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Abstract

In this work, some new results to exploit the recurrence properties of quasiperiodic
dynamical systems are presented by means of a two dimensional visualization technique,
Recurrence Plots(RPs). Quasiperiodicity is the simplest form of dynamics exhibiting
nontrivial recurrences, which are common in many nonlinear systems. The concept
of recurrence was introduced to study the restricted three body problem and it is
very useful for the characterization of nonlinear systems. I have analyzed in detail
the recurrence patterns of systems with quasiperiodic dynamics both analytically and
numerically. Based on a theoretical analysis, I have proposed a new procedure to
distinguish quasiperiodic dynamics from chaos. This algorithm is particular useful
in the analysis of short time series. Furthermore, this approach demonstrates to be
efficient in recognizing regular and chaotic trajectories of dynamical systems with mixed
phase space. Regarding the application to real situations, I have shown the capability
and validity of this method by analyzing time series from fluid experiments.

Zusammenfassung

In dieser Arbeit stelle ich neue Resultate vor, welche zeigen, wie man Rekurrenzeigen-
schaften quasiperiodischer, dynamischer Systeme für eine Datenanalyse ausnutzen kann.
Die vorgestellten Algorithmen basieren auf einer zweidimensionalen Darstellungsmeth-
ode, den Rekurrenz-Darstellungen. Quasiperiodizität ist die einfachste Dynamik, die
nicht-triviale Rekurrenzen zeigt und tritt haeufig in nichtlinearen Systemen auf. Nicht-
triviale Rekurrenzen wurden im Zusammenhang mit dem eingeschränkten Dreikörper-
problem eingeführt. In dieser Arbeit, habe ich mehrere Systeme mit quasiperiodischem
Verhalten analytisch untersucht. Die erhaltenen Ergebnisse helfen die Wiederkehreigen-
schaften dieser Systeme im Detail zu verstehen. Basierend auf den analytischen Re-
sultaten, schlage ich einen neuen Algorithmus vor, mit dessen Hilfe selbst in kurzen
Zeitreihen zwischen chaotischem und quasiperiodischem Verhalten unterschieden wer-
den kann. Die vorgeschlagene Methode ist besonders effizient zur Unterscheidung
regulärer und chaotischer Trajektorien mischender dynamischer Systeme. Die prak-
tische Anwendbarkeit der vorgeschlagenen Analyseverfahren auf Messdaten, habe ich
gezeigt, indem ich erfolgreich Zeitreihen aus fluid-dynamischen Experimenten unter-
sucht habe.
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A.6. The structures tested by Lyapunov exponents
∑
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Figure A.3: (Color) λmax in the (σ1, σ2) plane. (Also, the blue regions with nearly zero
exponents indicate regular or periodic solutions, while red parts mean highly chaotic behavior.
The black line, L4, is defined by the stability condition of the coupled mode motion. We will
continue to zoom the subregion with purple color in the next figures.)

Figure A.4: (Color) Zoom into the tip of the tongue represented in Fig. A.3. (We use high
resolutions about 1000 × 1000 points in this interval. From this diagram, the largest three
shrimps marked as region A,B and C, are observed together with other smaller ones in this
system.)
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Figure A.5: (Color) Left: Shrimp detected by K2 in region A. IB: Inner Boundary; OB: Outer
Boundary. Right: Shrimp in region C. The intersection points of the ellipse with the inner
boundaries are denoted as IB1,2, while OB1,2 stand for the intersections with the outer ones.

inaccuracies by choosing the parameters are sufficient to induce drastical changes in
the final behavior (Gallas, 1994). This effect makes it impossible for the approximate
analytical method used in Sec. A.3 to uncover these structures. Shrimps have been
found in chaotic maps (Gallas, 1993) but recently also in the Rössler system (Thiel,
2004).

Both K2 and λmax in PS can help us to identify these complex periodic windows
in the region, where the analytical approach fails, and guide us to choose parameters
properly to find transitions to chaos. The numerical integrations of the system confirm
the existence of these structures in PS, as we will see in the next section.

A.7 Transition properties of the shrimp borders

In order to study the dynamics of the system within and near the shrimps in more
detail, we simulate trajectories by the fourth order Runge-Kutta integration approach
in these regions in the averaged system (Eqs. (A.6)).

We continue zooming into the regions A and C of Fig. A.4 in Fig. A.5 respectively.
We choose region C as a prototypical window and follow first the vertical dashed double
arrow line in Fig. A.5 to study the transitions to chaotic behavior. The trajectories for
(σ1, σ2) = (−0.305, 0.27) are shown in Fig. A.6. First, we follow the downward arrow
direction and decrease σ2 to 0.2687 (Fig. A.7). Comparing Fig. A.7 with Fig. A.6, we
find that the first mode doubles already, while the second one remains unchanged. If
we continue decreasing σ2 to 0.2686, the first mode undergoes a further doubling and
the second one begins doubling too, which is shown in Fig. A.8.

From Figs. A.6- A.8, we can conclude that the doubling sequence of the two modes
does not take place simultaneously as the parameters vary. When σ2 is further de-
creased, the period doubling of the two modes can hardly be distinguished if we only
use phase portraits, as shown in Fig. A.9. However, an approximate Poincaré section
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Figure A.6: Trajectories for (σ1, σ2) = (−0.305, 0.27).

Figure A.7: Trajectories for (σ1, σ2) = (−0.305, 0.2687).

allows to illustrate this cascade.

One may suspect that the period of the second mode also doubles during the first
stage, which cannot be observed in the (u2, v2) projection of the phase space. Actually,
by counting the number of points on the Poincaré section (v1 = 0, v̇1 < 0), we obtain
the same period doubling sequence as observed from the phase portrait above. The
points on the Poincaré section for the corresponding stages are shown in Fig. A.10.
This period doubling sequence can also be observed from the first return map of the
first component of the system, as shown Fig. A.11.

Moreover, if we decrease σ2 to 0.2684, we obtain a chaotic attractor, the Poincaré
section of which is shown together with the respective return map of the first component
in Fig. A.12. The corresponding largest Lyapunov exponent is λmax = 0.04.

However, increasing σ2 along the upward arrow direction to cross the outer bound-
ary, the intermittency route to chaos is observed, which can be seen by plotting the
time dependence of the first component u1 (Fig. A.13). The mean length of the laminar

intervals appears to vary at a rate proportional to | σ2 − (σ2)cr |− 1

2 as type-I intermit-
tency close to a saddle-node bifurcation, where (σ2)cr ≈ 0.27552 is the onset of chaotic
behavior.

In order to understand the effects caused by the shrimp orientation, we compute the
Lyapunov exponents along an ellipse which intersects the shrimp, as shown in Fig. A.5.
The intersection points of the ellipse with inner boundaries of the shrimp are denoted as
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Figure A.8: Trajectories at (σ1, σ2) = (−0.305, 0.2686). The doubling of the first mode is hard
to distinguish from this figure because the newly born periods are very close. It is rather simple
to observe this effect using a Poincaré section, as shown in Fig. A.10.

Figure A.9: Trajectories at (σ1, σ2) = (−0.305, 0.26851) undergo a further period doubling
bifurcation. However the doubling of both modes are hard to distinguish from this figure. This
effect can be seen on a Poincaré section as shown in Fig. A.10.

IB1,2, while OB1,2 are for the intersections with the outer ones. The results for the two
largest Lyapunov exponents computed in counterclockwise direction (Φ ∈ [0 ∼ 2π]) are
shown in Fig. A.14. We focus on the relative larger intervals where the ellipse intersects
the head part of the shrimp, denoted by IB1 − OB1 and by OB2 − IB2. We observe
that the second Lyapunov exponent approaches zero at the period-doubling bifurcations
when the parameters transit the inner boundaries (IB1,2), whereas λ1 ≃ 0. However

when the parameters cross the outer boundaries (OB1,2), we find λ2 ∝| Φ−(ΦOB1
)cr | 12

and λ2 ∝| Φ − (ΦOB2
)cr | 12 , respectively, where (ΦOB1

)cr ≈ 1.817, (ΦOB2
)cr ≈ 4.267.

The relation is presented in Fig. A.15 for one case as explained in the ref. Pazó &
Mat́ıas (2005). The variation of λ2 along the ellipse shows the different bifurcation
properties and validates the results obtained above.

It is important to note that both observed phenomena, i.e., the non-simultaneous
period doubling of the two resonant modes and the intermittency transitions, also
occur in the other shrimp structures, A and B. The only difference between these two
regions and region C is that the second frequency doubles first while the first mode is
one step behind when the parameters cross the inner boundary as indicated in Fig. A.5.
However, intermittency routes to chaos are also obtained when the parameter values
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Figure A.10: The points of (σ1, σ2) on the Poincaré section v1 = 0 (v̇1 < 0) for period
doubling sequence. The parameter values of σ2, from a) to d), are: 0.27, 0.2687, 0.2686, 0.26851,
respectively, while σ1 = −0.305. The small frames inside the figure are zooms of the nearby
points.

Figure A.11: The return map of the first component on the section v1 = 0 (v̇1 < 0) for period
doubling sequence. The parameter values of σ2, from a) to d), are: 0.27, 0.2687, 0.2686, 0.26851,
respectively, while σ1 = −0.305.
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Figure A.12: The chaotic attractor on the section v1 = 0 (v̇1 < 0), for (σ1, σ2) =
(−0.305, 0.2684). a) (u2, v2) points on this section, b) the corresponding return map of the
first component.

Figure A.13: The time dependence of u1 variable when (σ1, σ2) = (−0.305, 0.275504), σ2 is
slightly smaller than (σ2)cr = 0.27552 for the onset of chaotic motion. All components show
such a intermittency property.
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Figure A.14: The two largest Lyapunov exponents λ1,2 as a function of the angle Φ in radians
with 2π ≈ 6.28. The dashed vertical lines correspond to the points at which the ellipse intersects
the shrimp boundaries as in Fig. A.5.
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Figure A.15: λ2 versus | Φ − (ΦOB2
)cr | 12 in the intermittency transition, where (ΦOB2

)cr ≈
4.267 stands for the onset of chaotic behavior.

reach the outer boundary.

A.8 Conclusions

In this paper, we have performed a bifurcation analysis in the two dimensional param-
eter space (PS) of a damped Mathieu oscillator coupled with a damped harmonic one
with parametrical excitation. We have used both analytical and numerical approaches
to uncover the transition boundaries in this space.

The transition boundaries in PS are first obtained analytically. They divide the
space into different regions corresponding to trivial solution, single mode motion, cou-
pled mode motion and complex region respectively (Fig. A.1). This stability condition-
based approach can be successfully applied for the bifurcation analysis of oscillating
systems when they undergo rather simple transitions.

In order to analyze the behavior of the system within the complex region, the K2

approach estimated by recurrence plots (RPs) has been applied, as in this region the
analytical approach is not appropriate anymore. The structures in the chaotic region
are found to be riddled with pronounced periodic bands. An important finding of our
analysis is that we also detect shrimps, i.e. periodic windows of complex structure,
which occur often in the PS of chaotic maps. These results were then validated by
Lyapunov exponents which are estimated from the equations. Furthermore, a detailed
numerical simulation is applied to characterize the period doubling sequence and type-I
intermittency properties when the parameters transit the inner and outer boundaries
of the shrimps, respectively.

To yield a deeper understanding of shrimps and their associated bifurcation prop-
erties in ODEs systems, further investigations are needed. The shrimp-shaped periodic
windows, although occurring frequently in chaotic maps, are not occurring in all sys-
tems (Gallas, 1993). In the Lorenz system, only some periodic bands can be observed
but no shrimp-like structures, even when we extend the computation in a rather large
PS (Thiel, 2004).
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The discovery of such complex periodic windows in the chaotic regions allows for
the control of chaos by choosing the parameters within the shrimps (Gallas, 1993).
This characteristic is very important for experiments because it shows how to choose
the parameters to avoid or to obtain chaos. This is of importance, e.g., when chaos
deteriorates the working conditions in some engineering machines.

We used numerical algorithms to find these structures in the system. But note
that the results obtained by the approximate analytical method and λmax are based
on the equations of the system. In many practical problems, it would be difficult to
provide analytical expressions to describe the dynamics. Typically only time series of
observations are available. We could not use the equations for the analytical bifurcation
analysis and do the equation-based Lyapunov exponent computations. In principle one
can also estimate the Lyapunov exponent from time series (Kantz & Schreiber, 2004),
but this is much more challenging than computing them from equations. In this case, we
recommend to use K2 estimated from RPs to identify the transition boundaries because
this approach is actually based on the time series we get from the measurement of the
system. This method should be promising for the bifurcation analysis in experimental
time series analysis and even in on-line control.

Appendix

The elements of the determinant (A.7) in Sec. A.3 are shown below.

a11 = −3k1u1v1 + k2u2v2 + δ1

2

a12 = −3k2v
2
2 + 3k1u

2
1 + 9k1v

2
1 + k2u

2
2 − 4σ1 + µ

4

a13 = −k2(u1v2 + v1u2)

2
a14 = −k2(3v1v2 + u1u2)

2

a21 = −−9k1u
2
1 − k2v

2
2 − 3k1v

2
1 − 3k2u

2
2 + µ + 4σ1

4

a22 =
3k1v1u1 + k2u2v2 − δ1

2
a23 =

k2(3u1u2 + v1v2)

2

a24 =
k2(u1v2 + v1u2)

2
a31 = −k2(u1v2 + v1u2)

2

a32 = −k2(3v1v2 + u1u2)

2
a33 = −k2u1v1 + δ2

2

a34 = −k2u
2
1 + 3k2v

2
1 − 4σ2

4
a41 =

k2(3u1u2 + v1v2)

2

a42 =
k2(u1v2 + v1u2)

2
a43 =

k2v
2
1 + 3k2u

2
1 − 4σ2

4

a44 =
k2u1v1 − δ2

2
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Pazó, D., Zaks, M., & Kurths, J. 2003. Role of unstable periodic orbits in phase and
lag synchronization between coupled chaotic oscillators. Chaos, 13(1), 309–318.
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