lowest ordering in

Mi = {m ∈ A| bj(i)|m for one j(i) ∈ Ji and am depends on p or c}
do g := g − (ami

min
+ sign(ami

min
))mi

min

apply crithottvar wrt mi
min to g

apply heuristic H1 wrt mi
min to g

Proposition 9.8 Let A and g as in Proposition 9.6. Let Λ(λ) ≡ γ · λ, γ > 0. Then
(Id, Id,Λ)g ∈ Og(Bλ) and

(Id, Id,Λ)g =
∑

m∈A,λ � |m
amm+

maxi∑
i=1

∑
m∈A,λi|m,λi+1 � |m

γiamm.

Criterion 9.9 crittvar (action of Bλ on g)
Input: g =

∑
m∈A am(p, c)m,

variable λ
determine the monomial mmin with the lowest ordering in

M = {m ∈ A|λ|m and am depends on p or c}
g := g − (ammin + sign(ammin))mmin

apply crithottvar wrt mi
min to g

apply heuristic H1 wrt mmin to g
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Proposition 9.10 Let A and g as in Proposition 9.6. Let ϑ be block diagonal and let
x = (x1, . . . , xl) be grouped in variables corresponding to the irreducible representations
in ϑ. Let bj(x), j = 1, . . . , l be those homogeneous fundamental equivariants which are
linear. Let each bj correspond to one irreducible representation. Then (Id,X, Id)g with
X =

∑l
j=1 γjbj, γj > 0 is an element of Og(Bx) and

(Id,X, Id)g =
∑

m∈A,∃bj :m=bjσiλν

γj · γDi · am(p, c) ·m+
∑

m∈A,m=bkσiλν,k>l

γe · γDi · am(p, c) ·m,

where we assume that the fundamental invariants σk are homogeneous in each variable
group xj and D = (dkj) consists of the degrees dkj of σk in the variables xj. We assume
furthermore that the fundamental equivariants bk, k > l are homogeneous in each variable
group xj and ej is the degree in xj.

Criterion 9.11 critequis (action of BX on g)
Input: g =

∑
m∈A am(p, c)m,

homogeneous, linear equivariants bj

for j = 1, . . . , l find the monomial mj
min with the lowest ordering in

Mj = {m ∈ A|λ|m and am depends on p or c}
do g → g − (amj

min
+ sign(amj

min
))mj

min

apply crithottvar wrt mj
min to g

apply heuristic H1 wrt mj
min to g

Observe that the actions of BL0,Bλ,Bx are independent of each other and thus can be
applied in any order. However, one has to be careful when one applies criteria 9.7, 9.9,
and 9.11 one after the other.

Example 9.12 Let bj be a linear equivariant and Si ∈ L(ϑ)0 a constant commuting
matrix with Sibj = bj. Then g = abjbj + aλbjλbj + r is transformed to

(γiSi, Id, Id)(Id, γjbj, Id)g = γiγj(abjbj + aλbjλbj) + r̃.

It is not possible to choose both coefficients to be sign(abj ) and sign(aλbj). This conside-
ration becomes important for the group action Z2 × Z2, see subsection 10.3.

In the end one obtains a g ∈ A depending on much less parameter than in the begin-
ning. It is not clear whether for each value of these parameter g is in the same ϑ-contact
equivalence class. The parameter (or part of them) may be moduli parameter, i.e. g is
for different values topological equivalent, but not algebraically equivalent. Some special
values may be exceptions for the topological equivalence.

The experience shows that part of this exceptions can be found by computing the
Gröbner bases of RT (g, ϑ) depending on the parameters. The exceptional values for the
case that the computed polynomials do not form a Gröbner basis are interesting values, i.e.
the topological properties of the solution set of g are exceptional, see e.g. subsection 10.3.

The computation of the Göbner basis gives an approximation of the codimension as
well.

An approximation of the universal unfolding is given by

g +
∑

m�∈K[σ,λ]·LT (rt),m�∈K[λ]·r
αmm
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10 Discussion of Results

In this section several examples for various groups are presented. Since for these group
actions several singularities of various codimension are known, this gives the opportunity
to compare the results of our algorithm with results from the literature. The first example
is discussed in detail in order to show how our algorithm proceeds.

���� D�

We consider D3 = {id, r, r2, s, sr, sr2} and its 2-dimensional irreducible representation
which is faithful, i.e.

ϑ(r) =

(
− 1

2

√
3
2

−
√
3
2

− 1
2

)
, ϑ(s) =

(
1 0
0 −1

)
.

The fundamental invariants are computed to be

σ1(x1, x2) =
(x2

1 + x2
2)

2
, σ2(x1, x2) =

(−x3
1 + 3 · x1 · x2

2)

4
.

The fundamental equivariants are determined to be

b1(x1, x2) =
1

2

(
x1

x2

)
, b1(x1, x2) =

1

4

(
−x2

1 + x2
2

2 · x1 · x2

)
.

This corresponds to the results on 2-dimensional irreducible representations of the dihedral
groups Dh, [12, p. 45]. The generators of the free module of commuting matrices are
calculated to be

S1(x) =
1
2

(
1 0
0 1

)
, S3(x) =

1
8

(
3x2

1 + x2
2 2x1x2

2x1x2 x2
1 + 3x2

2

)
,

S2(x) =
1
4

(
−x1 x2

x2 x1

)
, S4(x) =

1
16

(
−3x3

1 − 3x1x
2
2 −3x2

1x2 + 5x3
2

9x2
1x2 + x3

2 3x3
1 + 3x1x

2
2

)
,

As described in the previous sections we do not compute in the coordinates x1, x2, λ, but
in b1, b2, σ1, σ2, λ. The term ordering >D3 is defined by the variable ordering b2 > b1 >
σ2 > σ1 > λ and the weights

(deg(b2(x)), deg(b1(x)), deg(σ2(x)), deg(σ1(x)), 1) = (2, 1, 3, 2, 1).

In order to compute inH1(K[(σ2, σ1, λ), (b2, b1)]) the grading with (1, 1, 0, 0, 0) is used first
and combined with >D3. The condition (34) in Proposition 9.6 is trivially fulfilled because
the group action is irreducible. The Ansatz space A of possible bifurcation problems is
chosen to be generated by 14 monomials such that

g =
∑
m

(c1(m)b1 + c2(m)b2) = A1(σ, λ)b1 + A2(σ, λ)b2

where the sum runs over the first 7 monomials (in the weighted ordering) and c1(m)
and c2(m) are unknowns. Since we investigate bifurcation problems we set c1(1) = 0.
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The kernels A1 and A2 are still used to compute the tangent space T (g, ϑ) as defined in
Definition 5.1. The restricted tangent space is generated by

rt = { 2A1b2+4(A1)σ1b1σ2+3(A1)σ2b1σ
2
1+2A2b1σ1+4(A2)σ1b2σ2+3(A2)σ2b2σ

2
1

4
,

A1b1+2(A1)σ1b1σ1+3(A1)σ2b1σ2+2A2b2+2(A2)σ1b2σ1+3(A2)σ2b2σ2

2
,

A1b1+A2b2
2

, 2A1b2+A2b1σ1

4
, 3A1b1σ1+2A2b1σ2+A2b2σ1

4
,

4A1b1σ2+2A1b2σ1+5A2b1σ
2
1−4A2b2σ2

8
}

and Q = (A1)λb1 + (A2)λb2 completes the tangent space. Then A1, A2 and their deriva-
tives are substituted. Ansatzes t = rt +K[λ]{q} for the tangent space are generated of
codimension 0, 1, 2, 3 where a recursion deepness of 10 was used. There are two choices
how to derive conditions for the parameters c1(m), c2(m) and p(mi, m). Here we use the
requirement

T (g, ϑ) ⊆ t.

Then the operator SOLVE gives the solutions of the system of equations which are linear
in c1(m), c2(m). Eventually several cases (p(mi, m) = 0, p(mi, m) 
= 0) are distinguished.

Thus simpler (possibly several) polynomials g ∈ H1(K[p][(σ2, σ1, λ), (b2, b1)]) are ob-
tained where p stands for c1(m), c2(m) and p(mi, m). The criteria are applied to g in the
following order: critequis, critmat, crittvar, deletehots.

Let us discuss the results in detail:

codim≥ 0

t = rt + k[λ]{q} with rt = {b2, b1}, q = 0

g = c1(σ1)b1σ1 + c1(σ2)b1σ2 + sign(c1(λ))b1λ + sign(c2(1))b2,

g is a typically transcritical bifurcation. For all values of c1(σ1) and c1(σ2) the normal
form g is in the same contact equivalence class. This shows that the resulting singularities
are non-unique.

Also for three other Ansatzes t of codimension 0 the same g is derived.

codim≥ 1

1.) rt = {b1σ2, b1σ1, b2, b1λ}, q = 0
The condition T (g, ϑ) ⊆ t gives c1(λ) = 0. Finally

g111 = c1(σ1)b1σ1 + c1(σ2)b1σ2

+sign(c1(λ
2))b1λ

2 + sign(c1(λσ1))b1λσ1 + sign(c2(1))b2.

This is pictured for the parameter values c1(σ1) = 1, c1(σ2) = 1, sign(c1(λ
2)) =

1, sign(c1(λσ1)) = 1, sign(c2(1)) = −1 in Figure 1. The solutions of g = 0 within
the fixed point spaces D3 and Z2 (x2 = 0) are drawn. The implicit plot routine of
Maple [6] was used.

2.) LT (rt) = {b1σ2, b1σ1, b1λ
2, b2}, q = b1λ

Parameters are introduced in the following way:

rt = {b1σ2, b1σ1, b1λ
2, b2 + p(b2, b1) · b1}, q = b1λ,
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Figure 1: D3-equivariant bifurcation problems: solutions within Fix(Z2) are plotted x1

versus λ, but conjugate solutions are omitted. From upper left to lower right the singu-
larities g111, g121, g211, g212, g213, and g223 are presented.
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using the restrictions given by Theorem 8.2. The conditions yielded by T (g, ϑ) ⊆ t
are c1(λ)− c2(λ)p(b2, b1) = 0,−c2(1)p(b2, b1) = 0. They have two different solutions
which have to be distinguished: p(b2, b1) = 0, c1(λ) = 0 and c2(1) = 0, c1(λ) =
c2(λ)p(b2, b1) with p(b2, b1) arbitrary.

This gives two normal forms:

g121 = c1(σ2)b1σ2 + c2(σ1)b2σ1 + c2(σ2)b2σ2 + ε1b2λ+ ε2b1σ1 + ε3b1λ,

and g122 = g111, where εi = ±1. The first is visualized in Figure 1 for c2(σ1) =
1, c1(σ2) = 0, c2(σ2) = −0.1, ε1 = −1, ε2 = 1, ε3 = −1. g121 is equivalent to the
normal form of codimension 2 in [12, p. 218]. Because we test for T (g, ϑ) ⊆ t, but
not for equality, it is possible that we derive a normal form of higher codimension
than expected. In this case it fits nicely with the fact that the normal form in [12]
has topological codimension 1. The second remark is that in Ansatz 1 and 2 LT (rt)
and LT (q) generate the same K[λ]-module. However the results are different, since
the introduction of parameters is different. It is a nice correspondence that g111
appears again under Ansatz 2.

3.) LT (rt) = {b1σ2, b1λ
3, b1σ1, b2}, q = b1λ

This gives no new normal forms.

codim≥ 2

1.) rt = {b1σ2, b1σ1, b1λ
2, b2 + p(b2, b1λ)b1λ+ p(b2, b1)b1}, q = 0

g211 = c1(σ2)b1σ2 + c2(σ1)b2σ1 + c2(σ2)b2σ2 + ε1b2λ
2 + ε2b1σ1 + ε3b1λ

2,
g212 = c1(σ2)b1σ2 + c2(σ1)b2σ1 + c2(σ2)b2σ2 + ε1b2λ+ ε2b1σ1 + ε3b1λ

2,
g213 = c1(σ1)b1σ1 + c1(σ2)b1σ2 + ε1b2 + ε2b1λ

3 + ε3b1λσ1,

The Figure 1 refers to these bifurcation problemswhere the values c1(σ2) = 1, c2(σ1) =
1, c2(σ2) = 1, ε1 = 1, ε2 = 1, ε3 = −1 for g211, c1(σ2) = 1, c2(σ1) = 1, c2(σ2) = 1, ε1 =
1, ε2 = 1, ε3 = −1 for g212, and c1(σ1) = 1, c1(σ2) = 1, ε1 = −1ε2 = −1, ε3 = 1 for
g213 was used.

2.) rt = {b1σ2, b1λ
3, b1σ1 + p(b1σ1, b1λ)b1λ, b2 + p(b2, b1λ)b1λ + p(b2, b1)b1}, q = b1λ

2

This approach leads to 5 normal forms including those in Ansatz 1.) and the case
codim ≥ 1 2. Ansatz g121. The new one is

g223 = c1(σ2)b1σ2 + c2(σ1)b2σ1 + c2(σ2)b2σ2 + ε1b1λσ1 + ε2b2λ+ ε3b1λ
2,

In Figure 1 the solutions in Fix(Z2) are drawn for the values c1(σ2) = 1, c2(σ1) =
1, c2(σ2) = 1, ε1 = −1, ε2 = −1, ε3 = 1.

codim≥ 3

rt = {b1σ2, b1λ
3, b1σ1+p(b1σ1, b1λ

2)b1λ
2+p(b1σ1, b1λ)b1λ, b2+p(b2, b1λ)b1λ+p(b2, b1)b1},

q = 0
We derive 3 normal forms which we have already considered and 4 new ones.

g313 = c1(σ2)b1σ2 + c2(σ1)b2σ1 + c2(σ2)b2σ2 + ε1b2λ
3

+sign(c1(σ1))b1σ1 + sign(c2(λ
3) · p(b2, b1))b1λ3,

g315 = c1(σ2)b1σ2 + c2(σ1)b2σ1 + c2(σ2)b2σ2

+ε1b1λσ1 + sign(c2(λ))b2λ + ε3b1λ
3,

g316 = c1(σ1)b1σ1 + c1(σ2)b1σ2

+sign(c1(λ
4))b1λ

4 + sign(c1(λσ1))b1λσ1 + sign(c2(1))b2,
g317 = c · b2σ1 + c2(σ2)b2σ2 + ε1b1λ

2 + ε2b2λ + ε3b1λσ1.
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Figure 2: D3-equivariant bifurcation problems: solutions within Fix(Z2) are plotted x1

versus λ, but conjugate solutions are omitted. From upper left to lower right the singu-
larities g313, g315, g316, and g317 are presented.
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In Figure 2 the Z2-invariant solutions are drawn for the parameter values c1(σ2) =
1, c2(σ1) = 1, c2(σ2) = 1, ε1 = −1, sign(c1(σ1)) = −1, sign(c2(λ

3) · p(b2, b1)) = 1 for
g313, c1(σ2) = 1, c2(σ1) = 1, c2(σ2) = 1, ε1 = −1, sign(c2(λ)) = −1, ε3 = 1 for g315,
c1(σ1) = 1, c1(σ2) = 1, sign(c1(λ

4)) = −1, sign(c1(λσ1)) = −1, sign(c2(1)) = 1 for g316, and
c = 1, c2(σ2) = 1, ε1 = −1, ε2 = −1, ε3 = 1 for g317.

This list does not include the normal form of codimension 3 presented in [5]. Probably
one will find it, if considerering more Ansatzes of codimension 3 and also try RT (g, ϑ) ⊂
rt, q ∈ t as requirement instead of T (g, ϑ) ⊂ t.

���� Z�

Although Z2 = {id, s} is the simplest group it is very important because this symmetry
often appears in applications. We compute in invariant-equivariant coordinates σ1(x1) =
x2
1, b1(x1) = x1. The weighted ordering is given by b1 > σ1 and deg b1 = 1, deg σ1 = 2.

For completeness we mention that S1 = 1 generates the module of commuting matrices.
The results are the following

codim≥ 0
g011 = ε1b1λ + ε2b1σ1,

with εi = ±1. In Figure 3 the solutions are drawn for ε1 = 1, ε2 = −1. This is the
well-known pitchfork bifurcation.

codim≥ 1
g111 = ε1b1λ

2 + ε2b1σ1,
g121 = ε1b1λ+ ε2b1σ

2
1 ,

The solutions are drawn in Figure 3 for ε1 = 1, ε2 = −1 (g111) and ε1 = 1 = ε2 (g121).

codim≥ 2
g211 = ε1b1λ

2 + ε2b1σ
2
1 ,

The solutions are drawn for ε1 = 1, ε2 = −1 in Figure 3.

g251 = ε1b1λ
3 + ε2b1σ1,

In Figure 4 the solutions of g251 are plotted. ε1 = 1, ε2 = −1 is used again. The Ansatz
LT (rt) = {b1σ2

1 , b1λσ1, b1λ
2} and q = b1σ1 leads to

g261 = cb1σ
2
1 + ε1b1λ

3 + ε2b1λ
2σ1,

g262 = cb1σ
2
1 + ε1b1λσ1 + ε2b1λ

2,

The solutions of g261 are drawn for ε1 = 1, ε2 = −1 c = 0.1 and c = 0 in Figure 4.
Note that for c = 0 the x1-axis is a solution of g261 = 0. For g262 we have chosen
ε1 = 1, ε2 = −1, c = 1. Observe that g262 is very similar to g211. Probably, both are in the
same contact equivalence class.

���� Z� × Z�

The group action of Z2 × Z2 = {id, s1, s2, s1s2} on R2 is given by

ϑ(s1) =

(
−1 0
0 1

)
, ϑ(s2) =

(
1 0
0 11

)
.
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Figure 3: Z2-equivariant bifurcation problems: solutions are plotted x1 versus λ. From
upper left to lower right the singularities g011, g111, g121, g211 are presented.
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Figure 4: Z2-equivariant bifurcation problems: solutions are plotted x1 versus λ. From
upper left to lower right the singularities g251, g262, and g261 for c = 0.1 and c = 0 are
presented.
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The invariants are σ1(x) = x2
1, σ2 = x2

2 and the equivariants are b1(x) = (x1, 0), b2(x) =
(0, x2). There are 4 fundamental commuting matrices.

There are two nontrivial subgroups Z2(s1) and Z2(s2). Considering the equivariant
normal forms one observes that in each fixed point space Fix(Z2(s1)) and Fix(Z2(s2)) the
same phenomena as described under subsection 10.2 and all combinations may occur. So
our algorithm produces a lot of normal forms.

Especially interesting is the Ansatz

LT (rt) = {b1σ2, b1σ1, b1λ, b2} and t = rt

One parameter is introduced and leads to the polynomial b2+p(b2, b1)b1 ∈ rt. For each
value of p(b2, b1) the set rt is a Gröbner basis of a module with respect to the ordering
b2 > b1 > σ2 > σ1 > λ and weighting (1, 1, 2, 2, 1). rt has codimension 1. A direct
complement in H1(K[(σ1, σ2, λ), (b1, b2)]) is generated by b1.

The Ansatz for the normal form g =
∑
(c1(σ

i
1σ

j
2λ

k)b1 + c2(σ
i
1σ

j
2λ

k)b2) is chosen such
that A is the complete space of polynomials of weighted degree 5. In order to search for
bifurcation problems c1(1) = c2(1) = 0 is assumed.

The condition RT (g, ϑ) ⊆ rt implies the condition c1(λ) = c2(λ) · p(b2.b1). The
resulting normal form after application of critmat, critequis,crittvar is

g = ( sign(c1(σ1))σ1 + c1(σ2)σ2 + sign(c1(λ))λ)b1 + (35)

(c2(σ1)σ1 + sign(c2(σ2))σ2 + sign(c2(λ))λ)b2

Here it is important to take into account that critmat and critequis are applied one
after another and the problem in Example 9.12 appears. Applying critmat and critequis
naively fixes the sign of c2(σ1) and leaves c2(σ2) unfixed. But this eliminates a lot of
non-equivalent bifurcation problems. The normal form (35) is exactly the one discussed
in [12], see as well [2].

g = (ε1σ1 +mσ2 + ε2λ)b1 + (nσ1 + ε3σ2 + ε4λ)b2

where the non-degeneracy conditions

m 
= ε2ε3ε4, n 
= ε1ε2ε4, mn 
= εε3 (36)

hold. We computed the 1-1-Gröbner basis of RT (g, ϑ) for arbitrary m,n, εi with respect
to the ordering given by the variable order b2 > b1 > σ2 > σ1 > λ and first weighting
(1, 1, 0, 0, 0) and second weighting (1, 1, 2, 2, 1) and then lex.

2

groe := {b1*sig1 ,

b1*sig1*lamb,

- eps3*b2*sig2 + eps1*b1*sig1 + eps2*b1*lamb,

- n*b2*sig1 - eps1*b1*sig1,

m*b1*sig2 + eps1*b1*sig1 + eps2*b1*lamb,

2

b1*lamb ,

eps4*b2*lamb + eps2*b1*lamb}
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This is only valid for the restrictions of the parameters n 
= 0, ε4 
= 0, ε1ε3 − mn 
= 0,
3ε1ε3−mn 
= 0, ε1 
= 0, ε2ε3− ε4m 
= 0, ε2 
= 0, 3ε1ε2ε3−2ε1ε4m− ε2mn 
= 0. If one of these
inequalities is violated the Gröbner basis looks different and the module RT (g, ϑ) might
have a different codimension. Observe that the Buchberger algorithm can not make use
of the information εi = ±1. These conditions reflect nicely the non-degeneracy conditions
(36) and other exceptional values where the solution structure of g = 0 is known to change
qualitatively.

If the inequalities hold then RT (g, ϑ) has codimension 4 and a direct complement in
H1(K[(σ1, σ2, λ), (b1, b2)]) is generated by b1, b2, b1λ, b1σ1. Since gλ = b1ε2+b2ε4 completes
the tangent space, the normal form has codimension ≤ 3. By Proposition 2.3, p.424 in
[11] it has exactly algebraic codimension 3. The topological codimension is 1 and m,n
are moduli parameters. Thus an universal unfolding is g + α1b1 + α2b1λ + α3b1σ1.

Acknowledgments: KG would like to thank Herbert Melenk for implementing the spe-
cial versions of the Buchberger algorithm in REDUCE. Special thanks are due to James
Montaldi who explained to us aspects of singularity theory and intrinsic ideals.
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