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angefertigt am
Max-Planck-Institut f̈ur Kolloid- und Grenzfl̈achenforschung

in Potsdam-Golm

von
Thorsten Erdmann

Potsdam, im April 2005





Abstract

Adhesion of biological cells to their environment is mediated by two-dimensional clusters of spe-
cific adhesion molecules which are assembled in the plasma membrane of the cells. Due to the activity
of the cells or external influences, these adhesion sites are usually subject to physical forces. In recent
years, the influence of such forces on the stability of cellular adhesion clusters was increasingly in-
vestigated. In particular, experimental methods that were originally designed for the investigation of
single bond rupture under force have been applied to investigate the rupture of adhesion clusters. The
transition from single to multiple bonds, however, is not trivial and requires theoretical modelling.

Rupture of biological adhesion molecules is a thermally activated, stochastic process. In this work,
a stochastic model for the rupture and rebinding dynamics of clusters of parallel adhesion molecules
under force is presented. In particular, the influence of(i) a constant force as it may be assumed for
cellular adhesion clusters is investigated and(ii) the influence of a linearly increasing force as com-
monly used in experiments is considered. Special attention is paid to the force-mediated cooperativity
of parallel adhesion bonds. Finally, the influence of a finite distance between receptors and ligands
on the binding dynamics is investigated. Thereby, the distance can be bridged by polymeric linker
molecules which tether the ligands to a substrate.

Zusammenfassung

Adhäsionskontakte biologischer Zellen zu ihrer Umgebung werden durch zweidimensionale Clus-
ter von spezifischen Adhäsionsmolek̈ulen in der Plasmamembran der Zellen vermittelt. Aufgrund der
Zellaktivität oderäußerer Einfl̈usse sind diese Kontakte normalerweise Kräften ausgesetzt. Der Ein-
fluß mechanischer Kräfte auf die Stabiliẗat zellul̈arer Adḧasionscluster wurde in den vergangenen Jah-
ren versẗarkt experimentell untersucht. Insbesondere wurden experimentelle Methoden, die zunächst
vor allem zur Untersuchung des Reissverhaltens einzelner Moleküle unter Kraft entwickelt wurden,
zur Untersuchung von Adhäsionsclustern verwendet. Die Erweiterung von einzelnen auf viele Mo-
leküle ist jedoch keineswegs trivial und erfordert theoretische Modellierung.

Das Reissen biologischer Adhäsionsmolek̈ule ist ein thermisch aktivierter, stochastischer Prozeß.
In der vorliegenden Arbeit wird ein stochastisches Modell zur Beschreibung der Reiss- und Rückbin-
dedynamik von Clustern paralleler Adhäsionsmolek̈ule unter dem Einfluß einer mechanischen Kraft
vorgestellt mit dem die Stabilität der Cluster untersucht wird. Im besonderen wird(i) der Einfluß einer
konstante Kraft untersucht wie sie in zellulären Adḧasionsclusters angenommen werden kann und(ii)
der Einfluß einer linear ansteigenden Kraft betrachtet wie sie gemeinhin in Experimenten angewendet
wird. Besonderes Augenmerk liegt hier auf der durch die Kraft vermittelte Kooperativität paralleler
Bindungen. Zuletzt wird der Einfluß eines endlichen Abstandes zwischen Rezeptoren und Liganden
auf die Dynamik untersucht. Der Abstand kann hierbei durch Polymere, durch die die Liganden an
das Substrat gebunden sind,überbr̈uckt werden.
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Chapter 1

Introduction

1.1 Specific adhesion of biological cells

Life of multicellular organisms like humans is a concert of as many as1013 individual cells which
can be grouped into around200 different cells types with distinct, specific functions [Alberts et al.,
2002]. To enable accurate development of the young and reliable function of the adult organism, all
cells have to coordinate their activity carefully and reliably in the noisy environment of neighbouring
cells and subject to variable exterior conditions. To achieve this regulation in the absence of a central
conductor, cells constantly have to react to signals from their immediate environment, i.e. from other
cells or from the extracellular space.

An important class of stimuli regulating cell behaviour is of mechanical origin. Cells adhere to
their environment, i.e. other cells or the extracellular matrix1 (ECM), at specialised adhesion sites.
Whether adhesion is possible at all is an important information in itself. Epithelial cells which usu-
ally are in contact to neighbouring cells normally undergo apoptosis (‘programmed cell death’) if no
adhesion is possible. This is also the case for fibroblast cells which are mechanically very active cells
abundant in connective tissue where they organise the collagen fibres of the ECM. Programmed cell
death protects the organism from unruly cells. This mechanism is disturbed in cancer cells which
enables these to travel through the body and form metastases. In general, the function of cell adhesion
is twofold. The physical contact enables cells to resist and transmit mechanical forces and to maintain
the integrity of tissues and the whole organism. Moreover, cells use adhesion sites like fingers which
allow them to feel their environment and collect information about physical properties, such as the
presence of binding sites and the presence of other cells, elasticity of substrates and strength of forces
acting on the cells. In general, many processes such as embryonic development, cell migration or the
immune response depend crucially on the specific adhesion of cells.

Adhesion of biological cells is based on clusters containing a large number of adhesion receptors
which mediate contact to specific ligands either carried by other cells or attached to the ECM. Ad-
hesion clusters are two-dimensional assemblies of transmembrane adhesion proteins which are held
in the plasma membrane of the cell by hydrophobic interaction. On the cytoplasmic side (the inside
of the cell) the receptors can be linked to the cytoskeleton. In many cases, an assembly of different
accessory proteins (‘cytoplasmic plaque’) strengthens and regulates these links. A binding pocket on

1The extracellular matrix is the non-cellular component of an organism. It is a complex network of polysaccharides
(e.g. hyaluronan acid) and proteins fibres (e.g collagen) which are secreted by cells and serve as structural elements in
tissues [Alberts et al., 2002]. In bones, hard, mineralised material (e.g. calcium phosphate in form of hydroxyapatite
crystals) is embedded in the fibrous part of the extracellular matrix which allows bones to resist not only tensile but also
strong compressive forces.
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the extracellular side allows specific interaction with appropriate ligands. Important types of receptors
are selectins, cadherins and integrins [Alberts et al., 2002]. Selectins bind carbohydrate molecules and
mediate contacts of white blood cells to the epithelial cells in the blood vessel wall. Selectin bonds
associate and dissociate rapidly to facilitate transient adhesion and the rolling adhesion of white blood
cells [Rossiter et al., 1997]. Cadherin receptors form homotypic (self-self) bonds to other cadherin
molecules and thus mediate cell-cell adhesion between epithelial cells. They appear, e.g., in large
clusters called adherens junctions. Integrin receptors mediate cell-ECM contacts. Integrin is a com-
plex molecule which in mammalian cells exists in at least24 different forms with different preferred
ligands [Hynes, 2002]. Integrin is found e.g. in large adhesion clusters called focal adhesions which
are similar in structure to adherens junctions and can contain as many as∼ 105 integrin receptors.
Common to adherens junctions and focal adhesions is the tight linkage of the receptors to the actin
cytoskeleton. This allows cells to transmit and resist tension of tissues and also to exert forces to the
environment through adhesion clusters.

Biological adhesion bonds are usually non-covalent bonds with binding energies in the range
of few units of thermal energykBT . They have finite lifetimes because they dissociate quickly by
thermal activation. The large number of receptors in adhesion clusters and their dense arrangement
in the vicinity of ligands facilitates rebinding of broken bonds and stabilises the clusters. This allows
stable and long-lived cell adhesion sites to be formed by weak bonds and prevents disintegration of
the organism. On the other hand, the use of many weak instead of a single strong (covalent) bond
is an insurance against failure of individual bonds, increases the flexibility of the adhesion sites and
allows rapid rearrangement of the contacts in response to external stimuli. The stability of adhesion
clusters can be influenced by changes of the unbinding and rebinding probability through changes in
the distance of receptor and ligand, through conformational changes of receptor or ligand which alter
the affinity of the bonds or by changes in the number of receptors that may be controlled by transport
processes. Also mechanical forces which can be exerted from outside or from within the cell, are
known to influence bond dissociation. These control mechanisms allow for dynamic formation and
destruction of adhesion clusters, for example during cell migration where adhesion clusters are formed
at the leading edge of the cells and have to be disintegrated at the rear. In this work we will discuss
the influence of forces on adhesion cluster stability.

Adhesion clusters are subject to mechanical forces in many situations. Deformation of tissue,
for example of blood capillaries by pulsating blood or lung tissue during ventilation, leads to large
strain and stress in the tissue which is transmitted from cell to cell through specific adhesion sites.
White blood cells adhering to vessel walls are subject to hydrodynamic forces from the blood flow.
In adherens junctions and focal adhesions, adhesion receptors are attached to the actin cytoskeleton
so that cells can exert forces on the adhesion clusters actively by actomyosin contractility. The main
component of the cytoskeleton are actin-filaments. These are often arranged into bundles which span
the cell and terminate at adhesion clusters. The filaments in the bundles are cross-linked by myosin
motor proteins which are able to ‘walk’ along the filaments and thereby displace them relative to each
other and contract the bundle. These so-called stress fibres act like small muscles although they lack
the strict, crystalline structure of muscle cells and can be dynamically rearranged.

Fig. 1.1a shows a light microscopic image of a fibroblast cell which adheres to a planar substrate.
Stress fibres appear in green due to fluorescence labelling of actin filaments. The stress fibres termi-
nate at focal adhesions which are stained in red and are distributed predominantly along the cell edge.
A schematic view of an adhesion cluster connected to a stress fibre is shown in Fig. 1.1b. Integrin
receptors assembled in the plasma membrane are bound to ligands on the planar substrate. On the
inside of the cell, different proteins attach the integrin receptors to the actin filaments. Molecular mo-
tors are shown which slide actin filaments past each other in opposite direction and contract the stress
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Figure 1.1: (a) Microscopic image of a fibroblast cell adhering to a planar, elastic substrate. Actin
molecules are fluorescently labelled in green which makes the stress fibres visible. Stress fibres ter-
minate at focal adhesions which are labelled in red and are distributed along the edge of the cell. (On
the upper and the lower left edge of the picture two other cells are visible). (b) The sketch [Zamir
et al., 2000] shows a schematic picture of an adhesion cluster with integrin molecules inserted in the
plasma membrane and attached to ligand molecules and to a accessory proteins which connects the
integrins to the stress fibres. Myosin motors lead to sliding motion of the actin fibres and thereby
force is exerted on the receptor-ligand bonds.

fibres. In actual focal adhesions, the structure of the cytoplasmic side is much more complex with
more than fifty different proteins involved [Geiger et al., 2001]. The precise structure and function of
these, however, is not know yet.

The role of mechanical force in cell adhesion has attracted a lot of attention in recent years [Chi-
curel et al., 1998]. Traction forces of migrating cells have first been demonstrated qualitatively by
observing the wrinkling of an elastic substrate [Harris et al., 1980]. Progress in substrate patterning
techniques has allowed accurate measurements of forces on the level of single clusters for static cells.
One approach used a continuous elastic substrate with a micro-pattern which was strained by cell trac-
tion [Balaban et al., 2001]. The strain pattern allowed to calculate the stress from the elastic properties
of the substrate and revealed a close stress-area relation. Focal contacts of different cell types and un-
der different conditions were found to be characterised by a similar stress constant of5.5 nN / µm2

[Balaban et al., 2001]. With approximately103 − 104 integrins per square micron, the force per inte-
grin molecule was estimated to be in the range ofpN. These findings for the relation between force
and size were qualitatively confirmed in recent measurements [Tan et al., 2003]. Other studies on
living cells have shown that force and contact size also correlate if force is applied externally [Riv-
eline et al., 2001, Galbraith et al., 2002]. Exerting a force on an adhesion cluster of a cell induces
growth of the cluster. The precise mechanism of this reinforcement is not understood yet [Geiger and
Bershadsky, 2001] but it has been shown to depend on intracellular signalling pathways which convert
a mechanical signal into a biochemical answer. Models explain this by the incorporation of additional
material induced by lateral stretching of the cluster [Nicolas and Safran, 2004, Nicolas et al., 2004].
In this work we focus on passive adhesion clusters because at the current stage, the complexity of ad-
hesion clusters is out of reach for modelling. In the following sections we describe physical properties
of adhesion bonds and experimental methods to investigate them.
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1.2 Physical properties of molecular adhesion bonds

Biological adhesion receptors are transmembrane proteins which are held in the plasma membrane
by a hydrophobic domain. At their cytoplasmic tail they might bind to the cytoskeleton; on the
extra-cellular side they have a binding site for ligand molecules which may either be proteins or
other biomolecules such as carbohydrates. Interactions between receptor and ligand are mediated by
non-covalent and typically short ranged forces such as hydrogen bonds, van der Waals forces and
hydrophobic interactions. The binding energies are in the range of few units of thermal energies
kBT , wherekBT ' 4.1 pN nm at physiological temperatureT ' 300 K. These weak bonds can be
disrupted by thermal activation and have finite lifetimes.

One of the most striking features of biological adhesion receptors is their tremendous specificity
for ligands. This specificity is in part due to the shape of the binding site. Often it is formed as a
binding pocket which excludes unsuitable ligands from binding right away. The corrugated surface of
the binding site reveals complementary structures on ligand and receptor so that a very tight contact
is possible with the native ligands. The major part of the specific interaction results from hydrogen
bonds. These are contact interactions which form a characteristic pattern on the receptor which is
recognised by ligands. Due to the short range and the orientation dependence of hydrogen bonds,
there is a well defined ideal configuration of the two molecules which defines the ground state with
the smallest energy. Small translations or rotations leads to an increase in energy because hydrogen
bonds have to be disrupted. The specificity of the adhesion receptors depends crucially on their spatial
structure. Proteins are thus ideal carriers for specific adhesion because they usually have a unique
folded structure. Moreover, their sequence is conserved and can be optimised and adapted for specific
ligands over evolutionary time-scales. Small changes in the linear amino acid sequence or misfolding
of the proteins can deprive them of their function.

A classical equilibrium quantity to characterise adhesion bonds is their affinity. It reflects the free
energy difference between the bound and the unbound state of the molecules. However, in biological
adhesion clusters and under an applied force, adhesion bonds have to operate under non-equilibrium
conditions. In many situations it is important that bonds associate and dissociate frequently on time-
scales that are set by external processes, e.g. the flow velocity of blood for the rolling adhesion of
white blood cells. To understand biological function of bonds it is thus important to take into account
kinetic aspects that are quantified by the dissociation ratek0 and the association ratekon. The affinity
measures the ratiokon/k0 but the absolute values are relevant for biological function. Bonds with
the same affinity may be differently well suited for their function because they operate on different
time-scales.

Biological bonds have been selected and optimised for their function as adhesion promoters. The
structure of the complex adhesion molecules has evolved to facilitate rapid and reliable association and
dissociation. Dissociation and association of biological bonds can often be described as proceeding
along a one-dimensional pathway. All possible spatial configurations of the two molecules are pro-
jected onto a single reaction coordinate which represents the distance of the binding molecules. Steric
repulsion constrains all movements in perpendicular directions. For bound molecules, dissociation is
slowed down by an energy barrier which separates bound and unbound state. Therefore it is a slow
process compared to the local dynamics of the molecules. For a given value of the reaction coordi-
nate, the possible configurations of the bonds can be exhaustively explored. This allows to idealise the
adhesion bond as a smooth energy landscape, although a binding site can contain as many as100 hy-
drogen bonds [Bongrand, 1999] which rupture subsequently. An energy barrier in this landscape can
be assigned to major translations or rotations of the molecules which requires simultaneous rupture of
many hydrogen bonds or requires to overcome strong steric repulsion. In general there will be more
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than a single barrier along the dissociation pathway. For example, for the unfolding of certain protein
domains in the muscle protein titin, two barriers could be identified, one of which was assigned to the
rupture of2, the other to the rupture of6 hydrogen bonds [Marszalek et al., 1999, Gao et al., 2001].
Moreover, there may be several parallel dissociation pathways as have been identified for the selectin
bond [Evans et al., 2004]. A similar example for the emergence of a one-dimensional description of a
higher dimensional process is protein folding. Although this proceeds in a three-dimensional energy
landscape, the folding process can often be described as a sequence of events.

The rate of bond dissociation is determined mainly by the internal structure of the adhesion bond.
For a one-dimensional energy landscape, the dissociation process can be modelled as thermally as-
sisted escape from a potential well past a transition state barrier in the framework of Kramers’ escape
rate theory [Kramers, 1940, Hänggi et al., 1990]. The bond is described as a Brownian particle which
is pushed by thermal impulses and finally moves past the energy barrier. This process can be described
by a constant dissociation ratek0 which is the inverse of the average time that a particle needs to cross
the barrier from the bound to the unbound state. The transition rate is determined by the structure of
the energy landscape, predominantly by the Arrhenius factore−Ets/kBT , whereEts is the height of the
energy barrier relative to minimum at the bound state. In a coarse grained picture, bond dissociation
can be described as discrete transitions from bound to unbound state with the off-ratek0 [Evans and
Ritchie, 1997]. The index here indicates that the dissociation rate is taken in the absence of force. If
there are several barriers along the pathway, unbinding can be described as a multi-step process with
discrete transitions between neighbouring bound states [Evans, 2001]. Because backward steps are
possible, the unbinding rate is reduced with respect to the single barrier picture. For parallel pathways,
dissociation can proceed along several directions and dissociation is faster than for a single pathway.
This behaviour is analogous to serial and parallel resistances in electric circuits.

In contrast to the dissociation rate, the association rate does not depend solely on the molecular
structure but also on environmental conditions. How receptor and ligand find each other depends
e.g. on the geometry of the system, electrostatic screening of interactions, and viscosity of the fluid
surrounding. To separate the different influences, the binding process has been split into two steps:
First, the unbound molecules encounter each other by diffusive motion and form a weakly bound
complex, the so-called encounter complex. Weak, non-specific attachment allows the molecules to
explore configurational space by rotations and small translations and to initiate the second, the actual
binding step. Formation of the encounter complex can be described in the framework of Brownian
motion. It has been applied to calculate the encounter rate for ligands and receptors in three as well as
in two dimensions [Bell, 1978, Bongrand, 1999]. The rate for the second step depends mainly on the
structure of the bond so that the picture separates environmental and structural properties. The total
association rate is a function of these two rates. Depending on these rates, the process may either be
diffusion limited (if the formation of the encounter complex is the slow process) or reaction limited
(if the binding from the encounter complex is slow compared to diffusion). In biological adhesion
clusters, binding is often facilitated by the dense arrangement of receptors in the clusters. The binding
sites are held in close proximity with a separation of cell membrane of a fewnm. Moreover, the two-
dimensional diffusion in the plasma membrane is very slow and allows close by molecules to explore
the binding site.

1.3 Dynamic force spectroscopy

Adhesion bonds in cells usually have to operate under force. To understand the behaviour of adhesion
clusters it is thus vital to investigate bond failure under an applied force. These investigations also
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allow to study the structure of adhesion molecules. Physical properties of single adhesion bonds
cannot be investigated on living cells: cell adhesion is based on multiple bonds and single bond
properties cannot be deduced from the multiple bond behaviour in a simple way [Merkel, 2001].
The complex elastic structure of the cell cytoskeleton with non-trivial stress-strain relation [Benoit
et al., 2000] makes it difficult to exert force on adhesion sites in a controlled way. Moreover, active
processes in living cells in reaction to force make controlled experiments difficult. Cells often contract
in reaction to external stress and the structure of adhesion sites is regulated under the influence of an
applied force [Riveline et al., 2001, Galbraith et al., 2002]. Therefore, biomimetic model systems
have been developed to study physical properties of molecular adhesion bonds [Merkel, 2001]. These
have defined mechanical properties so that the force on the adhesion site can be accurately controlled.
Moreover they allow manipulation of single bonds. Single molecule experiments require observation
methods with high spatial and temporal resolution.

Investigation of forced unbinding of single adhesion molecules has been pioneered in 1994 by
Gaub and coworkers [Florin et al., 1994, Moy et al., 1994] with atomic force microscopy (AFM)
experiments on biotin-avidin bonds. Avidin is a large, tetrameric molecule which can bind four biotin
molecules with an unusually high binding energy of around∼ 20kBT . Using two of the binding sites
the avidin was attached to the biotin-coated tip of an AFM-cantilever. The cantilever was brought into
contact with a biotinylated agarose bead so that avidin could crosslink tip and bead. Retraction of the
soft, elastic cantilever at a constant speed with piezo elements lead to a linear increase of force on
the bond with separation. This experiment yielded a histogram of rupture forces for the biotin-avidin
bond. The maximum of this histogram at around160 pN was defined as the bond strength.

red blood cell

microbeads coated with 

receptors and ligands

micropipette

Figure 1.2: Setup of the biomembrane
force probe [Evans et al., 2004]. The
biotinylated red blood cell is a har-
monic elastic element which carries a
microbead to which the ligands are at-
tached. The bead on the right is held by a
second pipette and is functionalised with
the receptors.

Apart from the atomic force microscopy, a number of different experimental techniques has been
applied to exert forces on single molecules and investigate bond strengths, e.g. laser optical tweezers
(LOT) [Kellermayer et al., 1997], magnetic tweezers [Smith et al., 1992] and the biomembrane force
probe (BFP) [Merkel et al., 1999]. In LOT experiments the molecules are tethered to a dielectric bead
which is trapped in the force field of the focus of a single laser beam. Force is exerted on the adhesion
bond by moving the bead with the laser beam. This technique was applied to measure force-extension
curves of the muscle protein titin [Kellermayer et al., 1997]. Magnetic tweezers use paramagnetic
beads instead of dielectric ones which are held in a magnetic force field and used in the same way as
optical tweezers. They have been applied, e.g. to investigate DNA elasticity [Smith et al., 1992]. In the
biomembrane force probe, the molecules are carried by a functionalised microbead which is attached
to a lipid vesicle or a red blood cell. The vesicle is aspirated in a micropipette at large aspiration
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pressure. The ligands are carried by a second bead which is directly held by a pipette. Fig. 1.2 shows
a micrograph of the BFP setup. The receptor and ligand molecules are sketched in colour on the
microbeads. Single molecule binding is achieved by using a very small concentration of receptors. If
a binding event occurs it is assumed that it stems from a single bond. The sketched spring indicates
that the red blood cell is to a very good approximation a harmonic, elastic element. The force constant
is determined by the tension of the vesicle which is directly determined by the aspiration pressure in
the pipette [Simson et al., 1998, Merkel, 2001]. Common to all these techniques is that the force is
applied to the adhesion bonds by the displacement of an elastic force transducer: the cantilever of
the AFM, the force field of optical and magnetic tweezers or the red blood cell or vesicle in the BFP.
In addition, receptor and ligands may be attached to their substrate through elastic tethers, usually
polymeric linker molecules. For linear elasticity a linear relation between displacement and force
on the bond results. The most common loading protocol is the linear ramp of force in which the
transducer is retracted at constant speed and force increases linearly in time with a constant loading
rate.

Theoretical studies of force induced bond rupture were initiated by steered molecular dynamics
(SMD) simulations of the biotin-avidin bond [Grubmüller et al., 1996, Izrailev et al., 1997]. Steered
molecular dynamics simulates in atomic detail the force induced unbinding process of the molecules.
The setup is in principle the same as in the experiments: one end of the bond is trapped in a harmonic
force field and the centre of this force field is moved outward at constant speed so that a linear force
is exerted on the bond. The setup of SMD ‘experiments’ is illustrated in Fig. 1.3 in relation to the
AFM technique. In SMD simulations it is possible to follow movements of the two molecules with
high resolution. Single hydrogen bonds and their formation and rupture upon translation of rotation
of receptor and ligand can be observed.

Figure 1.3: (a) Sketch of an AFM ex-
periment on the forced unbinding of
receptor-ligand bonds (biotin-avidin). (b)
Picture of a single biotin-avidin bonds as
it is modelled in steered molecular dy-
namics simulations. The structure of the
avidin is shown as a ribbon model but
it is simulated in atomic detail [Rief and
Grubm̈uller, 2002].

(a) (b)AFM cantilever
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Pulling force 

A deeper understanding of early measurement of bond strength was only achieved after thorough
theoretical analysis by Evans and Ritchie [1997]. Bond dissociation was described as thermally acti-
vated passage over an energy barrier in the framework of Kramers’ theory. An applied force tilts the
energy landscape and reduces the height of the barrier in proportion to the force and the separation of
the bound state from the transition state barrier. In particular, it was pointed out that the rupture force
is a stochastic variable with an intrinsic distribution which is not a result of experimental error. The
most important message was that bond strength, commonly defined as the maximum of the rupture
force histogram, is a dynamic quantity which depends on the speed of loading. For slow increase
of force, thermal activation supports passage over the transition state barrier and the rupture force
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is small. Since weak biomolecular bonds eventually will dissociate also under vanishing force, the
rupture force vanishes for infinitely slow loading. For fast pulling, thermal activation is too slow as
to assist dissociation which leads to larger rupture forces. For a single transition state barrier, Evans
and Ritchie [1997] predicted a linear dependence of bond strength on the logarithm of the loading
rate for transitions over a single barrier. An important assumption in the applications of Kramers’
theory for time dependent energy barriers is that at any given time, the instantaneous dissociation rate
for the given potential can be used. This ‘adiabatic approximation’ has been tested by Shillcock and
Seifert [1998] by comparison of exact solutions for the mean first passage times in a time dependent
energy landscape and the approximate expressions of Evans and Ritchie [1997]. It was shown that the
approximation is applicable for a large range of loading rates.

Using the histogram of the fluctuating position for biotin-avidin from SMD simulations of Izrailev
et al. [1997], Evans and Ritchie [1997] reconstructed an energy landscape. It displays two transition
state barriers which hinder dissociation. For several barriers along the pathway unbinding could in
principle be treated as a multi-step process between the minima. Due to the exponential dependence
of the off-rate on barrier height, however, the largest barrier can be taken as rate limiting [Evans,
2001]. In the beginning of the loading process, this is the largest, outermost barrier but it is reduced
most strongly by the linearly increasing force. Thus, in later stages, the inner barriers become rate
limiting. A dynamic force spectrum, bond strength as function of the logarithm of loading rate,
shows a sequence of linear regimes with increasing slopes. The increasing slope corresponds to the
decreasing distance of the relevant barriers from the bound state.

(a) (b)

(c) (d)

Figure 1.4: Results of dynamic force
spectroscopy experiments with the
biomembrane force probe [Merkel et al.,
1999]. The typical time dependence of
the force in a single experiment of bond
rupture for (a) slow and (b) fast loading.
(c) Histograms of bond rupture forces for
increasing loading rate. (d) A dynamic
force spectrum shows the bond strength
as function of the logarithm of loading
rate. The two and three linear regimes
for biotin-avidin and biotin-streptavidin,
respectively, show that there are two and
three barriers, respectively, along the
unbinding path of the adhesion bond.

Early measurements using LOT, BFP and AFM corresponded to a sequence of increasing loading
rate and yielded increasing bond strength. These could be understood with the insight of Evans and
Ritchie [1997] which induced the experimental field of ‘dynamic force spectroscopy’ (DFS): bond
strength is measured for increasing loading rate to reveal structural properties of the energy landscape.
Fig. 1.4 shows results of DFS experiments with the biomembrane force probe on biotin-avidin bonds
and the structurally similar biotin-streptavidin bonds [Merkel et al., 1999] in which loading rate was
changed over several orders of magnitude. Fig. 1.4a,b show the time dependence of the force in a
typical experiment for small and large loading rates. Initially the binding sites are pressed together to
facilitate binding. The pipette carrying the microbead with the ligands is retracted and force increases
linearly until it vanishes as the bond breaks. The time-scale for bond rupture decreases with increasing
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loading rate while the rupture force increases. The histograms in Fig. 1.4c show a sharp peak at small
forces for slow loading and a broad distribution with a maximum at large forces for fast loading.
The plot of the maximum as function of the logarithm of loading rate in Fig. 1.4d shows three and
two linear regimes for biotin-avidin and biotin-streptavidin, respectively. This demonstrates to the
presence of three and two energy barriers along the unbinding pathway, respectively.

Experiments with the biomembrane force probe have become very successful because they allow
to explore a wide range of loading rates. This is possible by combining changes in vesicle tension
and changes in retraction speed. The elasticity of the transducer and the linker molecules holding the
adhesion bonds has an important influence on the interpretation of the results, because it determines
the actual loading rate on the bond [Evans and Ritchie, 1999]. Conflicting results for the unfolding of
titin with the AFM [Rief et al., 1997] and with LOT [Kellermayer et al., 1997] could be resolved in
this way. In particular, the non-linear elasticity of strongly stretched polymers leads to a non-linear
increase of force. DFS has been applied to many important biological bonds besides the biotin-
avidin bond including integrinα5β1 [Li et al., 2003], cadherin [Baumgartner et al., 2000, Perret et al.,
2002] and selectins [Fritz et al., 1998, Evans et al., 2001, 2004]. The concept can also be applied to
other biophysical systems. E.g. the formation of pores in lipid bilayers investigated under a ramp of
increasing tension (the ‘dynamic tension spectroscopy’) allows to deduce values for the energy for
pore formation and the line tension in lipid bilayers [Evans and Heinrich, 2003].

The binding properties of molecular bonds are also investigated with other experimental tech-
niques. In flow chambers [Alon et al., 1995], the adhesion of white blood cells to a ligand coated wall
is observed under the influence of hydrodynamic forces from a laminar shear flow. Using a very dilute
concentration of ligands on the wall, allows to observe transient adhesion events which are mediated
by single adhesion bonds [Alon et al., 1997]. Changing flow velocity or the viscosity of the fluid
allows to change the force on these bonds. However, the calculation of the force on the bonds from
the hydrodynamic flow is difficult for the elastic deformable leukocytes. Rigid microbeads coated
with selectin are used for a better control of the experiment. The so-called photonic force microscopy
[Rohrbach et al., 2004] is in spirit similar to the reconstruction of energy landscapes from SMD his-
tograms. A dielectric bead is attached to the end of a molecular bond and held in an optical trap.
The bead thus moves in the force field of the trap plus that of the adhesion bond. Tracking the bead
position with high resolution allows to reconstruct the energy landscape of the adhesion site.

Dynamic force spectra as shown in Fig. 1.4d allow a partial reconstruction of the energy land-
scape: the slope of the linear segments allows to deduce the distance of the transition state barriers
from the bound state. The crossover between the regimes is determined by the relative height of
the barriers. Extrapolation of the linear curve corresponding to transitions over the outermost bar-
rier to zero bond strength yields the off-ratek0 for vanishing force. A general procedure for the
reconstruction of energy landscapes from DFS data has been developed [Heymann and Grubmüller,
2000]. However, if several energy barriers are present in the unbinding pathway, the reconstruction
of the landscape from the force spectra is not unique [Strunz et al., 2000]. If intermediate bound
states are possible, landscapes with different numbers of transition state barriers can lead to identical
force spectra [Derényi et al., 2004]. Existence of parallel pathways can make the behaviour of bonds
under force even more complex [Bartolo et al., 2002]. In principle, receptor-ligand bonds may have
evolved with even more peculiar behaviour, such as catch bonds for which the lifetime increases with
increasing forces [Dembo et al., 1988]. A similar behaviour has been predicted for entropic ratchets
[Cecchi and Magnasco, 1996] which consist of a branched energy landscape. Experimentally, catch
bond behaviour was identified for P-selectin using a flow chamber [Marshall et al., 2003].

To overcome the difficulties in the reconstruction of the binding energy landscapes from DFS
measurements, the detailed information from SMD simulations will be helpful to distinguish differ-
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ent scenarios. Nevertheless, refined loading protocols for DFS experiments can give further insights.
Recently a ‘jump-ramp’ mode in which force is first increased rapidly to a large value and then in-
creased linearly has been used in experiments on P-selectin [Evans et al., 2004] and allowed to identify
alternative unbinding pathways. A major theoretical breakthrough for the field of dynamic force spec-
troscopy was provided by Jarzynski’s equality [Jarzynski, 1997a,b] which relates equilibrium and
non-equilibrium properties of a system, namely the free-energy difference between two states and the
work performed along a path connecting both states. On this path, the system may be driven arbitrarily
far from equilibrium. On the basis of Jarzynski’s equality, a method to reconstruct free energy land-
scapes from non-equilibrium single molecule pulling experiments has been conceived by Hummer
and Szabo [2001]. This method was tested experimentally on RNA unfolding [Liphardt et al., 2002]
and the quality of the free-energy estimate was investigated systematically by Gore et al. [2003]. It
was concluded that the Jarzynski estimate will be superior for small numbers of trajectories and sys-
tems far from equilibrium. Jarzynski’s equality is especially suited for measurements in molecular
systems because the number of samples that are necessary for accurate averaging increases with the
size of the system. Jarzynski’s equality has been used to identify loading protocols which allow most
efficient reconstruction of the energy landscape [Braun et al., 2004]. The periodic change of force
proposed there, may be most suited for bistable systems, e.g. the un- and refolding of proteins such as
titin [Braun and Seifert, 2004].

1.4 Modelling multiple adhesion bonds under force

Knowledge about single bond behaviour under force has to be integrated into an appropriate descrip-
tion of adhesion clusters of multiple bonds under force. For multiple bonds the environment becomes
even more important for the derivation of an appropriate model. For single bond experiments it has
already been demonstrated how the elasticity of the linker molecules determines the actual rate of
loading and thus the off-rate [Evans and Ritchie, 1999]. For multiple adhesions one additionally has
to deal with the problem of how the force is distributed on the force bearing adhesion bonds. The
adhesion bonds are usually attached to a surface which acts as a force transducer. The distribution
of the force is determined by the arrangement of the bonds, by the way the force is applied to the
adhesion cluster and by the elastic properties of linkers and force transducer. In general, the distribu-
tion will not necessarily be homogeneous. While a fraction of bonds may be loaded, another fraction
of bonds may be unloaded and make up a reservoir of spare bonds. Another difference of multiple
adhesion sites compared to single bonds is that rebinding of broken bonds becomes important. In
DFS experiments, receptor and ligand are usually retracted by an elastic recoil of the linker molecules
and rebinding is impossible. In adhesion clusters, the remaining intact bonds keep the binding sites
in close vicinity which facilitates the reformation of broken bonds. This fails as soon as the last bond
breaks and rebinding from this completely dissociated state is impossible. The possibility of rebinding
allows stable and long lived adhesions formed by weak bonds [Goldstein and Wofsy, 1996].

Equilibrium properties of the binding of lipid membranes decorated with specific adhesion bonds
have been studied theoretically before [Bell et al., 1984, Zuckerman and Bruinsma, 1995, Lipowsky,
1996]. The specific interaction yields an additional attractive potential which helps to overcome the
non-specific Helfrich-repulsion from the suppression of membrane fluctuations in the presence of an-
other surface and can thus induce adhesion of the membrane [Weikl et al., 2000, Weikl and Lipowsky,
2001]. The soft membrane also mediates interactions between the mobile adhesion bonds. Fluctu-
ations of the membrane are suppressed if it is anchored to the substrates by an adhesion bond and
binding is thus disfavoured. This induces an effective attractive interaction of sticker molecules which
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can lead to clustering. If two different species of adhesion bonds are present in the membrane, e.g. with
different length, the membrane has to bend between two unlike adhesion bonds. This additional energy
for bending can induce a phase separation between the different species of molecules [Weikl et al.,
2002]. Non-equilibrium processes of vesicle unbinding have been investigates with pure membranes
[Brochard-Wyart and de Gennes, 2003] and for membranes with mobile binders [Brochard-Wyart and
de Gennes, 2002].

Adhesion receptors in cellular adhesion clusters are attached firmly to the cytoskeleton of the cell.
Moreover the bonds are densely packed with distances in the range ofnm so that the influence of
membrane fluctuations is small. In BFP-experiments, the lipid vesicles are typically under strong
tension. Often, the vesicles are only used as elastic force transducers while the bonds are attached to
rigid microbeads. Therefore, effects of membrane fluctuations are small and can be neglected in the
context of mature adhesion clusters. A deterministic model for the non-equilibrium dissociation of
adhesion clusters under force has been introduced in a seminal paper by Bell [1978]. This model has
been mainly used to study more specific problems, for example leukocyte rolling in shear flow [Ham-
mer and Lauffenburger, 1987]. Recently, the deterministic Bell-model has also been extended to treat
linear loading of a cluster of adhesion bonds, which usually is applied in dynamic force spectroscopy
[Seifert, 2000, 2002]. A stochastic version of the Bell-model has been introduced, but studied only
in the large system limit and for specific parameter values [Cozens-Roberts et al., 1990a,b]. Later the
stochastic model has been treated with reliability theory in the special case of vanishing rebinding
[Tees et al., 2001]. Other special cases of the stochastic model have been treated in order to evaluate
specific experiments, for example the binding probability between ligands and receptors on opposing
surfaces as a function of contact time [Chesla et al., 1998, Zhu, 2000]. In this work we will study the
stochastic version of the Bell model from the point of view of theoretical physics.

(a) (d)(b)

(c)

Figure 1.5: Different loading scenarios for multiple adhesion bonds. The arrows indicate the direction
of the force. (a) parallel bonds, (b) serial bonds without and (c) with an additional linker which
prevents chain rupture and (d) zipper-like arrangement with sequentially loaded bonds.

For multiple bonds, different loading scenarios can be distinguished in regard to the distribution
of force between the bonds and the behaviour upon bond breakage. One-dimensional scenarios are
shown schematically in Fig. 1.5. Parallel bonds as shown in Fig. 1.5a equally share the force applied
to the cluster. Upon breakage of one bond the force is redistributed among the intact bonds but the
cluster as a whole remains intact until the last bond breaks. Parallel loading can be assumed for cellular
adhesion clusters and for many DFS-experiments on multiple bonds. Serial bonds as in Fig. 1.5b, are
all subject to the force that is applied to the whole chain. Breakage of the first bond disrupts the whole
chain as would be the case for protein filaments such as actin. With an additional link as in Fig. 1.5c,
bond breakage only extends the chain and the loading process starts anew. This scenario may serve
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as a model for loading of the muscle protein titin in which several folded protein domains unfold and
extend upon loading. In a zipper-like arrangement as in Fig. 1.5d the whole force is exerted on the
first bond in the chain and as soon as it breaks, the next bond is loaded. This arrangement can be used
as a model for RNA or DNA unzipping [Liphardt et al., 2002, Bockelmann et al., 2002]. In general
and in more dimensions, combined scenarios are conceivable. Pulling on a vesicle adhered to a planar
substrate, for example, will put the largest force on the rim of the adhesion zone while the interior of
this zone remains unloaded [Prechtel et al., 2002]. This corresponds to a combination of zipper-like
and parallel arrangement.

Experiments on forced unbinding of adhesion clusters are still rare. The biomembrane force
probe with a linearly increasing force was used to pull apart adhesion clusters ofαvβ3 integrins which
were expressed on epithelial cells [Prechtel et al., 2002]. Recently, a similar setup was used also for a
constant force [Pierrat et al., 2004]. In the following we will discuss the dynamics of parallel adhesion
clusters as a model for biological and biomimetic adhesion clusters. Dissociation and association
dynamics of parallel adhesion clusters has first been discussed by Bell [1978]. Although it is clear
that force leads to accelerated cluster dissociation, it is usually not known how it is distributed over the
different closed bonds in different situations of interest. In many cases, most prominently in rolling
adhesion, only few of the different bonds are loaded to an appreciable degree, thus dissociation occurs
in a peeling fashion [Dembo et al., 1988, Hammer and Apte, 1992, Chang et al., 2000]. However, due
to geometrical reasons, even in this case there will be a subset of bonds which are loaded to a similar
extend. In the same vein, the loading situation at focal adhesions can also be expected to be rather
complicated. Another problem with experiments in DFS is that the number of bonds in the cluster is
typically not known. Thus, to analyse these experiments, one has to use an appropriate assumption
over the binding process during contact of transducer and substrate and deduce some distribution of
numbers of closed bonds.

1.5 Overview

In this work we investigate theoretically the stability of clusters of parallel adhesion bonds against
dissociation under the influence of an applied force. In Chapter 2 we introduce the model used to
describe adhesion cluster dynamics. We begin with a brief account of the calculation of single bond
dissociation rates with Kramers’ escape rate theory [Kramers, 1940, Hänggi et al., 1990] for thermally
assisted dissociation of molecular bonds. The influence of a force is modelled by Bell’s equation [Bell,
1978] which assumes an exponential increase of the dissociation rate with force. It can be understood
in the framework of Kramers’ theory. Since we are interested in generic properties of adhesion cluster
stability we consider adhesion molecules with a unique unbinding pathway and a single transition state
barrier. Multiple barriers or dissociation pathways can be included in the model straightforwardly.

Next, we discuss a model for the loading process on adhesion clusters consisting ofNt parallel
bonds. The essence of the model is shown in Fig. 1.6; adhesion receptors are carried by a transducer
while the ligands are tethered to the substrate. We assume that the bonds can either be in a closed
or in an open state. Only in the closed state the bonds are able to carry load and provide attachment.
A force f is applied to a transducer and is shared equally by all closed bonds. Transitions between
the different states occur stochastically, driven by thermal activation. Closed bonds open with an off-
ratekoff which increases exponentially with the force applied to the bond; open bonds close with a
constant on-ratekon. We will discuss two important limiting cases for the force transduction from
transducer to bonds. Forshared loading, the force exerted on the transducer is controlled and thei
closed bonds are subject to the shared forcef/i. Fornon-cooperative loading, the force on the closed
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Figure 1.6: Model for loading of an ad-
hesion cluster ofNt = 5 parallel adhe-
sion bonds. Thei = 3 closed bonds share
the force equally so that each is subject
to the forcef/i. The closed bonds open
with the off-ratekoff which increases ex-
ponentially with force and open bonds
close with the constant on-ratekon.

f
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bonds is controlled directly and the force exerted on the cluster changes with the number of closed
bonds.

Transducer and substrate are assumed to be rigid so that all adhesion bonds are subject to the same
conditions. In particular, there is no horizontal spatial coordinate of relevance. The adhesion cluster is
a localised arrangement of adhesion molecules that are subject to very similar conditions as in cellular
focal adhesions where the adhesion clusters are forced by single stress fibres or at the contact zone
of two microbeads in a BFP experiment. In a biological or biomimetic system, however, the actual
distribution is unknown but most likely not ideally homogeneous. However, it can be assumed that at
least a subset of bonds is subject to the same force. Effects from fluctuations of the plasma membrane
are not taken into account in the model since we have in mind the firm attachment of adhesion bonds
to the cytoskeleton of cellular adhesion clusters or the anchoring on fairly rigid microbeads as in DFS
experiments. Even if immersed directly in the membrane of a vesicle as in some BFP experiments,
the strong tension of the vesicles will suppress the influence of fluctuations [Merkel, 2001]. This is in
accordance with previous treatments [Bell, 1978, Cozens-Roberts et al., 1990a, Seifert, 2000].

We then introduce a master equation that describes the stochastic dissociation and association
dynamics of the adhesion bonds in the cluster. With a constant cluster sizeNt, the state of the cluster
is given by the number of closed bonds alone. For shared loading the force and thus the off-rate
depends on the number of closed bonds and the master equation is non-linear while non-cooperativity
is reflected by the linearity of the dynamic equations. From the master equation, a deterministic
differential equation for the average number of closed bonds in the adhesion cluster can be derived
which has been discussed before for constant loading by Bell [1978] and for linear loading by Seifert
[2000, 2002]. For non-linear master equations, this is not an exact representation of the average
number of closed bonds. Results from the deterministic description will be compared to solutions
of the master equation. Stochastic versions of the model have been discussed before but in the limit
of large clusters with applications to specific systems [Cozens-Roberts et al., 1990a,b] and for single
bonds using concepts of reliability theory [Tees et al., 2001].

In Chapter 3 we discuss adhesion cluster stability for constant loading. The main focus of inter-
est is on the cooperative effects due to shared loading. Results for this case were published before
[Erdmann and Schwarz, 2004b,c]. For the non-linear master equation, analytic solutions are derived
for several special cases. For vanishing rebinding one can use the fact that cluster dissociation cor-
responds to a unique sequence of unbinding events with constant rates which allows to construct a
solution of the master equation. In the case of vanishing force the master equation is linear and can
be solved for natural boundaries. For the experimentally important case of an absorbing boundary, we
use an approximation valid for large clusters. For the general case of finite rebinding and force we
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solve the master equation for small clusters. For larger clusters we use stochastic simulations with the
Gillespie algorithm to solve the master equation numerically. The results for the average number of
closed bonds are compared to numerical solutions of the deterministic model. An important measure
for adhesion cluster stability is the mean lifetime before for dissociation from the initial bound state.
This can be calculated for the general case in terms of the dissociation rates. It reveals that rebinding
has an important impact for the stabilisation of large adhesion clusters. The linear master equations
for non-cooperative loading can be solved by standard methods.

In Chapter 4 we discuss the case of linear loading of adhesion clusters. This is the situation in
dynamic force spectroscopy experiments on multiple adhesions. A brief account of the main results
has been given in Erdmann and Schwarz [2004a]. For this case, analytical solution for the case of
shared loading are not found due to the time-dependence of the reverse rate. To derive approximations
for adhesion cluster lifetime we use and extend a scaling analysis of the deterministic equation first
presented in Seifert [2000]. The results for the scaling analysis are compared to numerical solutions
of the master equation and the deterministic equation. For non-cooperative loading and for vanishing
rebinding, the master equation can still be solved analytically. Also the mean lifetime is calculated
exactly.

Finally, in Chapter 5 we include explicitly the dependence of binding and unbinding on the dis-
tance of ligands and receptors. In general, biomolecular bonds are tethered to their substrate by
polymeric linker molecules. The distribution of ligand molecules above the substrate is thus a de-
creasing function of the distance from the substrate. On the other hand, the force needed to stretch
the tethers and which pulls on the adhesion bonds increases with the distance. In Chapter 5 we do
not exert a force from outside on the adhesion cluster but rather control the distance of the transducer
from the equilibrium position of free tethers. We allow the binding of the tethers to pull the transducer
closer by and thereby increase the rate of binding. In combination with cooperative loading, this gives
rise to a rich behaviour of the dynamic equations. In particular we observe a region with a bimodal
distribution of the number of closed bonds. In this region, the clusters switch frequently between a
bound and an unbound state.

This work is entirely concerned with properties of passive adhesion clusters. All active processes
as they are observed in living cells and which were described in the first section are not taken into
account. For a direct comparison with experiments, biomimetic model systems will be most relevant.
Here it will be necessary to analyse results of dynamic force spectroscopy on multiple bonds with
an appropriate model. In particular since one ignores the number of initially closed bonds in these
experiments, theoretical analysis has to support experiments. In biological adhesion clusters, active
phenomena hide the aspects of passive adhesion. However, the results for passive adhesion will also
be of relevance for biological adhesion clusters because active reinforcement has to outrun rupture of
passive adhesions. In the long run, the results will have to be included in detailed models of biological
adhesion clusters.



Chapter 2

Model for adhesion cluster dynamics

In this chapter we introduce a theoretical model to describe the stochastic dynamics of adhesion clus-
ters. We first describe how the dissociation of single molecular bonds is modelled in the framework
of Kramers’ escape rate theory and introduce Bell’s equation for the force dependence of the rate of
dissociation. Next, we introduce a setup to integrate several bonds into a cluster. We derive a one-step
master equation for the description of the stochastic cluster dynamics and a differential equation as an
approximate treatment for the number of closed bonds in an adhesion cluster.

2.1 Modelling single bonds

2.1.1 Thermally activated dissociation of molecular bonds: Kramers’ problem

Despite their intrinsic complexity, the dissociation of biomolecular bonds can be modelled success-
fully [Evans and Ritchie, 1997, Izrailev et al., 1997, Shillcock and Seifert, 1998] in the framework
of Kramers’ escape rate theory as thermally activated escape over a transition state barrier [Kramers,
1940, Ḧanggi et al., 1990]. The bond is described as a Brownian particle in a viscous environment
which moves in a one-dimensional energy landscape. The energy landscape is determined by the
structure of the binding pocket of the adhesion bond and the typical unbinding pathway. As described
in the introduction, biological bonds have evolved pathways which can be described by a single co-
ordinate to allow rapid and reliable dissociation and association. For complex bonds, one or several
sequential energy barriers may exist along the pathway and limit dissociation. Besides a sequence of
barriers along a preferred pathway there may also exist several parallel (but 1-dimensional) pathways
for unbinding [Evans et al., 2001, Bartolo et al., 2002]. Which of the pathways is taken depends on
the conditions for unbinding. In particular for force assisted unbinding the loading protocol can deter-
mine the unbinding pathway [Evans et al., 2004]. Experimentally, the different situations are difficult
to distinguish. If multiple barriers and pathways exist, the reconstruction of the energy landscape
from dynamic force spectra is not unique [Derényi et al., 2004, Bartolo et al., 2002]. Here, the de-
tailed insight that is possible with steered molecular dynamics simulations will be helpful. Since we
are interested in generic properties of adhesion clusters and do not aim to model a particular adhesion
molecules, in the following we will use the simplest energy landscape with a single energy barrier and
a single pathway. The conceptual framework can be straightforwardly generalised to more detailed
models of adhesion bonds.

A qualitative sketch of a one-dimensional energy landscapeU(x) as a model for a molecular bond
is shown in Fig. 2.1 as function of a reaction coordinatex which represents the distance between
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Figure 2.1: Energy landscapeU(x) on
the one-dimensional reaction coordinate
x as a model for a biomolecular adhesion
bond. The bound state (‘bond closed’)
at xbd is separated by the transition state
barrier at xts from the unbound state
(‘bond open’). Rupture and rebinding
events correspond to transitions of the
Brownian particle (black dot) over the
transition state barrier.

receptor and ligand. The bound state is represented by a deep minimum at small distancex = xbd.
It is separated from the unbound state by a transition state barrier atx = xts > xbd. The unbound
state may be a minimum of free energy for particles that are trapped after dissociation or approach
a constant value continuously for freely diffusing particles. The probability distributionP (x, v, t)
at timet for the coordinatex and the velocityv of a particle diffusing freely in the potentialU(x)
satisfies the Klein-Kramers equation [Kramers, 1940, Hänggi et al., 1990, van Kampen, 2003]

M
∂

∂t
P (x, v, t) = −Mv

∂

∂x
P (x, v, t) + η

{
U ′(x)
η

∂

∂v
+

∂

∂v
v +

kBT

M

∂2

∂v2

}
P (x, v, t) . (2.1)

Boltzmann’s constant is denoted bykB, the unit of thermal energy iskBT ; η is the friction coefficient
of the particle in the fluid andM its mass. The force exerted on the particle by the energy profile is
−U ′(x) := −dU/dx.

In the limit of large friction,η � 1, inertial terms can be neglected compared to thermal, Brownian
forces and the velocity follows a Maxwell distributionp(v) ∼ e−Mv2/2kBT which is independent ofx.
The Klein-Kramers equation for the full distribution is then replaced by the Smoluchowski equation

η
∂

∂t
ρ(x, t) =

∂

∂x
U ′(x)ρ(x, t) + kBT

∂2

∂x2
ρ(x, t) . (2.2)

for the spatial distributionρ(x, t) of overdamped Brownian motion in the external potentialU(x).
To calculate the transition rate over the barrier from bound to unbound, Kramers [1940] considered

a quasi stationary state of the system in whichρ(x, t) is localised in the bound state and locally in
equilibrium. This situation could be maintained as a stationary, non-equilibrium state by removing
particles from the system after they have crossed the barrier to the unbound state and adding new
particles close to the bound state. In any case it is necessary that the time-scales for local equilibration
and for establishing equilibrium between bound and unbound state, that is for transitions over the
barrier, are sufficiently separated. This requires an energy barrier which is large compared to the
thermal energy. The non-equilibrium situation results in a constant net flux over the barrier. The
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transition ratek0 for a single particle is given by the inverse of the mean first passage time fromxbd

to the unbound state. Assuming a Boltzmann distribution for the particle inside the potential well, it
can be calculated as [van Kampen, 2003]

1
k0

=
η

kBT

∫ xub

xbd

{
eU(x′)/kBT

∫ x′

−∞
e−U(x′′)/kBT dx′′

}
dx′ . (2.3)

Here,xub is a position of the unbound state which is assumed to be on the right of the barrier. The
results are robust with the exact choice ofxub. The integration overx′′ gives a large contribution when
the potential is small, i.e. around the bound state atxbd. The integration overx′ gives a large contri-
bution only around the barrierxts. Around these positions, the potentialU(x) can thus be replaced by
the parabolasU(x)− U(xts) ≈ U ′′(xts)(x− xts)2/2 andU(x)− U(xbd) ≈ U ′′(xbd)(x− xbd)2/2,
respectively; the range of integration can be extended to infinity. This saddle point approximation
allows to solve the integrals and the expression for the dissociation rate reads

k0 = νDe
−Ets/kBT . (2.4)

Ets = U(xts)− U(xbd) is the height of the barrier relative to the bound state. The prefactorνD has
the dimension of an inverse time and is determined by the shape of the potential:

νD =
ωbdωts

2π(η/M)
=

√
U ′′(xbd)|U ′′(xts)|

2πη
. (2.5)

The curvatureU ′′(xbd) > 0 at the bound state and the curvatureU ′′(xts) < 0 at the transition state
barrier determine the squared angular frequenciesω2

bd := U ′′(xbd)/M andω2
ts := |U ′′(xts)|/M of

undamped particles at the bound state and at the transition state, respectively. Thus,νD determines the
time-scale for the diffusive motion in the potential and the dissociation rate (2.4) can be interpreted
as the product of the frequencyνD of attempts to cross the barrier reduced by the probability that
enough energy is acquired to pass, which is the Arrhenius factore−Ets/kBT . Kramers’ theory can be
applied ifEts > kBT so that the Arrhenius factor is very small. This implies a wide separation of
the time-scale1/νD for local equilibration and1/k0 for equilibration between bound and unbound
state. For typical molecular bonds one estimatesνD ∼ 109/ s and with a barrier ofEts ∼ 20kBT we
getk0 ∼ 1/ s. In practice, bond lifetime varies from milliseconds for antibodies to hours for biotin-
avidin, the strongest known non-covalent bond [Bongrand, 1999, Merkel, 2001]. For typical adhesion
bonds such as integrins or selectins, lifetime is of the order of seconds. One important achievement
of Kramers’ theory is to derive the exact form of the prefactorνD and to show that for large friction it
is independent of the barrier heightEts. In the following, however, we will not use the exact form of
the prefactor explicitly. Rather, the pure exponential dependence of the off-rate on barrier height will
be exploited to describe the force dependence of the off-rate.

The Klein-Kramers equation (2.1) reduces to the Smoluchowski equation (2.2) for large frictionη
if the potentialU(x) and the distributionρ(x) are approximately constant on the thermal length scale√
kBTM/η [Kramers, 1940, Ḧanggi et al., 1990]. In Brownian dynamics simulations a diffusion

coefficientD = kBT/η ' 10−11 m2 / s has been used [Hummer and Szabo, 2001] to model typical
AFM experiments. Thermal energy at physiological temperature iskBT ' 4.1 pN nm so that the
friction coefficient isη ' 4 × 10−10 kg / s. With a mass of a protein of aboutM ' 100 kDa '
1.7×10−22 kg the thermal length-scale is

√
kBTM/η ' 2×10−12 m ' 0.002 nm which is very small

compared to the size of the binding pocket. For typical biomolecular bonds, the distance between the
bound state and the transition state barrier – the so-called reactive compliance – is in the range of
xB = 0.5 nm [Bell, 1978].



18 CHAPTER 2. MODEL FOR ADHESION CLUSTER DYNAMICS

2.1.2 Force assisted bond dissociation: Bell’s equation

In contrast to the situation in solution, biomolecular bonds in cell adhesion usually have to function
under force. The influence of a mechanical force on the rupture kinetics of biomolecular bonds has
been first discussed by Bell [1978]. In analogy to fracture mechanics of solids an exponential increase

koff (F ) = k0e
F/FB (2.6)

of the off-ratekoff (F ) under force with respect to the off-ratek0 at vanishing force was put forward.
The parameterFB depends on the structure of the bond and determines the intrinsic force-scale for
bond strength.
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Figure 2.2: The applied forceF induces
the additional potential−Fx and tilts the
energy landscape of the adhesion bond.

Bell’s equation can be understood in the framework of Kramers’ escape rate theory. The force
F adds−Fx to the energy,U(x;F ) = U(x) − Fx. If the barrier is very sharp, its heightEts

reduces in proportion toF and the reactive compliancexB = xbd − xts. As long as the barrier is
large enough that Kramers’ theory applies, the rupture rate can be inferred from (2.4) with the barrier
heightEts(F ) = Ets − FxB. The rupture rate under force is then given by

koff = νDe
−(Ets−FxB)/kBT = νDe

−Ets/kBT eFxB/kBT = k0e
F/FB (2.7)

which has the form of Bell’s equation. For barriers of finite width, the shape and the position of bound
state and barrier changes with force. This leads to a algebraic force dependence of the prefactorνD

and to corrections in the dependence of the barrier height onF [Evans and Ritchie, 1997, Shillcock
and Seifert, 1998, Evans and Ritchie, 1999]. These corrections, however, are weak compared to the
main influence of force on the barrier height which changes the off-rate exponentially. In the following
we will therefore assume the form (2.6) for the force dependent off-rate.

The intrinsic force scaleFB = kBT/xB is the force which is necessary to reduce the barrier by
one unit of thermal energykBT . For molecular bonds one finds with a typical value ofxB ' 0.5 nm
andkBT ∼ 4.1 pN nm that the intrinsic force scale isF ' 8.2 pN. Physiological loading has indeed
been found to be in thepN-range, both for cell-matrix adhesion [Balaban et al., 2001, Schwarz et al.,
2002, Tan et al., 2003] and rolling adhesion [Alon et al., 1995, 1997]. Values fork0 andFB have been
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measured during recent years with dynamic force spectroscopy for different receptor-ligand systems,
including integrin [Zhang et al., 2002, Li et al., 2003], cadherin [Baumgartner et al., 2000] and selectin
[Fritz et al., 1998, Evans et al., 2001].

If molecular bonds are loaded dynamically with a time dependent force, Kramers’ theory is not
applicable in general, because there is no quasi stationary state. In this case the mean first passage
time has to be determined for a time dependent potential. This has been done by Shillcock and Seifert
[1998] who compared exact results to results of an ‘adiabatic approximation’. This approximation
assumes that the unbinding process – the crossing of the barrier – is fast compared to the change
of the potential due to loading and that equilibration in the potential well is faster than changes of
the potential. The results showed good agreement of the approximation with the exact results over
a wide range of loading speeds. The adiabatic approximation allows to use expression (2.6) with a
time-dependent force for the instantaneous rupture rate at a given time. This approach is commonly
used in the analysis of dynamic force spectroscopy experiments [Evans and Ritchie, 1997, 1999].

In bonds with several sequential or parallel transition state barriers with differentxB andFB, the
exponential decrease of the off-rate with barrier height usually allows to treat one of these barriers
as determining the off-rate. For sequential barriers the largest barrier limits the off-rate; for parallel
barriers, the smallest one allows the fastest escape. With an applied force, the role of the different
barriers changes because the outermost barriers are reduced most. This will lead to different regimes
for the intrinsic force scaleFB when the dominating barrier changes from outer to inner (sequential)
or inner to outer (parallel) upon an increase of loading. In dynamic force spectroscopy experiments,
this is used to unveil the positions and relative height of the transition state barriers in an adhesion
bond.

2.1.3 Association of molecular bonds

While the dissociation ratekoff depends mainly on the internal structure of a bond, the association
ratekon includes the formation of an encounter complex and therefore depends on the details of the
situation under consideration. It is very difficult to determinekon experimentally, especially in the
case of cell adhesion, when the interacting molecules are anchored to opposing surfaces [Chesla et al.,
1998, Zhu, 2000, Orsello et al., 2001]. In order to focus on the generic features of cluster stability,
here we assume thatkon is a force-independent constant, in accordance with earlier theoretical work
[Bell, 1978, Hammer and Lauffenburger, 1987, Cozens-Roberts et al., 1990a,b, Seifert, 2000]. In
Chapter 5 we will refine this assumption to include in our model the effect of ligand receptor separation
controlled by polymeric tethers on the binding rate.

For the following analysis, it is convenient to introduce dimensionless quantities. Forces will be
measured in units of the intrinsic force scaleFB. We denote the dimensionless force byf := F/FB.
A typical time-scale is set by the force free unbinding ratek0 and the dimensionless time isτ :=
k0t. With the definitions of force and time, the dimensionless off-rate readskoff/k0 = ef and the
dimensionless on-rate is denoted byγ = kon/k0.

2.2 Modelling multiple parallel bonds

The off-rate (2.6) is increased by the force exerted on the single molecular bond. To describe the
stochastic rupture dynamics of molecular bonds in an adhesion cluster, it is necessary to specify the
way in which the force exerted on the cluster is transduced to the individual molecular bonds. We use
a simple spring model [Seifert, 2000] to describe general properties of force transduction. With this
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information, the transition rates for molecular bonds in the cluster can be derived which then will be
used in a master equation for the occupancy probabilities on the set of states of the cluster.

2.2.1 Harmonic force transducer

l

xt

xb

Figure 2.3: Spring model for force trans-
duction at an adhesion cluster. The dis-
tance between the resting positions of
transducer and tether springs is denoted
by `. It is the sum̀ = xb + xt of the ex-
tensionxt of the transducer spring andxb

of the tether spring in a closed bond. The
rest lengths of transducer and tethers are
suppressed in the figure. The adhesion
bonds in the cluster can be either open or
closed. With a constant cluster sizeNt,
the state of the cluster is determined by
the number of closed bondi (herei = 3).

The model that we use is shown in Fig. 2.3. We assume that the substrate and the transducer are
rigid, planar and parallel to each other. The elastic part of the transducer is modelled as a harmonic
spring with the force constantkt. This is usually a good assumption for experimental setups [Merkel,
2001, Evans et al., 2004]. The polymer tethers are also modelled as harmonic springs with a force
constantkb, which is a valid assumption as long as the extension of the polymers is small compared to
the contour length of the polymer backbone [Doi and Edwards, 1986]. The origin of this behaviour,
however, is different from that for the transducer. While the deformation of the transducer requires
elastic energy, the polymers act as entropic springs. Between substrate and transducer there areNt

molecular bonds which are either in an open or a closed state. If a bond is closed it is able to sustain
force. All bonds are identical and immersed in the same environment. In particular, we do not consider
the spatial coordinate parallel to the transducer.

If closed bonds exist in the adhesion cluster, a finite separation` > 0 between the resting positions
of tethers and transducer leads to an extensionxb of the tether spring andxt of the transducer spring
with ` = xb + xt. The forces required to extend the springs areFb = kbxb andFt = ktxt. With i
closed bonds, the balance of forceFt = ktxt = kt(`− xb) = ikbxb = iFb leads to the expression for
tether extension as function ofi

xb =
kt`

kt + ikb
(2.8)

so that the force per bond is

Fb = kbxb =
ktkb`

kt + ikb
=

kb`

1 + iκ
. (2.9)

In the last expression, the ratioκ := kb/kt of the force constants of tethers and transducer was
introduced. The extension of the transducer spring is given byxt = `− xb so that

xt =
(
`− kt`

kt + ikb

)
=

ikb`

kt + ikb
. (2.10)
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The transducer force is

Ft = ktxt =
ikbkt`

kt + ikb
=

ikb`

1 + iκ
= iFb . (2.11)

With the intrinsic force scaleFB introduced in Sec. 2.1.2, the dimensionless expressions for the force
per bond and the force on the transducer are

fb =
Fb

FB
=

(kb`/FB)
1 + iκ

and ft =
Ft

FB
=
i(kb`/FB)

1 + iκ
= ifb , (2.12)

respectively. In the rest of the analysis, dimensionless expressions for the forces will be used. The
dependence of the force per bond which determines the single bond off-rate introduces a non-trivial
coupling between the otherwise independent closed bonds. A change ini through rupture or rebinding
of one bond changes the rupture kinetics of the other bonds. This non-trivial coupling of cooperative
adhesion bonds is one of the main points of interest of this work.

In the following we will discuss two important limiting cases for the relative stiffnessκ of the
springs. Both will be investigated in detail in the following chapters.

Soft transducer and shared loading

First we consider the limit of a ‘soft transducer’, in which the force constant of the transducer is small
compared to that of the tethers,kt � kb. This corresponds to the regime ofκ→∞.

In this limit, tether extension is small,xb � ` whereas the transducer extension approaches the
displacement of the transducer spring,xt . `. The large stiffness of the tethers holds the transducer in
a position close to the rest length of the tethers whereas the transducer spring is easily extended. In this
case, the transducer force is directly proportional to the displacement,Ft = kt`, or in dimensionless
units

ft = kt`/FB . (2.13)

The force per closed bond isfb = ft/i, so that

fb = (kt`/FB)/i = ft/i . (2.14)

When an adhesion cluster is loaded through a soft transducer, the displacement` directly controls the
forcef = ft on the transducer, that is, the force on the cluster as a whole. The force per bond then
depends on the numberi of closed bonds which share the transducer force. For shared loading, the
coupling of the closed bonds through force is most pronounced.

Stiff transducer and non-cooperative loading

The other extreme is the limit of the ‘stiff transducer’ for which the stiffness of the transducer spring
exceeds that of the tethers acting together,kt � Ntkb. This limit corresponds to the regimeκ→ 0.

In this case, the extension of the transducer spring almost vanishes,xt � `, whereas the extension
of the tethers approaches the displacement of the transducer from the tethers rest length,xb . `. The
force on each bond,

fb = kb`/FB , (2.15)

is directly controlled by the displacement`. The force on the transducer is proportional to the number
of closed bonds in the cluster,

ft = ifb = i(kb`/FB) . (2.16)
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The stiff transducer does not deform so that the tethers attached to the transducer are extended to the
displacement̀. The forcef = fb per closed bond is independent ofi so that the individual bonds are
fully uncoupled and non-cooperative.

The influence of the elastic properties of tethers and transducer on the actual force on a molecular
bonds has been discussed for the case of a single bond [Evans and Ritchie, 1999]. In experiments, the
displacement is usually controlled, rather than the force itself and it is important to take the elasticity
into account. It should be noted, that the terms ‘shared’ and ‘non-cooperative’ loading do not refer
to the relation betweenfb andft which is alwaysft = ifb. The distinction comes from whether
f = ft or f = fb are controlled through the displacement` of the transducer spring. Controlling
the transducer forceft = f directly instead of̀ would always result in shared loading,fb = f/i,
irrespective of the elasticity of tethers and transducer. For finite stiffnesseskt andkb, the general
expression (2.12) shows that bothfb andft depend oni and are not directly determined by`. In
Chapters 3 and 4, both limits of shared as well as non-cooperative loading will be investigated. The
case of general stiffnesses will be addressed in Chapter 5.

Constant and linear loading

Experimentally and theoretically, different ‘loading protocols’ for single and multiple bonds are used
[Tees et al., 2001]. The most basic protocol isconstant loading; in this case, the displacement of the
transducer spring is kept constant which results in a constant forcef = ft for shared andf = fb for
non-cooperative loading. Constant forces are not usually used in single bond experiments but were
applied in experiments with multiple bonds recently [Pierrat et al., 2004]. The other common loading
protocol islinear loadingin which the displacement is increased at a constant speed,`(τ) = vt. For
the linear elasticity as in the model of Fig. 2.3, this leads to a linearly increasing forceFb(t) = mbt,
wheremb is the (dimensional) loading rate. With the general expression (2.9) for the force per bond
we have

Fb(t) = mbt =
kbvt

1 + κi
(2.17)

In dimensionless units, usingk0 as a scale for the time, we get the dimensionless force for linear
loading

fb(τ) =
kbv/k0FB

1 + κi
k0t = µbτ . (2.18)

The dimensionless loading rate per closed bond,µb = (kbv/k0FB)/(1 + κi), is related tomb by

µb = mb/k0FB . (2.19)

wheremb depends oni. For the limiting case of shared loading we get

fb(τ) =
ktv/k0FB

i
k0t =

µτ

i
=
f(τ)
i

, (2.20)

where theloading rate of the whole clusteris µ = ktv/(k0FB). For non-cooperative loading, the
force is

f(τ) = fb(τ) =
kbv

k0FB
k0t = µτ , (2.21)

where theloading rate per bondis µ = kbv/(k0FB).
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2.2.2 Master equation for cluster dynamics

Thermally activated rupture and rebinding of single molecular bonds are stochastic events which
implies that the dynamics of adhesion clusters has to be described as a stochastic process. We assume
that every bond in the adhesion cluster is either open or closed at any given time. The total number of
bonds in the cluster is denoted byNt and is taken as a constant,Nt = const. All bonds are assumed
to be identical so that the state of the adhesion cluster is fully characterised by the number of closed
bondsi (the number of open bonds isNt − i). A stochastic process on the discrete set of states
0 6 i 6 Nt can be described by a master equation for the probability distribution{pi(τ)}Nt

i=0. The
state probability functionpi(τ) is the probability that statei is occupied (or thati bonds are closed) at
time τ .

Every bond in the adhesion cluster closes stochastically with the dimensionless on-rateγ and
opens with the dimensionless off-rateefb(i), in whichfb(i) is the dimensionless force per bond. The
rate for a transition of any one of the molecular bonds in the adhesion cluster is given by the single
bond rates times the number of candidates for the respective transition. Hence, the forward (or rebind-
ing) rategi for closing one of theNt − i open bonds and the reverse (or rupture) rate for opening one
of thei closed bonds are

gi = g(i) := γ(Nt − i) and ri = r(i) := iefb(i) , (2.22)

respectively. In general, the force per bondfb(i) may depend on time. If it depends on the number
of closed bonds as in the general expression (2.12) or for shared loading (2.14), the reverse rate is a
non-linear function ofi. In the following we will refer to the single bond transition rates as on-rate
and off-rate. The transition rates in the cluster are called forward (rebinding) and reverse (rupture)
rate, respectively.

The transition of a single bond in the adhesion cluster changes the statei of the cluster toi ± 1.
Within a short time interval∆τ such a transition takes place with probability(ri + gi)∆τ . The
probability for two transitions in the same time interval is proportional to the square(∆τ)2. This
defines a one-step process (also known as ‘birth-death process’) [van Kampen, 2003, Honerkamp,
1993] for which only transitions involving single bond transitions between neighbouring state are
relevant. With a given probability distribution{pi(τ)}Nt

i=0 at a timeτ , the state probabilitypi(τ +∆τ)
at timeτ + ∆τ follows from the Chapman-Kolmogorov equation [van Kampen, 2003]:

pi(τ + ∆τ) = {1− (gi + ri)∆τ} pi(τ) + ri+1∆τpi+1(τ) + gi−1∆τpi−1(τ) . (2.23)

The term in curly brackets is the probability that no transition takes place in the interval∆τ and
the cluster stays in statei. The other terms are the probabilities to enter statei from one of the
neighbouring states. Taking the limit for∆τ → 0 leads to the one-step master equation

d

dτ
pi = ri+1pi+1 + gi−1pi−1 − {ri − gi} pi . (2.24)

It is a system of coupled, linear differential equations for the state probability functionspi(τ). The
initial condition is aδ-distributionpi(0) = δi,N0 that is localised at the initial number of closed bonds
N0. If transitions with more than a single step in the interval∆τ had been included in (2.23), they
would have vanished in the limit∆τ → 0. Because of the non-linear reverse rate, (2.24) is generally
a non-linear one-step master equation1. Moreover, the reverse rate may depend on time if a time
dependent force is assumed.

1A master equation is by definition a linear differential equation for thepi(τ). In the particular case of a one-step
process, the master equation is referred to as (non-)linear if the transition rates can be written as (non-)linear functions ofi.
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Because the set of states is finite, the boundaries of the system have to be specified. At the upper
boundary (the completely bound state) ati = Nt, the forward rate vanishes,g(Nt) = 0. An initial
condition withN0 6 Nt leaves the statesi > Nt unoccupied. Hence, the completely bound state is
a natural, reflecting boundary2. When the initial condition is chosen from the interval0 6 N0 6 Nt,
this reflecting boundary constrains the system naturally to states in the rangei 6 Nt and it does not
need to be taken into account explicitly in a solution of the master equation.

The lower boundary (the completely dissociated state) ati = 0 requires more care. First, we have
to require that the reverse rater0 vanishes, so that states withi < 0 remain unoccupied. This is not
the case for shared loading wherefb(i) = f/i andr(i) diverges fori = 0. Here, the functional form
(2.22) for the reverse rate cannot be used andr0 = 0 imposes an artificial boundary condition at the
dissociated state. Second, the definition (2.22) implies that the forward rateg(0) = γNt is positive
unless the on-rate itself vanishes. Therefore, broken bonds can close anew and the dissociated state is
a reflecting boundary. However, in most experimental situations of interest, formation of new bonds
is prevented by an elastic recoil of the transducer once the last bond is broken. This implies to use an
absorbing boundary ati = 0 for which we have to setg0 = 0. Forγ > 0, this absorbing boundary is
always an artificial boundary.

Shared loading

For shared loading of an adhesion cluster, the force per bond is given byfb = f/i, wheref is the
force on the adhesion cluster. The transition rates are then given by

gi = g(i) = γ(Nt − i) and ri = r(i) = ief/i (2.25)

for 0 < i 6 Nt andr0 = g0 = 0. The force dependent reverse rate is a strongly non-linear function
of i. The non-linear master equation for shared loading is explicitly given by

d

dτ
pi = (i+ 1)ef/(i+1)pi+1 + γ(Nt − i+ 1)pi−1 −

{
ief/i + γ(Nt − i)

}
pi . (2.26)

The transition rates may depend on time via a variable forcef(τ). As described in the previous
paragraph, the upper boundary ati = Nt is a natural, reflecting boundary. The lower boundary is
always artificial forf > 0 becauser0 = 0 has to be used. An absorbing boundary condition at the
dissociated state is implemented by usingg0 = 0.

Non-cooperative loading

For non-cooperative loading, the force per bond is directly controlled so thatfb = f enters the reverse
rate. The transition rates are then given by

g(i) = γ(Nt − i) and r(i) = ief . (2.27)

Both transition rates are linear so that the master equation for non-cooperative loading is also linear,

d

dτ
pi = (i+ 1)efpi+1 + γ(Nt − i+ 1)pi−1 −

{
ief + γ(Nt − i)

}
pi . (2.28)

2If the transition rates for a one-step process are given as functions ofi, a boundary is referred to as anatural boundary
if the functional definition applies also at the boundary and no additional constraints on the state functionspi have to be
imposed. Anartificial boundary, on the other hand, requires a special value of the transition rates at the boundary. An
example is the artificial absorbing boundary ati = 0 which is discussed next. In this case eitherr0 = 0 6= r(0) and
g0 = 0 6= g(0) has to be used or, alternatively,p0 = 0 could be required as a constraint.
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Becauser(0) = 0, the dissociated state is a natural boundary for a reflecting boundary. Requiring
an absorbing boundary by settingg0 = 0 we again have an artificial boundary. For a time dependent
force, the reverse rate depends on time as well.

For shared and non-cooperative loading our model contains only three parameters: cluster size
Nt, on-rateγ and forcef . For shared loading,f is the force exerted on the transducer whereas for
non-cooperative loading it is the force exerted on each of the bonds. For linear loading discussed in
Chapter 4, the force is replaced by the loading rateµ as a parameter of the model. For a finite value of
κ a fourth parameter would enter the model. This case will be studied in Chapter 5 where the model
will be extended to include a distance dependent rebinding rate.

2.2.3 Dissociation rate and average lifetime of adhesion clusters

An adhesion cluster dissociates when the last closed bond breaks. The probability density of the
stochastic dissociation time – or ‘lifetime’ – of an adhesion cluster is the dissociation rate

D(τ) :=
d

dτ
p0(τ) = r1p1(τ) . (2.29)

The second equality follows from the master equation (2.24) forp0 with absorbing boundary condi-
tion g0 = 0. The mean lifetimeT of the adhesion cluster is the first moment of the distribution of
dissociation times,

T := 〈τ〉 =
∫ ∞

0
τD(τ) dτ . (2.30)

Higher moments〈τn〉 are calculated analogously. In the language of stochastic processes,D(τ) is
the distribution of first passage time from the initial statei = N0 to the detached statei = 0 andT
is the mean first passage time. The mean first passage time alone can also be calculated without a
solution for the master equation, that is, without calculatingD(τ) explicitly [van Kampen, 2003].

For a time dependent forcef(τ) , the distribution of rupture forces is given by

D(f) =
1

df/dτ
D(τ(f)) , (2.31)

whereτ(f) is the time at which a certain force is reached which is unique for a strictly monotonous
increase of force. The average rupture forceF is

F =
∫ ∞

0
fD(f) df =

∫ ∞

0
f(τ)D(τ) dτ . (2.32)

For a force increasing linearly in time,f = µτ , the mean rupture force is given through the mean
lifetime asF = µT . In dynamic force spectroscopy experiments, ‘bond strength’ is often defined as
the maximumFmax of D(f) [Evans and Ritchie, 1997, Merkel et al., 1999], i.e., by the condition

d

df
D(f)

∣∣∣∣
f=Fmax

= 0 . (2.33)

In the discussions of the following chapters we will focus on dissociation rate and average lifetime as
characteristics for the dissociation process.
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2.2.4 Deterministic approximation

A quantity of special interest is the average number of closed bonds

N(τ) := 〈i〉 :=
Nt∑
i=0

ipi(τ) , (2.34)

the first moment of the probability distribution{pi(τ)}Nt
i=0. From the master equation (2.24) it follows

that the time derivative ofN is given by [van Kampen, 2003]

d

dτ
N =

Nt∑
i=0

i
d

dτ
pi = 〈g(i)− r(i)〉 = 〈g(i)〉 − 〈r(i)〉 . (2.35)

For linear transition rates, (2.35) leads to an ordinary differential equation forN :

d

dτ
N = g(〈i〉)− r(〈i〉) = g(N)− r(N) . (2.36)

This equation allows to access the first moment of the probability distribution directly without solving
the master equation. This makes it tempting to use it also for non-linear transition rates as it was
done by Bell [1978] for constant shared loading and by Seifert [2000] for linear shared as well as non-
cooperative loading. In the following (2.36) is referred to as thedeterministic equationfor the average
number of closed bonds. This mean field description forN replaces the average over an ensemble
of stochastic adhesion cluster trajectories by the single deterministic trajectory of a ‘representative’
adhesion cluster. It is exact for linear transition rates.

In principle, (2.36) is not valid for non-linear transition rates. However, for a localised distribution,
forward and reverse rate can be expanded in a Taylor series around the averageN(τ) = 〈i〉 with
i = N + (i−N) as

h(i) =
∞∑

n=0

h(n)(N)
n!

(i−N)n (2.37)

whereh(N) stands for the forward and reverse rate andh(n)(N) := dnh(N)/dNn denotes thenth

derivative. Inserting this expansion in (2.35) leads to

d

dτ
N = g(N)− r(N) +

∞∑
n=2

g(n)(N)− r(n)(N)
n!

〈(i−N)n〉 . (2.38)

The first order vanishes because〈i−N〉 = 0.
The time dependence of the averages〈(i−N)n〉 also follows from the master equation in analogy

to (2.35). For example, the varianceσ2
N := 〈(i−N)2〉 = 〈i2〉 − 〈i〉2 is determined by [van Kampen,

2003]
d

dτ
σ2

N = 〈g(i) + r(i)〉+ 2〈(i−N)(g(i)− r(i))〉 . (2.39)

Inserting the expansion (2.37) of the transition rates, this becomes a differential equation for the
variance which is coupled to the one forN(τ). For linear transition rates, this procedure leads to a
hierarchy of coupled differential equations in which〈(i−N)n〉 is coupled only to those〈(i−N)m〉
with m < n. This allows to calculate the average deviations〈(i − N)n〉 recursively up to a given
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order. For non-linear transition rates all differential equations are coupled to all other equations and
the recursion is impossible. For the variance, (2.39) leads to

d

dτ
σ2

N = g(N) + r(N) +
∞∑

n=2

{
g(n)(N) + r(n)(N)

n!
+ 2

g(n−1)(N)− r(n−1)(N)
(n− 1)!

}
〈(i−N)n〉 .

(2.40)
Solving the set of infinitely many coupled differential equations is impossible and one has to truncate
the hierarchy at some ordern and neglect all higher orders. Unlike the case of linear transition rates,
this introduces an error in the differential equation which is on the order of magnitude of〈(i−N)n+1〉.

Taking only the first two orders of the expansion, the average and the variance, into account
amounts to solving the pair of differential equations

d

dτ
N = g(N)− r(N) +

1
2
σ2

N{g′′(N)− r′′(N)}

d

dτ
σ2

N = g(N) + r(N) + σ2
N

{
2(g′(N)− r′(N)) + g′′(N) + r′′(N)

}
.

(2.41)

Through the transition rates, these differential equations will in general be non-linear inN but are
always linear in the higher order terms. The error in the differential equation is of the order of mag-
nitude of the third cumulantκ3

N = 〈(i − N)3〉. Typically, the ratio〈(i − N)n〉/Nn decreases with
increasing ordern so that the corrections can be supposed to be small. A more thorough and elaborate
expansion of the master equation in terms of the system size is demonstrated by van Kampen [2003].

In principle, a finite set of differential equations (2.41) can be solved numerically which allowed
to construct the probability distribution of the number of closed bonds. Using onlyN andσ2

N , the first
two cumulants of the distribution, this approximate distribution is a Gaussian. Although fluctuations
could be included in the deterministic description in this way, it is more instructive to solve the master
equation directly. This solution contains fluctuations of all orders whereas the deterministic treatment
has to be cut off at some finite order to become tractable. Moreover, the deterministic, mean field
description can only use the transition rates in the functional form of (2.22), that is, it can treat only
natural boundaries. However, the experimentally important case of an absorbing boundary requires
an artificial boundary ati = 0.

Shared loading

For shared loading, the force per bond isf/i, wheref is the force exerted on the whole cluster. The
transition rates are given in (2.25), where the reverse rater(i) is a non-linear function ofi. The
deterministic equation (2.36) for shared loading reads

d

dτ
N = γ(Nt −N)−Nef/N . (2.42)

This non-linear differential equation has first been studied for constant loading by Bell [1978] and
later for linear loading by Seifert [2000]. Although only an approximation to the actual behaviour for
the average, it allows valuable insight into generic features of the stochastic model as we will see in
Chapters 3 and 4.

As our stochastic model, (2.42) contains three parameters,Nt, γ andf . But using the fraction
n(τ) := N(τ)/Nt of closed bonds allows to write the deterministic equation (2.42) in the form

d

dτ
n = γ(1− n)− ne(f/Nt)/n , (2.43)
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which contains only two parameters: the on-rateγ and the ratio of force and cluster size,f/Nt.
Solutions forN(τ) with differentNt are thus identical apart from a linear scaling withNt. Quantities
derived fromN which do not involve an absolute measure for cluster size will be functions ofγ and
f/Nt only.

The differential equations (2.41) for the corrections of second order to the non-linear differential
equation (2.42) explicitly read

d

dτ
N = γ(Nt −N)−Nef/N − σ2

Ne
f/N f2

2N3

d

dτ
σ2

N = γ(Nt −N) +Nef/N − 2σ2
N

{
γ + ef/N

(
1− f

N
− f2

4N3

)} (2.44)

A finite variance tends to reduce the average because the curvature of the reverse rate is negative. For
small forces and large numbers of closed bonds,f � N(τ), the corrections due toσ2

N are small. They
vanish forf = 0 because the master equation is linear and an exact, linear deterministic equation for
N emerges from (2.44). For large forces and small clusters, the corrections grow and even diverge as
N → 0. The error imposed by using the deterministic equation (2.42) instead of the stochastic average
over the distribution{pi(τ)}Nt

i=0 will be large whenever large forces are exerted on small numbers of
closed bonds. For finite force,f > 0, the reverse rate diverges forN → 0 so that the number of
closed bonds will become negative eventually. This is prevented in the stochastic description by using
r0 = 0. The varianceσ2

N in (2.44) increases due to the first two terms which are linear in the transition
rates. The additional contribution proportional toσ2

N is negative for sufficiently smallf/N � 1. As
long as the number of closed bonds is large, the increase in the variance can be balanced. If a cluster
decays andN becomes very small, the variance grows with no bounds.

The corrections in (2.44) which result from the second derivative ofr(i) are proportional tof2/N3

and do not show scaling withf/Nt alone. They can only be neglected iff � 1, that is when the non-
linearity is weak. UsingN/Nt andσ2

N/Nt as variables in (2.41) does not lead to the scaling with
f/Nt alone. This reflects the fact that also the master equation cannot be treated in such a way.

Non-cooperative loading

For non-cooperative loading, the forcef per bond is directly controlled. The transition rates for this
case are given in (2.27). They are both linear in functions ofN . The deterministic equation

d

dτ
N = γ(Nt −N)−Nef (2.45)

is thus an exact equation for the average number of closed bonds. In particular, we see thatN cannot
become negative because the reverse rate now vanishes atN = 0. Also the variance of the distribution
is determined exactly by the differential equation

d

dτ
σ2

N = γ(Nt −N) +Nef − 2σ2
N

{
γ + ef

}
, (2.46)

in which the solutionN(τ) from (2.45) enters. This equation does not diverge forN → 0 so that the
variance approaches a finite value. For the fraction of closed bondsn = N/Nt and the variance in
relation to the system size,s2N := σ2

N/Nt, the pair of differential equations is given by

d

dτ
n = γ(1− n)− nef

d

dτ
s2N = γ(1− n) + nef − 2s2N{γ + ef} .

(2.47)
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The solutions are fully determined by the two parametersγ andf . Not only the average but also the
fluctuations scale linear inNt for all ordersn. The relative standard deviation scales asσN/N ∼ 1/Nt

with system size.

2.3 Solutions of the dynamic equations

In the following we derive analytical solutions of the master equation (2.24) for several special cases.
Analytical solutions for linear master equations can be derived via a generating function. This is
the case for vanishing and non-cooperative constant loading. The use of the generating function is
described in detail in Appendix A where solutions of (2.24) for vanishing force are given. For the
case of vanishing rebinding,γ = 0, an analytical solution can be constructed also for shared loading
using a recursive relation between the state probability functions. For small clusters withNt = 2 an
eigenvalue and eigenstate analysis is possible and allows to construct solutions.

In the general case, we use Monte Carlo simulations to solve the master equation numerically. In
detail, for each set of parameter valuesNt, f andγ, we generate an ensemble of104 to 107 trajectories
following the number of closed bondsi in an adhesion cluster over the course of time. To generate the
trajectories, we use the Gillespie algorithm for exact stochastic simulations [Gillespie, 1976, 1977].
By cumulating the different simulation trajectories into a histogram, we obtain the desired probability
distribution{pi(τ)}Nt

i=0 as the relative frequency with which trajectories pass statei during a small
time interval aroundτ . In general, it is also rather instructive to study single simulation trajectories,
because their specific features are expected to be characteristic also for experimental trajectories. The
Gillespie algorithm and its application to the master equation (2.24) is described in detail in Appendix
B. The algorithm was originally developed for exact simulation of the stochastic dynamics of coupled
chemical reactions. Applied to our case, open and closed bonds correspond to two different species
of molecules and the transitions between these two species, that is rupture and rebinding, correspond
to chemical reactions. The Gillespie algorithm is very efficient because it generates jumps between
subsequent reactions rather than to discretise time in small steps. The basic quantity underlying the
Gillespie algorithm is the waiting time distributionwµ(τ, τ0)dτ which is the probability that the next
reaction occurs in the time interval[τ0+τ, τ0+τ+dτ ] and is of typeµ under the condition that at time
τ0 the system has entered the current state. In our case,µ has only two values corresponding to rupture
and rebinding, and the state of the system is completely described by the number of closed bondsi.
For constant transition rates,wµ depends only on the time interval between subsequent events. For
time dependent rates as for linear loading, also the absolute timet0 of the last transition becomes
relevant. The detailed expressions and the method of implementation is described in Appendix B.
This algorithm is exact in the sense that the only sources of inaccuracy lie in the choice of the random
number generator and the finite number of trajectories used to calculate probability distribution. In
particular, no additional inaccuracy due to the use of a finite time step is introduced.

The deterministic equation (2.36) forN is also solved if it is linear, that is, in cases where the
master equation is solved by the generating function. For finite force and non-linear reverse rate but
vanishing rebindingγ = 0, an implicit solution forτ(N) can be derived which has to be inverted
numerically. Further analytical progress can be made with a scaling analysis of (2.36). Numerical
solutions for the general case are obtained by integrating the deterministic equation with a standard
integrator for ordinary differential equations. Specifically we use a fourth-order Runge-Kutta method
(‘Cash-Karp Runge-Kutta’, [Press et al., 2002]). To determine the lifetime, the equation is integrated
until only one last bond exists, that is, untilN = 1 is reached.





Chapter 3

Constant loading

Constant loading in cell adhesion may be assumed as an approximation in situations where the envi-
ronment of the adhesion site does not change much during the lifetime of the adhesion cluster. This
includes, for example, adhesions of static cells or the adhesion of white blood cells when they have
been arrested in the bloodstream. Experimentally, constant forces are difficult to access because the
transducer position has to be controlled accurately. Theoretically, a constant force is the most basic
loading protocol which also is the starting point for analysing the case of a time-dependent force.

In this chapter, we investigate adhesion cluster dynamics under constant force by analysing the
master equation (2.26) and the deterministic equation (2.42). We begin with the simplest case of
vanishing rebinding,γ = 0. Here, the decay of adhesion clusters follows a unique sequence which
facilitates the analysis. Next, we discuss the dynamics of reversible clusters withγ > 0 but with
vanishing forcef = 0. In this case, the dynamic equations are linear. We close the chapter by the
discussion of the general case with finite rebinding and finite force.

3.1 Vanishing rebinding

3.1.1 Deterministic analysis

We start our analysis with the case of vanishing rebinding,γ = 0. Then the deterministic equation
(2.42) for shared loading reads

d

dτ
N = −Nef/N , (3.1)

with f = const. In principle, the total number of bondsNt is irrelevant in this case. However, it is
reintroduced through the initial conditionN0 = N(0) = Nt. Then (3.1) is solved implicitly by [Bell,
1978]

τ(N) = E
(
f

Nt

)
− E

(
f

N

)
(3.2)

whereE (z) :=
∫∞
z (e−z′/z′) dz′ is the exponential integral. Unfortunately, the inversion forN(τ) is

not possible in general.
In the deterministic description, cluster lifetimeTdet can be identified with the timeτ(N = 1) at

which only one last bond exists. SettingN(Tdet) = 1 in (3.2) gives

Tdet = E
(
f

Nt

)
− E (f) . (3.3)
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From this result, we can extract three different scaling regimes. For small force,f � 1, we use
the small argument expansion of the exponential integral [Gradshteyn and Ryzhik, 1994],E (z) ≈
−Γ− ln z (whereΓ ' 0.5772 is Euler’s constant), and find

Tdet ≈ lnNt . (3.4)

This corresponds to the familiar case of radioactive decay, when the differential equationdN/dτ =
−N (Eq. (3.1) forf = 0) leads to an exponential decreaseN(τ) = Nte

−τ . This time dependence can
also be extracted from (3.2). Replacing both exponential integrals by their small argument expansion
leads to the expression

τ(N) ≈ − ln
(
f

Nt

)
+ ln

(
f

N

)
= − ln

(
N

Nt

)
(3.5)

for the time as function of the number of bonds. Inverting this expression forN(τ) yields the expo-
nential decay

N(τ) = Nte
−τ . (3.6)

This solution scales linearly withNt as expected from the deterministic differential equation (2.43)
for the fractionN(τ)/Nt of closed bonds. The lifetime, however, does not depend on the scaling
variablef/Nt but on the absolute cluster sizeNt, because the conditionN(Tdet) = 1 introduces a
measure for the absolute size of the cluster in the equation (3.3) for the lifetime1.

For intermediate force,1 < f � Nt, we can rewrite (3.3) for the cluster lifetime as the sum of
two integrals,

Tdet =
∫ 1

f/Nt

e−z

z
dz +

∫ f

1

e−z

z
dz . (3.7)

The second integral is bounded from above by1/e, because∫ f

1

e−z

z
dz <

∫ f

1
e−z dz = e−1 − e−f < e−1 . (3.8)

In the first integral, we can expand the integrand for small arguments, leading to∫ 1

f/Nt

e−z

z
dz ≈

∫ 1

f/Nt

1− z

z
dz ≈ ln

(
Nt

f

)
. (3.9)

SinceNt � f was assumed, the second integral in (3.7) can be neglected and we have

Tdet ≈ ln
(
Nt

f

)
. (3.10)

Becausef � Nt, both exponential integrals in (3.2) can be replaced by the small argument approxi-
mation as long asf . N(τ). Thus, cluster decay will proceed exponentially in its initial phase until
the for per bond reachesf/N(τ) . 1. Whenf/N(τ) > 1 exceeds the intrinsic force scale of the
adhesion bonds, cluster dissociation will be faster than exponential due to the destabilising effect of
force.

1Sincef/Nt = 0, the lifetime has to be constant for differentNt. Without any numerical parameter at hand, this would
imply eitherTdet = 0 or Tdet = ∞. Since the lifetime has to be larger than zero, lifetime would be infinite without the
conditionN(Tdet) = 1.
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For large force,f � Nt, the second term in (3.3) can be neglected and we can use the large
argument approximation for the exponential integral,E (z) ≈ e−z/(1 + z), leading to [Bell, 1978]

Tdet ≈
e−f/Nt

1 + f/Nt
. (3.11)

Therefore cluster lifetime decreases faster than exponential withf/Nt in this regime. The small
argument approximation is not applicable to either of the two terms in (3.2) and the decrease inN
will be faster than exponential over the whole range of time .

In summary, the analysis of the deterministic equation (3.1) allows to identify three scaling
regimes of small, intermediate and large force. For intermediate and large forces, the expressions
for the lifetime depend only on the ratiof/Nt. The conditionN(Tdet) = 1 =: Ndis for cluster dis-
sociation is unimportant in these regimes due to the fast super-exponential decrease ofN in the late
stages of decay. For small force the trajectories are exponential throughout the decay process and the
finite dissociation threshold becomes important (e.g. forNt = 1 the lifetime isTdet = 0). The choice
of this threshold is arbitrary. Although a different numerical value forNdis leads to a logarithmic cor-
rectionln (Nt/Ndis) in the result for the lifetime, it yields the same scaling withNt as (3.4). To get
rid of this arbitrariness the threshold has to be set to zero. This was done previously [Cozens-Roberts
et al., 1990a,b], but for vanishing force it leads to an infinite deterministic lifetime which does not
compare well to the stochastic result for the average lifetime, which is necessarily finite. SinceN is
supposed to be an estimate for the average number of bonds, usingNdis = 0 as a condition for cluster
dissociation is misleading because it corresponds to the time when the last cluster in an ensemble
dissociates.

3.1.2 Stochastic analysis

For finite force,f > 0, the reverse rater(i) in (2.25) is a non-linear function ofi and the boundary at
i = 0 is artificial. Therefore the master equation in general cannot be solved with standard techniques.
However, in the case of vanishing rebinding,γ = 0, one can use the fact that the decay of the
cluster corresponds to a unique sequence of events, with the number of closed bonds decreasing
monotonously fromNt to 0. The transition from statei (with i closed bonds present) to the statei− 1
(with one more broken bond) is a Poisson process with the time independent rateri. If i bonds are
present at timeτ , the probability that the next bond ruptures at timeτ + τ ′ is given by

pi→i−1(τ ′) = rie
−riτ

′
. (3.12)

The state probabilitypi−1 is related to the state probabilitypi and the transition probabilitypi→i−1 by
the recursive expression

pi−1(τ) =
∫ τ

0
pi(τ ′)pi→i−1(τ − τ ′) dτ ′ = rie

−riτ

∫ τ

0
pi(τ ′)eriτ

′
dτ ′ , (3.13)

which uses the fact that the statei− 1 can be reached only through the statei. This scheme is solved
by

pi(τ) =


Nt∏

j=i+1

r(j)


Nt∑
j=i

e−r(j)τ
Nt∏
k=i
k 6=j

1
r(k)− r(j)

 (3.14)
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Figure 3.1: The state probabilitypi(τ) is the probability thati bonds are closed at timeτ (0 6 i 6 Nt).
Here, thepi are plotted as a function of timeτ for a cluster of initial sizeNt = 10 for γ = 0 and (a)
f = 0, (b) f = 1, (c) f = 10 and (d)f = 50. The force free decay in (a) corresponds to a stochastic
‘radioactive decay’ ofNt particles with constant rate.

as can be shown by induction . The properties of this expression follow from the properties of the
reverse rater(i) = ief/i, which for finite force,f > 0, is a non-monotonous function ofi. It diverges
for i → 0, has a minimum ati = [f ] (the integer closest tof ) and grows asi for i → ∞. In the
unlikely case that the value off is such thatr(j) = r(k) for j 6= k, the limit of the expression in
(3.14) forr(k) → r(j) has to be taken carefully. In order to treat this case properly, one has to replace
(3.14) by

pi(τ) =


Nt∏

j=i+1

r(j)


Nt∑
j=i

e
−r(j)τ

Nt∏
k=i

r(k) 6=r(j)

1
r(k)− r(j)

Nt∏
k=i

r(k)=r(j)
k 6=j

τ

2

 , (3.15)

where we have used
lim
∆→0

(1− e−τ∆)/∆ = τ with ∆ = r(i)− r(k) (3.16)

for the factors1/(r(i) − r(k)) which appear with opposite sign in two terms of the sum in (3.14).
In Fig. 3.1 we plot the full solution to the master equation, that is the state probabilitiespi(τ) from
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(3.14), forNt = 10 and four different values of forcef . The casef = 0 gives the stochastic version of
the radioactive decay with the binomial distributionpi =

(
Nt

i

)
(1− e−τ )Nt−ie−iτ . For small force, all

states are appreciably occupied during the decay, that is, each of the curves is a maximum of the set of
curves during a certain period of time. In the long run,p0 approaches unity and all otherpi disappear,
because without rebinding, the cluster has to dissociate eventually. For increasing force, the shape of
the curves changes considerably. Now the lower states (with small number of closed bondsi) hardly
become occupied during the decay process. For very large force, the maximum occupancy changes
directly from the initial stateNt over to the detached state0.
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Figure 3.2: Average number of closed bondsN as a function of timeτ for different cluster sizes
Nt = 1, 2, 4, 8 and16. (a)f/Nt = 0.01, (b) f/Nt = 0.1, (c) f/Nt = 1.0 and (d)f/Nt = 5.0.

With the exact solution (3.14), any quantity of interest can now be calculated. One quantity of
large interest is the average numberN(τ) = 〈i〉 =

∑Nt
i=1 ipi of closed bonds at timeτ . For a single

bond,N is simply the probabilityp1 that the bond is attached,

N(τ) = p1(τ) = e−ef τ . (3.17)

For a two-bond cluster we have

N(τ) = p1(τ) + 2p2(τ) =
2

2− ef/2

{
e−ef τ +

(
1− ef/2

)
e−2ef/2τ

}
. (3.18)

For increasingNt, the corresponding expressions become increasingly cumbersome. In general,N(t)
is a sum ofNt exponentials with the different relaxation ratesr(i) with 1 6 i 6 Nt. For small force,
f � 1, r(i) ≈ i and the smallest rate corresponds toi = 1, that is,N ∼ e−τ on large time-scales.
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In this case where the influence of force could be neglected, clusters of any size decay with the same
slope as single bonds and the difference between single and multiple bond rupture lies in the prefactor,
not in the time-scale of average decay. For intermediate force,1 < f � Nt, and large time-scales,
decay is dominated byi = [f ], that isN ∼ e−feτ . Thus the absolute value of force governs the long
time behaviour, with different sizes showing up only in the prefactor. For large force,f � Nt, decay
at large time-scales is dominated byi = Nt, that isN ∼ e−Ntef/Ntτ . This implies that for a given
forcef , the largest clusters show the slowest decays in the long run. However, if one controlsf/Nt

rather thanf , the cluster with the smallest size will decay the slowest, since it is subject to the smallest
absolute force. In Fig. 3.2 we plotlogN as a function of timeτ for different values of cluster sizeNt

and force per initial bond,f/Nt. The initial behaviour is described byN ' Nte
−τef/Nt so that the

initial slope in the logarithmic plot is identical for givenf/Nt with differentNt . For small forces,
decay stays exponential for almost all times. The larger force, the earlier decay crosses over to the
late stage regime described above.
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Figure 3.3: Average number of closed bondsN as a function of timeτ for Nt = 8 and 16 and
(a) f/Nt = 0.1 and (b)f/Nt = 1. Solid and dashed lines are stochastic and deterministic results,
respectively.

As noted in Sec. 2.2.2, due to the non-linear form ofr(i) = ief/i for f > 0, the first moment
N(τ) of the stochastic solution (3.14) is not identical with the functionN(τ) obtained from the
deterministic equation (3.1). In Fig. 3.3, results forN(τ) derived from the deterministic and the
stochastic description are compared to each other. For a small but non-zero force, the non-linearity
is small and the agreement between the two results is good in the initial phase of the decay. Towards
the end of the decay strong deviations are observed. Here, the force on each bond grows strongly
and the non-linearity of the transition rates is large. For increasing force, deviations appear also in
earlier stages of decay. The deterministic results in Fig. 3.3b show a very steep breakdown since
r(N) and with itdN/dτ diverges forN → 0. Because of the scaling withf/Nt alone, the time-point
of breakdown, the deterministic lifetimeTdet, is identical for both curves. The same divergence is
present for the small forces but the cutoff atN(Tdet) = 1 leads to the different lifetimes for different
Nt. The stochastic results show a much smoother decrease ofN(τ), especially for small clusters.
Only the curves for large clusters approach the deterministic result. The stochastic results forN(τ)
show no scaling withf/Nt alone because the solutions of the master equation include all moments of
the probability distribution{pi(τ)}Nt

i=0.
In Fig. 3.4a and b the result for the mean number of closed bondsN(τ) is compared to single

simulation trajectories for small and large forces, respectively. The trajectories are generated with the
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Figure 3.4: Single simulation trajectories (solid lines) compared with the average number of closed
bondsN(τ) (dashed lines) forNt = 10 and25 and (a)f/Nt = 0.1 and (b)f/Nt = 1. In (b), in
addition the deterministic results are plotted as dotted lines.

Gillespie algorithm which is described briefly in Sec. 2.3 and in detail in Appendix B. The single
simulation trajectories are expected to resemble experimental realisations for the time evolution of
the number of closed bonds. The figure shows that for small force, the trajectories decay in a similar
way as does the average. For large force, the decay of the trajectories is strongly accelerated towards
the end of the decay process. A decrease ofi initiates a runaway process, since force is increasingly
focused on less and less bonds due to shared loading. This type of rupture process is similar to
avalanches or cascading failures in highly connected systems. Although rupture is rather abrupt, its
time-point is widely distributed, leading to the smooth decrease ofN(τ) observed in the average. In
the large force case in Fig. 3.4b, we also show the deterministic results forN(τ) (for the small force
case in Fig. 3.4a, they hardly differ from the stochastic results). These curves show that the typical
shape with a rather abrupt decay of the single simulation trajectories at large force is reflected by
the deterministic description, compare Fig. 3.3. This had to be expected because the deterministic
equation describes a representative yet single trajectory.

The probability for dissociation of the overall cluster (that is for rupture of the last bond) was
defined in (2.29) byD(τ) = ṗ0(τ) = r1p1(τ). It follows from (3.14) with the reverse rater1 from
(2.25). The resulting formula has been given in Tees et al. [2001]. For a single bond it is simply
D(τ) = efe−ef τ . ForNt = 2 we have

D(τ) =
2ef

2− ef/2

{
e−ef τ − e−2ef/2τ

}
. (3.19)

In the special casef = 2 ln 2, the two ratesr(1) andr(2) are equal and we have

D(τ) = 16τe−4τ . (3.20)

In general, as forN(τ), D(τ) is a sum of exponentialse−r(i)τ and the decrease on long time-scales
is governed by the exponential which decreases the slowest. In Fig. 3.5 we plotD(τ) for different
values ofNt andf/Nt (by controllingf/Nt rather thanf , the curves have comparable averages). The
caseNt = 1 is a Poisson process with simple exponential decay. ForNt > 1, D(0) = 0, because
instantaneous rupture of all bonds atτ = 0 is a higher order process. For large times, all curves decay
exponentially. For vanishing force,f = 0, the curves are very similar, with the same slope at large
times. The maxima of the cluster dissociation rates forf = 0 are described byTmax = lnNt, in
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Figure 3.5: Probability for dissociation of the whole clusterD as a function of timeτ for Nt =
1, 2, 4, 8 and16 (left to right in (a)) for (a)f/Nt = 0.0, (b) 0.1, (c) 1.0 and (d)5.0.

agreement with the result (3.4) from the deterministic description. For smallf/Nt, the distributions
are Gauss-like with small asymmetry and variance. For largef/Nt, they become Poisson-like, that is
they develop a strong asymmetry with a maximum close to zero and a pronounced long-time tail. The
reason is that in this case, decay is dominated by rupture of the first bond, that is, we are effectively
back to a single bond system (except thatD(0) = 0 as always for multiple bonds).

The average cluster lifetime can in principle be calculated as the first moment of the overall dis-
sociation rate

T =
∫ ∞

0
τ D(τ) dτ . (3.21)

In practice, forγ = 0, it has a simple form which can be derived without using the probability
distribution (3.14). The waiting time spent in statei before the transition into statei−1 is a stochastic
variable characterised by the distribution function (3.12). Its average is given by the inverse transition
rate1/r(i). Since the decay process is a sequence of such independent Poisson processes, we simply
have

T =
Nt∑
i=1

1
r(i)

. (3.22)

Forf = 0 we get [Goldstein and Wofsy, 1996, Tees et al., 2001]

T =
Nt∑
i=1

1
i

= HNt (3.23)



3.1. VANISHING REBINDING 39

Figure 3.6: Average adhesion cluster
lifetimeT as a function off/Nt for clus-
ter sizesNt = 1, 10, 102, 103 and 104.
The dashed horizontal curves are the har-
monic numbers, which are good approx-
imations in the small force regime,f �
1. The dotted curve is the approximation
T = ln (0.61Nt/f) for the intermediate
force regime,1 < f � Nt.
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which are the harmonic numbers. The lifetime of a two-bond cluster is increased by a factor3/2 =
1.5 with respect to the single bond, that of the three-bond cluster by11/6 = 1.8, and so on. For large
Nt one can write [Goldstein and Wofsy, 1996]

T ≈ lnNt +
1

2Nt
+ Γ (3.24)

whereΓ ' 0.5772 is Euler’s constant. In fact this approximation is very good already for small values
of Nt. The weak (logarithmic) dependence for largeNt means that for large adhesion clusters, size
matters little since the bonds decay independently of each other and on the same time-scale. This
result differs from the deterministic one for small force, (3.4), by the constantΓ and the additional
contribution1/2Nt, which vanishes for large clusters. For small force,f � 1, (3.24) is a good
approximation for cluster lifetimeT . For intermediate force,1 < f � Nt, the reverse rate grows
rapidly for states withi < f , whereas for states withi > f , r(i) remains close toi. Therefore we can
approximate the average lifetime of a cluster asHNt −Hf . Using (3.24), we get

T ' ln (Nt/f) . (3.25)

Thus cluster sizeNt is now replaced by an effective sizeNt/f , as we have already found in the
deterministic framework, compare (3.10). For large force,f � Nt, the only term which contributes
to (3.22) is the one for the rupture of the first bond. Then

T ≈ e−f/Nt

Nt
(3.26)

and we deal essentially with a single bond effect: if the first bond breaks, all remaining bonds follow
within no time (‘domino effect’). This effect is also evident from the dissociation rateD(τ), which
for very large force approaches a Poisson distribution, compare Fig. 3.5d. In (3.26), the numerator
represents the probability for single bond rupture under force, while the denominator represents the
probability that any one out ofNt identical bonds breaks first. Sincef � Nt in this regime, the first
effect dominates andT increases withNt. For a givenf/Nt, on the other hand, the lifetime decreases
with increasingNt, due to the increase in absolute force. In contrast to the deterministic result, (3.11),
the stochastic result (3.26) does not scale withf/Nt. In Fig. 3.6 we plot the average cluster lifetime
T from (3.22) as a function off/Nt for different values ofNt. For small force,f � 1, T plateaus at
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the value given by the harmonic numberHNt according to (3.23). In the regime of intermediate force,
1 < f � Nt, all curves with sufficiently largeNt fall on the master curveT = ln (0.61(Nt/f)), as
predicted by (3.25). For large force,f � Nt, the scaling withf/Nt is lost, as predicted by (3.26).
Although deterministic and stochastic predictions for cluster lifetimeT have similar overall features,
the deterministic result underestimates the plateau at small force and predicts an incorrect scaling with
f/Nt at large force.
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Figure 3.7: (a) Relative standard deviationσN/N for the number of closed bonds as function of time
τ for f/Nt = 1.0 andNt = 8 (solid) and16 (dashed). (b) Relative standard deviationσT /T for
cluster lifetime as a function off/Nt for Nt = 1, 10, 102, 103 and104.

Higher cumulants of the various distributions provide information about the effect of fluctuations.
For the number of closed bonds at timeτ , the width of the distribution is described by the variance,
defined byσ2

N (τ) = 〈i2〉 − 〈i〉2. In Fig. 3.7a, we plot the relative standard deviation,σN (τ)/N(τ),
calculated by summation over the distribution (3.14) for cluster sizesNt = 8 andNt = 16. It is
zero initially due to the initial condition and diverges for large times. In regard to the distribution of
cluster lifetime, the varianceσ2

T can be calculated in the same way as the average lifetime, because
for a sequence of independent stochastic processes, all cumulants simply add up. The variance of the
Poisson process (3.12) is1/r2(i). Therefore the variance for cluster lifetime is

σ2
T =

Nt∑
i=1

1
r2(i)

. (3.27)

For vanishing force this expression reads

σ2
T =

Nt∑
i=1

1
i2

= ζ(2)− ψ(1)(Nt + 1) , (3.28)

whereψ(1)(Nt + 1) is the trigamma function andζ the Riemannianζ-function [Gradshteyn and
Ryzhik, 1994]. For increasingNt, the variance converges to a finite value. For zero force, this limit is
the well-known relation [Aigner and Ziegler, 2004]

σ2
T =

∞∑
i=1

1
i2

= ζ(2) =
π2

6
. (3.29)
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This result is an upper limit for the variance in general, because the reverse rate increases with increas-
ing force,r(i) > i. The relative standard deviationσT /T of cluster dissociation is always smaller
than unity, since(

∑
x)2 >

∑
x2. For single bond rupture, we have a single Poisson process and it

becomes exactly unity. For vanishing force and large clusters, it scales as∼ 1/ lnNt. Although it
decreases with increasingNt, it does so in a different way than the Gauss process, which decreases
as∼ 1/N1/2

t . The reason is that the contributions from the different subprocesses are not constant,
but decrease as rupture proceeds. For large forces,f � Nt, cluster dissociation becomes a Poisson
process governed by the rupture of the first bond. Then the first term dominates in (3.22) and (3.27).
Therefore the relative standard deviationσT /T ≈ 1 again. In Fig. 3.7b, we plotσT /T as a function of
f/Nt as it crosses over between the cases of vanishing and very large force, with a minimum around
f/Nt ≈ 0.3, that is, in the intermediate force range. The narrow distribution at intermediate force is

also evident in Fig. 3.5. Moreover, nowσT /T ∼ 1/N1/2
t , because only the firstNt − f subprocesses

contribute, with roughly similar values, like in a Gauss-distribution. Fig. 3.7b also shows how the
relative standard deviation decreases with increasing cluster sizeNt. In general, the agreement be-
tween deterministic and stochastic description is best for large cluster sizeNt and intermediate force
1 < f � Nt. However, as noted above, the definition of deterministic lifetime is to a certain extent
arbitrary, because a discrete cutoff has to be introduced in a continuum description. In particular for
small clusters and small forces, the choice of the cluster size at which dissociation occurs will have a
large influence onT .

3.2 Vanishing force

3.2.1 Deterministic analysis

We now turn to the case of vanishing force,f = 0. Then the deterministic equation (2.36) reads

d

dτ
N = γ(Nt −N)−N . (3.30)

For the initial conditionN(0) = Nt, its solution is

N(τ) =
γ + e−(1+γ)τ

1 + γ
Nt =

{
1 +

1
γ
e−(1+γ)τ

}
Neq . (3.31)

Thus, there is an exponentially fast relaxation fromNt to the equilibrium state withNeq = γNt/(1+
γ) closed bonds.Neq increases linearly with the rebinding constantγ from Neq = 0 for γ = 0
and saturates atNt for γ > 1. In the deterministic description, the lifetime of the cluster is infinite,
because the completely dissociated stateN = 0 is never reached.

3.2.2 Stochastic analysis

In the casef = 0, the reverse rate defined in (2.25) is linear ini andr(0) = 0 at i = 0. Natural
boundary conditions implyg(0) = γNt, that is, a reflecting boundary ati = 0. A linear master equa-
tion with natural boundaries can be solved with standard techniques, namely by deriving a generating
function. For general initial conditions, solutions were derived by McQuarrie [1963] and a collection
can be found in Goel and Richter-Dyn [1974]. For the specific master equation (2.26), they are listed
in Appendix A. For the initial conditionpi(0) = δi,Nt , the generating function given in (A.18) by

G(s, τ) =
Nt∑
i=0

sipi(τ) =

[
1 + sγ − (1− s)e−(1+γ)τ

1 + γ

]Nt

. (3.32)
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The state probabilities follow from the generating function as

pi(τ) =
1
i!

∂i

∂si
G(s, τ)

∣∣∣∣
s=0

=
(
Nt

i

)[
γ + e−(1+γ)τ

]i [
1− e−(1+γ)τ

]Nt−i

(1 + γ)Nt
. (3.33)

One can easily check that by settingγ = 0 in (3.33), one obtains the same result as by settingf = 0 in
(3.14). Eq. (3.33) shows that the system relaxes to the stationary state on a dimensionless time-scale
1/(1+γ), thus the larger rebinding, the faster the system equilibrates. In the stationary state, the state
probabilities follow a binomial distribution

pi(∞) =
(
Nt

i

)
γi

(1 + γ)Nt
(3.34)

because the bonds are independent and each bond is closed and open with probabilitiesγ/(1 + γ)
and1/(1 + γ), respectively.

The generating function also allows to calculate all moments of the distribution using the relation
(A.6) given in Appendix A. Since nowr(i) is linear ini, the first momentN(τ) = 〈i〉 is identical
to the solution (3.31) of the deterministic equation. In order to assess the role of fluctuations, we
calculate the variance

σ2
N (τ) = 〈i2〉 − 〈i〉2 =

1− e−(1+γ)τ

1 + γ
N(τ) . (3.35)

This is also a solution of the deterministic equation (2.44) forσ2
N in the casef = 0. The relative stan-

dard deviationσN/N scales asN−1/2 for all times, thus fluctuation effects decrease with increasing
bond number in the usual way. The stationary state value is

lim
τ→∞

σN (τ)
N(τ)

= ((1 + γ)Neq)−
1
2 = (γNt)−

1
2 . (3.36)

Therefore, larger rebinding does not only increase the equilibrium number of bonds, but also decreases
the size of the fluctuations aroundNeq. This leads to a narrow distribution for large cluster under
strong rebinding, with a small probability of coming close to the lower boundary.
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Figure 3.8: (a) State probabilitiespi(τ) from (3.33) forNt = 10 with f = 0 andγ = 1 for a reflecting
boundary ati = 0. (b)N/Neq andσN/N for Nt = 100, f = 0 andγ = 0.1, 1, 5 and10 (solid to
finely dotted curves).
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In Fig. 3.8a, we plot the state probabilitiespi from (3.33) for cluster sizeNt = 10 and rebinding
constantγ = 1. The system quickly relaxes to the equilibrium state. The only difference for different
initial conditions is in the initial transient. In particular, forN0 = Neq, the average does not change
in time, although the distribution initially spreads to the binomial one. Forγ = 1, the stationary
distribution is symmetric around the average. The width of the distribution for differentγ is illustrated
in Fig. 3.8b, which shows the average number of closed bonds normalised by the equilibrium number
of bonds, that isN/Neq, together with the relative standard deviation,σN/N , for different values of
the rebinding constantγ. The curves forN are independent ofNt due to the normalisation. Fig. 3.8b
shows that with increasingγ, relaxation becomes faster and the width of the distribution decreases.

Figure 3.9: Single simulation trajectories
for f = 0, γ = 0.5, Nt = 10, 100 and
1000 and an absorbing boundary ati =
0. Dashed lines are the average number
of closed bondsN and dotted lines are
the equilibrium number of closed bonds
Neq.
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For the experimentally important case of an absorbing boundary ati = 0, it seems to be rather
difficult to find a closed-form analytical solution for arbitrary cluster sizes. For the caseNt = 2, we
will present such a solution in the next section. For arbitraryNt, we use Monte Carlo simulations with
the Gillespie algorithm. In Fig. 3.9, we show individual simulation trajectories for different parameter
values of interest, in comparison to the average number of closed bonds for reflecting and absorbing
boundaries ati = 0. The plots show that the number of closed bonds in a cluster first relaxes towards
the steady state value, for which rupture and rebinding balance each other. Although for the absorbing
boundary the number of closed bonds decreases with time in average, for individual realisations it
stays roughly constant, until a large fluctuation towards the absorbing boundary leads to loss of this
realisation. The time-scale for the decrease inN is thus determined by the probability for fluctuations
from the steady state to the absorbing boundary.

Because a full analytical solution is not available for the case of an absorbing boundary, we now
introduce an approximation for this case. It is similar to the local thermal equilibrium description
introduced by Zwanzig [1995] for modelling protein folding dynamics. Our starting point is that for
large clusters and strong rebinding, the absorbing boundary is a small perturbation to the solution for
the reflecting boundary, (3.33), which in the following we will denote by{p̄i}Nt

i=0. Sinceg0 = 0 for
the absorbing boundary,̇p0 = r1p1 with r1 = 1 and probability will accumulate in the completely
dissociated state. Sincep0 is slaved to the other state probabilities and since we expect only a small
perturbation for the states withi > 1, we assume that the different boundary only leads to a simple
renormalisation caused by the ‘leakage’ into the absorbing state:

pi(τ) = p̄i(τ) (1− p0(τ)) for i > 1 and p0(τ) =
∫ τ

0
p1(τ ′) dτ ′ . (3.37)

Since relaxation to the steady state is faster than decay to the absorbing boundary,p̄i(τ) can be taken
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Figure 3.10: State probabilitiespi as a function of timeτ for different cluster sizesNt = 5 (a and b)
andNt = 10 (c and d) and for rebinding ratesγ = 1.0 (a and c) and5.0 (b and d). The numerical
solutions (solid curves) are compared to the leakage approximation (3.39) (dashed curves).

to be the stationary value, that is the constantp̄i(∞) according to (3.34). Then

p0(τ) = p̄1(∞)
∫ τ

0

(
1− p0(τ ′)

)
dτ ′ , (3.38)

which is solved byp0(τ) = 1− e−p̄1(∞)τ . Therefore (3.37) simplifies to

pi(τ) = p̄i(∞)e−p̄1(∞)τ for i > 1,

p0(τ) = 1− e−p̄1(∞)τ .
(3.39)

We conclude that the solution decays exponentially on the time-scale1/p̄1(∞). In Fig. 3.10, we
plot Monte Carlo solutions for the state probabilities in comparison to the approximation. Forγ =
1, the approximation does not work well forNt = 5, but it does so already forNt = 10. For
γ = 5, the approximation works well for both cluster sizes. Note that in this approximation, a term
p̄0(∞)e−p̄1(∞)τ is missing for proper normalisation

∑Nt
i=0 pi = 1. This is a small error for large

clusters and strong rebinding. In order to assess the validity of (3.39), we note that it presupposes
that the time-scale for relaxation to the steady state,1/(1 + γ), is smaller than the time-scale for
decay to the absorbing boundary,1/p̄1(∞) = (1 + γ)Nt/γNt. Therefore,γ should be larger than
(Neq)1/Nt − 1. For largeNt and1 6 Neq < Nt this number is close to0.

It follows from (3.39) that the mean number of closed bonds decreases exponentially,N(τ) =
Neqe

−p̄1(∞)τ . This is confirmed by Fig. 3.11a, which shows the corresponding simulation results. For
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Figure 3.11: (a) Average number of closed bondsN obtained from stochastic simulations of the master
equation forγ = 1 andNt = 1, 2, 5, 10 and100. (b) VarianceσN of the cluster size distribution for
the same parameters as in (a).

Nt = 2, 5 and10, we havep̄1(∞) = 0.5, 0.16 and9.7 × 10−3. Numerically we find0.6, 0.13 and
0.01, thus the approximation is rather good. In Fig. 3.11b, we plot numerical results for the standard
deviationσN . The initial increase ofσN is well described by (3.35) for the reflecting boundary, thus
the boundary has little influence here. Large clusters stay close to the steady state during the time
shown and the approximation is applicable. For small clusters, the variance grows larger than the
steady state value before is decreases exponentially while the cluster sizeN approaches zero. The
variance contains two time-scales. The second moment of the distribution decreases on the same
time-scale as the average, while the square of the first moment decreases twice as fast. The long time
exponential decrease ofσN is thus described by twice the relaxation time as is was found for the
average number of bonds.

Although an exact solution for the state probabilities seems to be impossible for the case of an
absorbing boundary, more analytical progress can be made if one is only interested in the probability
that the cluster dissociates as a whole. For the absorbing boundary, the cluster dissociation rate has
been denoted byD(τ) before. In the context of the reflecting boundary,D(τ) can be identified as
the probability that the statei = 0 is reached for the first time at timeτ if the system has started in
the statei = Nt at timeτ = 0. This is a first passage problem which can be treated with Laplace
techniques. Since the transition rates do not depend on absolute time, one can decompose the state
probability fori = 0 in two parts:

p0(τ) =
∫ τ

0
D(τ ′)p0,0(τ − τ ′) dτ ′ (3.40)

wherep0,0(τ) is the state probability for statei = 0 with initial conditionpi(0) = δi,0. p0,0(τ) can
also be interpreted as the probability for having returned to the boundary after timeτ . A Laplace
transform of the equation leads to an algebraic relation between the Laplace transforms of the three
functions:

D(s) =
p0(s)
p0,0(s)

. (3.41)

Here,h(s) =
∫∞
0 e−sτh(τ) dτ denotes the Laplace transform of a functionh(τ). The explicit form
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of the probabilityp0(τ) is given in (3.33):

p0(τ) =

[
1− e−(1+γ)τ

1 + γ

]Nt

. (3.42)

The probabilityp0,0(τ) is also given in (A.23) of Appendix A:

p0,0(τ) =

[
1 + γe−(1+γ)τ

1 + γ

]Nt

. (3.43)

The Laplace transforms of the these two functions are given by

p0(s) =
1

(1 + γ)Nt

Nt∑
i=0

(
Nt

i

)
(−1)i

s+ i(1 + γ)
(3.44)

and

p0,0(s) =
1

(1 + γ)Nt

Nt∑
i=0

(
Nt

i

)
γi

s+ i(1 + γ)
, (3.45)

so that the Laplace transformed first passage probability time distribution is

D(s) =

∑Nt
i=0

(
Nt

i

) (−1)i

s+i(1+γ)∑Nt
i=0

(
Nt

i

) γi

s+i(1+γ)

=

∑Nt
i=0

(
Nt

i

)
(−1)i

∏
j 6=i(s+ j(1 + γ))∑Nt

i=0

(
Nt

i

)
γi
∏

j 6=i(s+ j(1 + γ))
. (3.46)
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Figure 3.12: (a) Average lifetimeT of adhesion clusters as function of cluster sizeNt for rebinding
ratesγ = 0.0, 0.1, 0.5, 1, 5 and10.0. (b) Average lifetimeT as function of rebinding constantγ for
cluster sizeNt = 1, 2, 5, 10, 20 and50.

Using the method of residues one might in principle calculate the inverse which will be a sum
overNt exponentials corresponding to theNt possible zeros of the polynomial in the denominator.
However, to derive a general, analytical expression for the backtransform ofD(s) seems to be impos-
sible. Nevertheless, the mean first passage time can be extracted from this result, because it does not
require the backtransform [van Kampen, 2003]:

T =
d

ds
D(s)

∣∣∣∣
s=0

=
1

1 + γ

{
HNt +

Nt∑
n=1

(
Nt

n

)
γn

n

}
. (3.47)
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This equation is a polynomial of orderNt− 1 in γ. The zero order term is the harmonic numberHNt ,
so forγ = 0 we recover the result from (3.23). The correction due to rebinding is a polynomial inγ
of orderNt − 1. In Fig. 3.12, we plot (3.47) as a function of cluster sizeNt and rebinding rateγ. As
long asγ < 1, cluster lifetime grows only weakly (logarithmically) with cluster size (at least for not
too large clusters). Forγ > 1, the higher order terms inγ take over and the increase inT becomes
effectively exponential, as shown in Fig. 3.12a. In Fig. 3.12b, it is shown explicitly that increasingγ
to values larger than unity leads to a strong increase in lifetime. This effect is larger for larger clusters
since the number of rebinding events in the dissociation path is larger.

3.3 Non-cooperative constant loading

In Sec. 2.2 we have introduced non-cooperative loading with a stiff force transducer. For a constant
force, the linear master equation (2.28) is equivalent to the one for vanishing force discussed in this
section. The solutions presented forf = 0, can be directly applied to non-cooperative loading with
finite force,f > 0.

Non-cooperative loading with the force per bondfb = f = const increases the off-rateefb of the
single bond, but it does not introduce a coupling between the bonds as in the case of shared loading.
On the force dependent time-scale

ϑ := τefb , (3.48)

the dimensionless off-rate equals1 as in the force free case. Using the time-scaleϑ the dimensionless
on-rateγ has to be replaced by the expression

γf := γ/efb = kon/k0e
fb = kon/koff . (3.49)

which decreases exponentially with force. It is the ratio of dimensional on-ratekon and force depen-
dent, dimensional off-ratekoff = k0e

fb . Rewriting the master equation (2.28) and the deterministic
equation (2.45) usingϑ instead ofτ , leads to a form for the dynamic equations which is equivalent
to the equations for vanishing force. The solutions can be transferred directly ifτ andγ are replaced
by ϑ andγf . Therefore, the effect of non-cooperative loading is two-fold: the rupture dynamics is
accelerated exponentially with increasing force and the balance of rupture and rebinding is disturbed
because only the off-rate increases while the on-rate stays constant.

For vanishing rebinding,γ = 0, the result is a radioactive decay for which the time-scale is
reduced by the factore−fb . This is the only effect of loading. The average lifetime is reduced to
e−fb lnNt. Otherwise, the solutions are identical to the force free case. At any given time the distri-
butionpi is a binomial and with the same standard deviation as the forfb = 0.

For finite rebinding,γ > 0, also the change of the balance between rebinding and unbinding
is observed. The time-scale for the dynamics is shortened as before bye−fb . But now, the steady
state is shifted to smaller numbers of closed bonds which increases the probability for fluctuations to
the absorbing boundary. This leads to a non-linear effect of loading on the lifetimeT , which was a
polynomial of orderNt−1 in γf = γe−fb . This can also be understood in the leakage approximation.
The rate of fluctuations is given by1/efb p̄1(∞) which is also a polynomial of orderNt − 1 in e−fb .

The simple rescaling is possible for non-cooperative loading because the off-rate is independent of
the number of closed bonds. Then, there are only two time-scales in the system which are determined
by the on-rateγ and the off-rateefb . For shared loading there are alwaysNt + 1 different time-scales
which cannot all be brought into the form forfb = 0.
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3.4 Finite force and finite rebinding

3.4.1 Deterministic analysis
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Figure 3.13: Time derivativedN/dτ of
the number of closed bonds for forces be-
low, at and above the critical forcefc.
The two steady states that exist forf <
fc merge atf = fc. For f > fc, no
steady state exists.

Force destabilises the cluster, while rebinding stabilises it again. It has been shown by Bell [1978]
in the framework of the deterministic equation (2.36) that, the cluster remains stable up to a critical
forcefc. For the following it is helpful to revisit his stability analysis. The time derivativedN/dτ is
plotted in Fig. 3.13 for forces below, at and above the critical force. In equilibrium,dN/dτ = 0, we
have the condition

Neqe
f/Neq = γ(Nt −Neq) , (3.50)

for the fixed pointsNeq. Exactly at critical loading the two roots of this equality – the two stationary
states – merge and the slopes of the two terms become equal. This gives the additional equation

efc/Nc

(
1− fc

Nc

)
= −γ . (3.51)

These two equations allow to determine the critical values for cluster size and force:

fc = Nt pln
(γ
e

)
and Nc = Nt

pln
(γ

e

)
1 + pln

(γ
e

) , (3.52)

where the product logarithmpln (a) is defined as the solutionx of xex = a. For small forces, the
unstable fixed point is very close to zero. This implies that the stable fixed point is an attractor for
most initial conditions. Close to the critical force, the unstable fixed point is close to the stable one and
only the initial conditions aboveNc will reach the stable fixed point. As expected from the scaling of
the deterministic equation (2.43) withNt, the critical force and steady state (3.52) scale linearly with
Nt (so thatfc/Nt andNeq,c/Nt are independent ofNt), but depend non-trivially onγ. Forγ < 1, we
havefc ≈ γNt/e. Thus the critical force vanishes withγ, because the cluster decays by itself with
no rebinding. Forγ > 1 and up toγ ≈ 100, we havefc ≈ 0.5Nt ln γ. This weak dependence onγ
shows that the single bond force scale set byFB also determines the force scale on which the cluster
as a whole disintegrates. Fig. 3.14a shows howfc crosses over from linear to logarithmic scaling with
increasingγ.

Eq. (3.50) is an implicit equation which cannot be inverted to giveNeq as a function of the model
parametersNt, f andγ. In general,Neq decreases fromγNt/(1+ γ) for f = 0 toNc for f = fc. For
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Figure 3.14: (a) Critical force (3.52) in relation to total cluster size,fc/Nt, as function of the rebinding
constantγ. It scales linearly (dotted curve) at small and logarithmically (dashed curve) for largerγ.
(b) Stable steady value for number of closed bonds normalised by the critical value,Neq/Neq,c, for
γ = 0.1, 1 and10 (upper to lower curves) as function of forcef/fc for Nt = 100. Numerical results
(solid lines) are compared to the approximation (3.53) (dashed lines). The horizontal line marks the
smallest possible value at the critical forcefc.

small forces we can find an approximate solution by first expanding the exponential function in (3.50)
to second order inf/Neq and then expanding the resulting quadratic function forNeq to second order
in f/γNt:

Neq ≈
γNt

1 + γ

{
1−

(
f

γNt

)
− γ + 1

2

(
f

γNt

)2
}
. (3.53)

Fig. 3.14b shows numerical results forNeq/Nc in comparison with the low force approximation (3.53)
for different rebinding constantsγ = 0.1, 1.0 and10 as function of forcef/fc and for cluster size
Nt = 100.

Figure 3.15: Deterministic mean lifetime
T of a cluster ofNt = 100 bonds for
γ = 1 as a function of the force-size
ratio f/Nt. Numerical integration of
the deterministic equation (solid line) is
compared to the exact solution for van-
ishing rebinding (dashed line) and the
inverse linear scaling (dotted line) pre-
dicted close to the critical force.
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In the deterministic framework, cluster lifetime is infinite forf 6 fc, because a stationary state
exists atNeq. For f > fc, cluster lifetime is finite, but strongly varies as a function ofNt, f andγ.
For f � fc, we can neglect rebinding and use the results from Sec. 3.1, where we found for cluster
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lifetime

Tdet = E
(
f

Nt

)
≈ e−f/Nt

1 + f/Nt
, (3.54)

compare (3.11). As forcef is decreased towards the critical valuefc, rebinding becomes important
again and cluster lifetime diverges. To understand this limit, we note that here the system will evolve
very slowly, because it is still close to a steady state. Therefore we can expand the time derivative of
N , compare (2.42), for small deviations from the critical state:

d

dτ
N ≈ ∂

∂f

(
d

dτ
N

)∣∣∣∣
fc,Nc

(f − fc) = −efc/Nc(f − fc) = −e1+pln(γ/e)(f − fc) . (3.55)

In this limit, the lifetime will be dominated by the time spent close to the critical state. The time for a
significant change∆N ' −1 in N is

T ' ∆τ ' 1
f − fc

e−(1+pln(γ/e)) . (3.56)

ThereforeTdet diverges like the inverse off − fc. Fig. 3.15 shows the lifetime of an adhesion cluster
derived from numerical integration of the deterministic equation forγ = 1 andNt = 100 as a function
of the force-size ratiof/Nt. The numerical results are compared to the approximation (3.54) for large
forces and (3.56) for the divergence close to the critical point. Obviously both approximations work
well for their respective limits. For different cluster sizesNt, the plot remains basically unchanged
(not shown), because the forces abovefc are already in the range where (3.3) predicts scaling with
f/Nt alone. For different rebinding constantsγ the results are qualitatively the same, only that the
critical force is shifted to different values.

3.4.2 Stochastic analysis

In general, it seems to be difficult to find a closed-form analytical solution for the state probabilities
pi(τ) for general values ofγ, f andNt. In the following, we will derive such an analytical solution
for the caseNt = 2 with an absorbing boundary. In principle, solutions can be constructed in the
same way for a reflecting boundary or larger clusters, but for increasing cluster size, the analytical
procedure quickly becomes intractable. For this reason, we will later use simulations to deal with the
general case.

We start by rewriting the master equation (2.26) in matrix form:

ṗ = W · p . (3.57)

For the caseNt = 2 with an absorbing boundary,p = (p0, p1, p2)† and

W =

0 r1 0
0 −(r1 + g1) r2
0 g1 −r2

 . (3.58)

The master equation in matrix form is solved by [van Kampen, 2003]

p(τ) = eWτ · p(0) = p∞ +
∑
λ<0

cλe
λτpλ (3.59)
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wherep∞ is the eigenstate with eigenvalue zero, that is the stationary state of the master equation.
The other eigenvalues are negative and the corresponding eigenstatespλ<0 are transient states. The
coefficientscλ have to be determined from the initial condition

p(0) = p∞ +
∑
λ<0

cλpλ . (3.60)

The stationary state withλ0 = 0 is the absorbing statep∞ = (1, 0, 0)† and guarantees normalisation
of the probability distribution. The transient states give no net contribution to{pi(τ)}Nt

i=0. The two
negative eigenvalues can be written as

λ1,2 = −(Ω± ω) (3.61)

with Ω andω being defined as

Ω = (r1 + r2 + g1)/2 and ω =
√

Ω2 − r1r2 . (3.62)

Note that0 < ω < Ω and henceλ1,2 < 0. The transient eigenstates are

p1 =
1
g1

λ2 + r1
λ1 + r2
g1

 and p2 =
1
g1

λ1 + r1
λ2 + r2
g1

 . (3.63)

The three eigenstatespλ are linearly independent and form a basis of the state space of the cluster.
With the initial conditionpi(0) = δi,Nt , i.e.p(0) = (0, 0, 1)†, the coefficientscλ follow from (3.60)
as

cλ1 = (λ2 + r2)/(λ2 − λ1) and cλ2 = −(λ1 + r2)/(λ2 − λ1) . (3.64)

The final result then can be written as

p0(τ) = 1−
{

cosh(ωτ) +
Ω
ω

sinh(ωτ)
}
e−Ωτ

p1(τ) =
r2
ω

sinh(ωτ)e−Ωτ

p2(τ) =
{

cosh(ωτ) +
Ω− r2
ω

sinh(ωτ)
}
e−Ωτ .

(3.65)

There is a competition between the hyperbolic terms, which grow on the time-scale1/ω, and the
exponential terms, which decrease on the time-scale1/Ω. Sinceω < Ω, the exponential terms will
win and only the stationary state survives.

With the exact solution (3.65), one now can calculate any quantity of interest. For example, the
mean number of bonds,N(τ) = p1(τ) + 2p2(τ), follows as

N(τ) =
{

2 cosh(ωτ) +
r1 + g1
ω

sinh(ωτ)
}
e−Ωτ . (3.66)

The dissociation rate for the cluster as a whole as given byD(τ) = r1p1 = ṗ0, resulting in

D(τ) =
r1r2
ω

sinh(ωτ)e−Ωτ . (3.67)
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Figure 3.16: State probabilitiespi as a function of timeτ for Nt = 10 with γ = 1 for force f =
0.1, 1, 3 and10 (a - d). In (a), the numerical solution is compared with the leakage approximation
(dotted lines). The intermediate force values are chosen below and above the critical forcefc =
0.278Nt.

One easily checks that normalisation is correct,
∫∞
0 D(τ) dτ = 1. Mean cluster lifetimeT now

follows as

T =
∫ ∞

0
τD(τ) dτ =

1
2

{
2e−f + e−f/2 + γe−3f/2

}
. (3.68)

As shown in the preceding sections for special cases, force leads to exponentially decreased lifetimes,
while rebinding leads to polynomial terms inγ of orderNt − 1.

In Appendix C, the general solution of a three state one-step master equation with arbitrary tran-
sition rates is derived. The results from above for constant shared loading emerge as a special case.
Although the eigenvalue analysis can be used also for the general case of arbitrary cluster size, in this
case it is more efficient to use exact stochastic simulations as they are described in Appendix B. In
Fig. 3.16 numerical solutions of the state occupancy probabilities{pi(τ)}Nt

i=0 are plotted forNt = 10
with γ = 1 for four different forcesf = 0.1, 1, 3 and50. This figure corresponds to Fig. 3.1 for
vanishing rebinding and Fig. 3.10 for vanishing force. For small force, the numerical solutions com-
pare well with the leakage approximation (3.39) introduced for vanishing force. Here, the steady state
distribution for finite force had to be used. For constant rates, this can be calculated from the master
equation (2.24) in terms of the transition rates for arbitrary one-step processes. For a one-step master
equation, stationarity implies the detailed balance conditiongipi(∞) = ri+1pi+1(∞). Iterating this
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condition, thepi(∞) are expressed in terms ofp0(∞) as

pi(∞) = p0(∞)
i−1∏
j=0

g(j)
r(j + 1)

. (3.69)

The probabilityp0(∞) is determined by the normalisation condition

1 =
Nt∑
i=0

pi(∞) = p0(∞)

1 +
Nt∑
i=1

i−1∏
j=0

g(j)
r(j + 1)

 (3.70)

so that

p0(∞) =
1

1 +
∑Nt

i=1

∏i−1
j=0

g(j)
r(j+1)

(3.71)

and the properly normalised stationary probability distribution is given by

pi(∞) =

∏i−1
j=0

g(j)
r(j+1)

1 +
∑Nt

k=1

∏k−1
j=0

g(j)
r(j+1)

. (3.72)

The time-scale for fluctuations1/r1p1(∞) is now given by

1
r1p1(∞)

=
1 +

∑Nt
k=1

∏k−1
j=0

g(j)
r(j+1)

r1(g0/r1)
=

1
g0

1 +
Nt∑

k=1

k−1∏
j=0

g(j)
r(j + 1)

 =
1

g0p0(∞)
. (3.73)

This expression has to be inserted into the local thermal equilibrium approximation of (3.39). For
the smallest forcef/Nt = 0.01, the leakage approximation can describe the solutions. For larger
forces but still below the critical force the approximation breaks down. If force is increased beyond
the critical force (fc = 2.78 for γ = 1), a simple description is not available, because equilibration
proceeds on the same or on a longer time-scale as the decay. For very large force, the behaviour of
the adhesion cluster approaches that for vanishing rebinding, with the analytical solution (3.14).

Fig. 3.17 demonstrates that the decay process changes dramatically as force is increased above the
critical value. It displays trajectories of individual clusters withNt = N0 = 10, 100 and1000 bonds
in comparison with the average number of bonds derived from a large number of these trajectories.
Sincefc = 0.278Nt for γ = 1, Fig. 3.17a withf = 0.25Nt is below the critical value. For the largest
cluster, the system equilibrates towards the steady state and then fluctuates around this value with very
rare encounters of the absorbing boundary. For the smaller clusters, however, fluctuations towards the
absorbing boundary frequently lead to loss of individual realisations. As a result, the average number
of closed bonds decays exponentially on a much faster time-scale. Fig. 3.17b withf = Nt is above
the critical force and the behaviour is changed qualitatively. A steady state does not exist anymore
and the clusters do not decay by fluctuations, but the size of each adhesion cluster is continuously
reduced. Clusters of different size now decay on the same time-scale and rebinding events are very
rare in comparison to rupture events.

Fig. 3.18 plots numerical results for the average number of closed bondsN as function of timeτ
for two different values off/Nt and for cluster sizesNt = 1, 10, 102 and103. Forf = 0.25Nt < fc,
after initial relaxation all curves decay exponentially. Forf = Nt > fc, the larger clusters show a
steep decrease in average cluster size at the end of the decay due to the effects of shared loading. For
the small clusters, the average cluster size decreases slowly since cooperative effects are small.
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Figure 3.17: Single simulation trajectories forNt = 10, 100 and100 for γ = 1 and at two different
forces (a)f = 0.25Nt < fc and (b)f = Nt > fc. Representative trajectories are compared to the
average numberN of closed bonds resulting from averaging over a large number of such trajectories.
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Figure 3.18: Average number of closed bondsN for Nt = 1, 10, 102 and103, γ = 1 and (a)f/Nt =
0.25 and (b)f/Nt = 1. In (a), the numerical results are compared to exponentially decaying curves
∼ e−aτ (dashed lines) witha = 1.28, 0.52, 0.072 and0.0009 for increasing bond number.

Fig. 3.19 plots the varianceσN (τ) of the distributionpi for the two force values used in the two
previous figures. Below the critical force the behaviour is similar to that for vanishing force depicted
in Fig. 3.11. The variance decreases exponentially after having traversed a maximum. For forces
above the critical force, a different behaviour arises. After growing as expected in the initial phase,
the variance displays a sharp peak. This effects becomes more pronounced the larger cluster size.

In Fig. 3.20 a comparison of the average number of closed bonds in the stochastic and the deter-
ministic description is shown.N(τ) is plotted for cluster sizesNt = 10, 100 and1000 for the forces
f/Nt = 0.1 and1.0 and the rebinding rateγ = 1.0. For small forcesf < fc, the average number of
closed bonds equilibrates towards the steady state and remains constant thereafter. The fluctuations
occurring in the stochastic description lead to a slow exponential decrease ofN . Above the critical
force, the deterministic clusters decay as well, and in a more abrupt way than the stochastic average.

We now turn to the dissociation rate of the overall cluster as a function of the model parameters.
For γ = 1 andf = 0.25Nt andNt, that is below and above the critical force, numerical results are
plotted in Fig. 3.21. For a single bond, dissociation is a Poisson process with the maximum atτ = 0
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Figure 3.19: VarianceσN for forces (a)f = 0.25Nt and (b)f = Nt for γ = 1 andNt = 1, 10, 102

and103 (lower to upper curves).
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Figure 3.20: Comparison of stochastic and deterministic results for the average number of closed
bondsN derived from numerical solutions of the master equation (solid lines) and from integration
of the deterministic equation (dashed curves) for cluster sizesNt = 10, 102 and103 and forces (a)
f/Nt = 0.1 and (b)1.0. The rebinding rate isγ = 1.

and an exponentially decreasing dissociation rateD(τ) = r(1)p1(τ) = efe−ef τ . For larger clusters
and below the critical force, fluctuations to the absorbing boundary determine the rate of dissociation,
which vanishes atτ = 0, goes through a maximum and then decreases exponentially with time.
As explained above, exponential decay arises because decay proceeds by rare fluctuations from the
steady state towards the absorbing boundary. Above the critical force, the dissociation rate forNt > 1
becomes more sharply peaked and cannot be described with single exponential curves. A steady state
does not exist anymore and dissociation does not proceed by fluctuations. The trajectories in Fig. 3.17
have shown that adhesion clusters decay fairly abrupt towards the end of the decay as a consequence
of shared loading. This cooperative instability is the reason for the sharp dissociation distribution for
large clusters under super-critical loading.

Whereas results for the dissociation rate have to be obtained numerically, the average lifetime can
be calculated analytically. The basic idea here is to sum the average times for any possible pathway
leading from the initial cluster sizeN0 towards dissociation at the absorbing boundaryi = 0 with its
appropriate statistical weight. One can show that the lifetimeTNt,N0 of a cluster with a total ofNt
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Figure 3.21: Dissociation rateD of the overall cluster forγ = 1 andNt = 1, 5, 10, 25, 102 and103.
(a)f = 0.25Nt and (b)f = Nt.

molecular bonds of whichN0 are closed initially satisfies the equation [van Kampen, 2003]

g(N0) (TNt,N0+1 − TNt,N0) + r(N0) (TNt,N0−1 − TNt,N0) = −1 . (3.74)

The left hand side can be considered to be the adjoint operator of the master equation acting on the
average lifetimeTNt,N0 . For the initial conditionN0 = Nt, the equation is solved exactly by

T = TNt,Nt =
Nt∑
i=1

1
r(i)

+
Nt−1∑
i=1

Nt∑
j=i+1

∏j−1
k=j−i g(k)∏j
k=j−i r(k)

, (3.75)

where the first term is the result (3.22) for vanishing rebinding and the second term results in a poly-
nomial of orderNt − 1 in γ. For f = 0, (3.75) is identical to the earlier result (3.47) obtained by
Laplace transforms. Both expressions are polynomials of orderNt − 1 in γ, but in the general case
from (3.75), the coefficients depend on force. ForNt = 2, we obtain the result from (3.68). For
Nt = 3, we find

T = e−f +
e−f/2

2
+
e−f/3

3
+ γ

(
e−5f/6

6
+ e−3f/2

)
+ γ2 e

−11f/6

3
. (3.76)

ForNt = 2 and3, T can also be derived by explicitly summing over all possible dissociation paths.
For largerNt, direct summation becomes intractable and the results following from the general for-
mula (3.75) become rather lengthy. In general, force always affects most strongly those terms of
highest order inγ, thus forγ > 1, application of force is therefore an efficient way to reduce average
lifetime T . Forγ < 1, T is dominated by those terms of lowest order inγ, thus here the reduction of
lifetime with increasing force is only weakly modulated by rebinding.

Fig. 3.22 shows the average lifetime of adhesion clusters of sizeNt = 1, 2, 5, 10, 15 and25 as
a function of force-size ratiof/Nt for on-ratesγ = 0.1 andγ = 1.0. For small forces,f < 1,
the average lifetime plateaus at the value given by (3.47). For large forces,f > Nt, that is, when
the force on each single bond is larger than the intrinsic force scale, the limit of vanishing rebinding
applies. The critical forces for the given rebinding rates arefc = 0.0355Nt andfc = 0.278Nt. In the
intermediate force range, roughly aroundfc, the lifetime is reduced from the zero force to the zero
rebinding limit. This reduction is dramatic for large clusters (Nt > 10) with appreciable rebinding
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Figure 3.22: Average lifetimeT according to (3.75) (solid lines) of adhesion clusters withNt =
1, 2, 5, 10, 15 and25 as a function off/Nt for (a)γ = 0.1 and (b)γ = 1. The critical forces for these
rebinding rates arefc/Nt = 0.0355 and0.278, respectively, where the deterministic results for the
lifetimes (dashed lines) diverge.

(γ > 1), where the lifetime is reduced by orders of magnitude. We also show the lifetime following
from the deterministic framework. For large forces, it provides a lower limit for the stochastic lifetime,
because here the largest clusters have the shortest lifetimes for a given force size ratiof/Nt. Below
the critical force the deterministic lifetime is infinite and the stochastic curves approach the plateaus
(3.47) determined by fluctuations towards the absorbing boundary.
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Figure 3.23: Average cluster lifetimeT (a) as function of rebinding rateγ for Nt = 10 andf/Nt =
0, 0.1, 0.3, 0.6 and1 and (b) as function of cluster sizeNt for γ = 1.0 andf = 0, 1, 2 and10.

Fig. 3.23a demonstrates the influence of rebinding on the average lifetime at different levels of
force. Here we show average lifetimeT as function ofγ for Nt = 10 and for increasing values of
force. Forf = 0 the curves are as depicted in Fig. 3.12. Increasing force reduces the lifetime strongly
and leads to an almost constant lifetime for differentγ (compared the strong increase forf = 0).
Only when rebinding is sufficiently strong that force is smaller than the critical force,f < fc, lifetime
begins to grow. The increase observed then is similar to that for vanishing force, only that the absolute
value of lifetime is smaller. For example, forf = 0.6Nt, the cluster grows strongly forγ > 5 where
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the critical force isfc = 0.82Nt; for f = Nt the strong increase is observed forγ > 10, for which
the critical force isfc = 1.15Nt. A similar effect is observed for the dependence of average lifetime
on cluster size, see Fig. 3.23b. At smallNt, cluster lifetime grows strongly at large forces according
to (3.22) due to shared loading. For largerNt, lifetime grows slowly untilNt is large enough that
fc > f is reached. Above this size,T grows on a rate comparable to that for vanishing or small force.
Forγ = 0.1, the increase ofT with Nt is slow throughout the shown range ofNt.

3.5 Summary

In this chapter, we have presented a detailed analysis of the stochastic dynamics of adhesion clusters
of sizeNt under constant shared loadingf and with on-rateγ. The corresponding master equation
has been solved exactly for several special cases. For vanishing rebinding (γ = 0), the exact solution
(3.15) could be constructed because cluster decay is a sequence of Poisson processes. For vanishing
force (f = 0), we deal with a linear problem, which can be treated with standard techniques. In the
case of natural boundaries (that is for a reflecting boundary ati = 0), the exact solution (3.33) follows
with the help of a generating function. In the general case of finite forcef and finite rebinding rateγ,
for the caseNt = 2 and an absorbing boundary we used an eigenvalue analysis to derived the exact
solution (3.65). In principle, the same method can also be applied for a reflecting boundary or for
larger clusters, but this does not lead to simple analytical results.

For vanishing force (f = 0) and an absorbing boundary ati = 0, we introduced the ‘leakage
approximation’ (also known as ’local thermal equilibrium description’ in the theory of protein fold-
ing), which treats the absorbing boundary as a small perturbation to the exactly solved case of the
reflecting boundary. The resulting formulae given in (3.39) work well if average cluster lifetimeT is
much larger than the internal time-scale1/(1 + γ) (that is for large clusters or strong rebinding). For
finite force the time dependent solution is not known even for natural boundaries. Using the steady
state distribution alone, the leakage approximation could also be used for the case of small, finite
forces. All other cases have been treated with exact stochastic simulations using the Gillespie algo-
rithm, which for large clusters is more efficient than the eigenvalue analysis. Moreover, the study of
single simulation trajectories offers valuable insight into the typical nature of unbinding trajectories
expected for experiments.

The case of non-cooperative loading with the forcef on each closed bond was discussed shortly
for comparison. In this case, the adhesion bonds are independent as for vanishing force but their
rupture rate is increased by the factoref . The linear master equation for this case is equivalent to that
for vanishing forcef = 0. Because the bonds in the cluster lack any cooperativity, loading with a
constant force only accelerates single bond rupture and thus changes the balance of rebindingγ and
ruptureef . With a reflecting boundary, this shifts the steady state to smaller values ofi. With an
absorbing boundary, the probability of fluctuations to the absorbing boundary that lead to a loss of
realisations is increased. In the leakage approximation, this leads to a non-linear effect ofef on the
lifetime.

Once the master equation is solved, either exactly or numerically, all quantities of interest can be
calculated. We focused on the mean number of closed bonds as a function of time,N(τ), and the
dissociation rate for the overall cluster,D(τ). The first moment ofD(τ) then gives the mean cluster
lifetime T . We derived the exact solutionT = T (Nt, f, γ) from the adjoint master equation, see
(3.75). For the special cases of vanishing rebinding and vanishing force, we also showed how the ex-
act formulae forT can be derived via completely different routes. The result forT = T (Nt, f) from
(3.22) follows from the unique dissociation path without rebinding, while the result forT = T (Nt, γ)
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from (3.47) can be derived with Laplace techniques as a mean first passage time for the case of a re-
flecting boundary. In order to assess the role of fluctuations, we also calculated the standard deviations
σN andσT for the distributions of the number of closed bonds and cluster lifetimes, respectively.

A special interest of this chapter was a detailed comparison between the stochastic and determin-
istic treatment. Regarding mean cluster lifetime, the deterministic treatment is rather good in the case
of vanishing rebinding, although it underestimates the plateau value for cluster lifetime at small force.
In the presence of rebinding, the deterministic treatment fails, because it includes neither the effect of
fluctuations nor the effect of an absorbing boundary. In particular, the deterministic treatment does
not predict finite lifetime below the critical forcefc, when clusters decay due to fluctuations towards
the absorbing boundary. Only at very large force, when rebinding becomes irrelevant, does the deter-
ministic treatment work well again. Regarding the average number of closed bonds, the deterministic
model fails because it does not correctly treat the non-linearity in the rupture rate. This effect is most
evident for small clusters and at late stage of rupture. In general, the mean number of closed bonds in
the stochastic model decay in a smoother way than in the deterministic model, which typically shows
an abrupt decay in late stage. This abrupt decay in fact is typical for shared loading and shows up in
the stochastic model when one studies single simulation trajectories. In this sense, the deterministic
model makes an interesting prediction which should be confirmed in experiment, albeit not on the
level of the first moment, as suggested by the deterministic model, but rather on the level of single
trajectories, as suggested by the stochastic model.

Our results can now be used to evaluate a large range of different experimental situations. The
stochastic dynamics of adhesion clusters under force can be quantitatively studied with many differ-
ent techniques, including atomic force microscopy, optical tweezers, magnetic tweezers, the biomem-
brane force probe, flow chambers, and the surface force apparatus. In all of these cases, by measuring
cluster lifetimeT and two out of the three parametersNt, f andγ, the third parameter can be esti-
mated with the help of our exact results. In general, our exact results nicely show how mean cluster
lifetime T varies with cluster sizeNt, forcef and rebinding rateγ. For example, if the single bond
lifetime was one second (k0 = 1/ s), for f = 0 andγ = 0 a cluster lifetimeT of one minute could
only be achieved with1026 bonds, because in this case, cluster lifetime scales only logarithmically
with cluster size. However, for a rebinding rateγ = 1 (kon = k0), onlyNt = 10 bonds are necessary,
because lifetime scales strongly with rebinding,T ∼ γNt−1. Increasing force tof = 10 would de-
crease lifetime toT = 0.05 s, becauseT is exponentially decreased byf . To reach one minute again,
cluster size or rebinding rate had to be increased such thatf < fc. This impliesNt > 50 or γ > 10.
It is important to note that these predictions are based on the assumption of rigid force transducers. In
many experimental situations of interest, the force transducer will be subject to elastic deformations
or even to viscous relaxation processes, like for example when pulling on cells [Benoit et al., 2000].
In order to focus on generic aspects of adhesion clusters, here we only studied the minimal model for
stochastic dynamics under force.

Our results can also be applied to experiments in cell adhesion. For example, the biomembrane
force probe with linear loading has recently been used to study the decay ofανβ3-integrin clusters
induced on the surface of endothelial cells [Prechtel et al., 2002, Erdmann and Schwarz, 2004a]. If
one makes sure that the clusters do not actively grow during the time of dissociation, similar exper-
iments could now be done also for constant loading [Pierrat et al., 2004]. Because in these kinds of
experiments the exact cluster size is usually unknown, one had to convolute our results with a Poisson
distribution for an estimated average number of bonds [Chesla et al., 1998, Zhu, 2000]. Recently, our
result for the average cluster lifetime of two bonds under shared force and with rebinding, (3.68), has
been applied to the analysis of flow chamber data on leukocyte tethering through L-selectin [Schwarz
and Alon, 2004]. Since in this case force can be calculated as a function of shear flow, our formula
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can be used to the estimate rebinding rate, which in this case turns out to be surprisingly large. This
in turn explains why dissociation dynamics in L-selectin mediated leukocyte tethering appears to be
first order: for large rebinding, the leakage approximation is rather good, and decay is exponential.

Our results can not be directly applied to adhesion clusters which compensate for force-induced
decay by active growth, as it has been found experimentally for focal adhesions [Riveline et al., 2001].
Yet there are also interesting lessons for focal adhesions which can be learned from our model. For
example, our stochastic analysis confirms the prediction from the deterministic stability analysis that
cluster stability changes strongly around the critical valuefc (although small clusters tend to decay
also at smaller force due to fluctuations towards the absorbing boundary). It is interesting to note
that recent experiments measuring internally generated force at single focal adhesions suggest that
f/Nt, the most important scaling variable of our analysis, is roughly constant for different cell types
[Balaban et al., 2001, Tan et al., 2003]. It is therefore tempting to speculate that focal adhesions (or
subsets of focal adhesions) are regulated to be loaded close to the critical valuefc/Nt = pln (γ/e)
from (3.52). In this way, cells could quickly increase force on single bonds by small changes in
actomyosin contractility. Large force on single closed bonds in turn might trigger certain signalling
events in focal adhesions, possibly by mechanically opening up certain signalling domains [Isralewitz
et al., 2001]. Our speculation provides a simple way to estimate the rebinding rate, which is very
hard to measure experimentally. Using compliant substrates, it has been found that focal adhesions
are characterised by a stress constant∼ 5.5 nN / µm2 [Balaban et al., 2001, Tan et al., 2003]. We
do not know which of the many different proteins in focal adhesions defines the weak link which
most likely ruptures under force, but we expect that it will have a similar area density as the integrin
receptors, which are expected to have a typical distance between 10 and 30 nm, corresponding to
104 and103 molecules perµm2, respectively. To obtain a lower estimate forγ, we therefore use
Fc = 5.5 nN andNt = 104. For activatedα5β1-integrin binding to fibronectin, recent single molecule
experiments obtained for the molecular parameter valuesk0 = 0.012 Hz andFB = 9 pN [Li et al.,
2003]. Therefore the rebinding rate can be estimated to be at leastγ = 0.2, that iskon = 0.002 Hz in
dimensional units. Based on future experimental input, it would be interesting to extend our model of
passive decay to active processes resulting in cluster growth under force.

Finally we want to comment that our model might also be applied to situations in materials sci-
ence which are not directly related to biomolecular receptor-ligand pairs. One example is sliding
friction, which recently has been modelled as dynamic formation and rupture of bonds under force
[Filipov et al., 2004]. In general, we expect that many more cohesion phenomena in materials can be
successfully modelled as dynamic interplay between rupture and rebinding.



Chapter 4

Linear loading

In many cases of interest, the force exerted on adhesion clusters is not a constant but varies in time. In
the context of cell adhesion, time-dependent forces arise during the builup of force at newly formed
contacts in migrating cells or during rolling adhesion of white blood cells. Experimentally, time-
dependent forces are commonly used in dynamic force spectroscopy. The simplest possibility for a
time-dependent force is a linear increasef(τ) = µτ of force with the constant loading rateµ.

In this chapter we analyse the dynamic equations for adhesion cluster dynamics under linear load-
ing. Results of the stochastic description will be compared to deterministic results. We begin with the
case of vanishing rebinding, where we discuss shared as well as non-cooperative loading, before we
turn to the general case of shared loading with finite rebinding and loading rate. For non-ccoperative
loading the determnistic and the master equation are solved analytically. For shared loading we inves-
tigate the deterministic equation analytically using a scaling analysis for which the results of Chapter
3 are helpful and numerically by integration of (2.42) with the transition rates (2.25) for a linearly
increasing force. The master equation is solved numerically to investigate the role of fluctuations.

4.1 Vanishing rebinding

4.1.1 Scaling analysis of the deterministic equation

In the deterministic framework, approximate analytic expressions for lifetime and rupture force of
adhesion clusters and also for the time evolution of the number of closed bondsN(τ) can be found
using a scaling analysis of the deterministic equation (2.42). In Chapter 3 we have applied this to
the case of constant loading. For the more challenging case of linear loading, this analysis has been
accomplished by Seifert [2000, 2002]. We will briefly recall this analysis for later use.

Forγ = 0, the deterministic equation (2.42) reduces to

d

dτ
N = −Neµτ/N . (4.1)

To identify the most prominent contributions to this equation in different ranges of loading rate and for
different times, it is convenient to replace the number of closed bondsN(τ) in (4.1) by the auxiliary
variableu(τ) := τ/N(τ). Eq. (4.1) then becomes

d

dτ
u = u/τ + ueµτ = u {1 + 1/τ}+ u {eµu − 1} . (4.2)
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For small force per bond,µu(τ) � 1 (i.e.µτ � N(τ)), the second term in (4.2) can be neglected, so
thatu satisfies the differential equation

d

dτ
u ≈ u {1 + 1/τ} . (4.3)

The initial conditionN(τ = 0) = Nt for N(τ) determines the time derivative ofu at τ = 0 as
(du/dτ)|τ=0 = 1/Nt. With this initial condition (4.3) is solved by

u(τ) = τeτ/Nt . (4.4)

This solution corresponds to the force free exponential decay

N(τ) = Nte
−τ . (4.5)

For finite loading rateµ > 0, the two parts of (4.2) will become equal at a ‘crossover time’τ1
which is implicitly defined through

eµu(τ1) − 1 = 1 +
1
τ1
. (4.6)

After the crossover, the exponential term dominates the differential equation (4.2) which can thus be
replaced by

d

dτ
u ≈ u {eµu − 1} ≈ ueµu . (4.7)

Additionally, the contribution of order unity has been neglected, which is allowed forµu� 1. Using
separation of variables, this equation is solved implicitly by the expression

τ2 = τ − τ1 = E(µu(τ1))− E (µu(τ)) = E (µτ1/N(τ1))− E (µτ/N(τ)) (4.8)

for the timeτ2 that has elapsed since the crossover atτ1 whenu = u(τ1). The exponential in-
tegralE (z) =

∫∞
z (e−z′/z′) dz′ vanishes asE (x→∞) ∼ e−x/x for large arguments. Because

τ1/N(τ1) < Tdet/N(Tdet) for Tdet > τ1 andN(Tdet) → 0, the second exponential integral in (4.8)
can be neglected to a good approximation. The lifetimeTdet of the deterministic adhesion cluster can
then be written as1

Tdet = τ1 + τ2 = τ1 + E(µu(τ1)) = τ1 + E(µτ1/N(τ1)) . (4.9)

This expression allows to extract the scaling behaviour of the lifetimeTdet with loading rate and
cluster size by estimating the crossover timeτ1 and the timeτ2 after crossover.

Slow loading,µ � 1

For small loading rates,µ� 1, the exponential solution in (4.5) applies until the decay of the cluster
is complete andN(Tdet) = 1. The lifetime of the cluster is

Tdet ≈ lnNt , (4.10)

1For consistency we should use the conditionN(Tdet) = 1 for cluster dissociation as we have done for constant loading.
The results will not differ much ifFdet = µTdet � 1 and the number of closed bonds at crossover is large,N(τ1) > 1.
In the following we will see that the rupture force is large unlessµ � 1 and that the number of intact bondsN(τ1) at
crossover approachesNt for increasing loading rate.
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as found in Sec. 3.2 for the force free decay ofNt independent molecular bonds. Withµ� 1, loading
is too weak to affect bond rupture because the force per closed bond stays below the intrinsic force
scaleFB of bond rupture throughout cluster decay,µu(τ) = µτ/N(τ) � 1. If µ = 1, the intrinsic
force scalef = 1 is reached after the average, force free lifetime (T = 1) of a single adhesion bond.
This would imply the stricter upper boundµ lnNt � 1 for the scaling region to guarantee the validity
of the force free description. However, even for large clusters the logarithmlnNt is usually small. In
general, deviations from exponential decay will be observed forµ . 1.

Intermediate loading,1 < µ � Nt

For intermediate loading rates,1 < µ � Nt, the crossover time is smaller thanlnNt because
µ lnNt > 1 and the force per bond will exceed the intrinsic force scale during the final stages of
cluster decay. On the other hand, the force per closed bond is small as long asτ . 1 and the time
τ ∼ Nt/µ � 1 to reach the intrinsic force scale exceeds unity. Therefore, the crossover time will be
larger than unity as well. This estimate is the better, the smaller the ratioµ/Nt is.

Crossover occurs when the force per bond,µu(τ), approaches unity so thatµu(τ1) < 1 holds at
crossover. Thus, to estimate the crossover time, the exponential on the left hand side of (4.6) can be
expanded in a Taylor series to first order,eµu − 1 ≈ µu. Inserting the exponential solution (4.5) foru
and neglecting the inverse1/τ1 of the crossover time leads to the relation

(µτ1/Nt)eτ1 = 1 + 1/τ1 ≈ 1 . (4.11)

Multiplication withNt/µ yields

τ1 ≈ pln (Nt/µ) ' ln (Nt/µ) , (4.12)

where the large argument approximationplnx ' lnx for the product logarithm is used. The remain-
ing timeτ2 = Tdet − τ1 after crossover is given by (4.9) as

τ2 = E(µu(τ1)) ≈ E (µτ1eτ1/Nt) ≈ E (ln (Nt/µ)) . (4.13)

ForNt � µ, the large argument approximationE (x) ≈ e−x/x for the exponential integral can be
used and we have

τ2 ≈
µ/Nt

ln (Nt/µ)
� 1

ln (Nt/µ)
=

1
τ1

=
τ1

ln2(Nt/µ)
< τ1 . (4.14)

Sinceµ� Nt, this time is very small compared to the inverse crossover time and becauseτ1 > 1 we
haveτ2 � τ1. The lifetime of the adhesion cluster scales like

Tdet ≈ τ1 ' ln
Nt

µ
(4.15)

with the logarithm of the ratio of cluster size and loading rate. Obviously, this expression is valid only
for µ > 1. At µ = 1 it equals the result for slow loading (4.10) but would yield a larger lifetime as for
the force free decay forµ < 1.
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Fast loading,µ � Nt

For fast loading with large loading rates,µ � Nt, the two constant terms in (4.6) for the crossover
time can be neglected andτ1 is defined through

1 = τ1e
µu(τ1) ≈ τ1 exp

(
µτ1
Nt

eτ1
)
, (4.16)

where the exponential solution (4.3) was inserted foru(τ1). Assuming that the crossover time will be
sufficiently small (τ1 � 1), we can seteτ1 ≈ 1 in the exponent in (4.16) and use

1 = τ1 exp
(
µτ1
Nt

)
⇔ µ

Nt
=
µτ1
Nt

exp
(
µτ1
Nt

)
(4.17)

to determineτ1. Insertingx := µτ1/Nt in the last equation leads to the solution forx as the product
logarithmx = pln (µ/Nt) so that the crossover time is

τ1 =
Nt

µ
pln
(
µ

Nt

)
' Nt

µ
ln
(
µ

Nt

)
. (4.18)

In the last step, the large argument approximationplnx ' lnx for the product logarithm has been
used. The remaining time after the crossover is given by the exponential integral as in (4.9), that is

τ2 = Tdet − τ1 ≈ E (µu(τ1)) ≈ E (µτ1eτ1/Nt) = E (ln (µ/Nt)) (4.19)

where (4.18) for the crossover time was inserted. Sinceµ/Nt � 1 should hold the large argument
approximation for the exponential integral,E (z) ≈ e−z/z, can be used and

τ2 ≈
Nt/µ

ln (µ/Nt)
=

τ1

ln2(µ/Nt)
� τ1 . (4.20)

Sinceτ2 � τ1, the lifetime of the adhesion cluster for fast loading is given by the crossover time

Tdet ≈
Nt

µ
ln
(
µ

Nt

)
. (4.21)

Summary of the scaling regimes

The analysis has revealed three distinct scaling regimes for adhesion cluster lifetime with loading rate
and initial cluster size. As in Seifert [2000, 2002], the scaling expressions forTdet and for the rupture
forceFdet = µTdet are

Tdet


≈ lnNt for µ� 1,

' ln
(

Nt
µ

)
for 1 < µ� Nt,

' Nt
µ ln

(
µ
Nt

)
for µ� Nt

and Fdet


≈ µ lnNt for µ� 1,

' µ ln
(

Nt
µ

)
for 1 < µ� Nt,

' Nt ln
(

µ
Nt

)
for µ� Nt.

(4.22)

For slow loading, force does not yet affect bond rupture and the result forµ = 0 applies with a
slow, logarithmic increase ofTdet with cluster sizeNt. The force at rupture thus scales linearly with
µ. For intermediate and fast loading, lifetime scales with the ratioµ/Nt alone, as expected from
the deterministic equation (2.43) for the fraction of closed bonds which containsµ/Nt as the only
parameter (whenγ = 0). The lifetime is given by the time of the crossover from exponential to
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super-exponential cluster decay. The time over which cluster decay proceeds exponentially becomes
extremely short for large loading rates so that practically the whole cluster breaks down abruptly after
the crossover and the conditionN(Tdet) = 1 for dissociation is irrelevant. For the rupture force
Fdet = µTdet, scaling withNt/µ alone is lost. While forµ � 1, the rupture force isFdet . 1, for
intermediate and large loading, the rupture forces exceedFdet > 1 as it was assumed in the derivation
of the expression for intermediate loading.

4.1.2 Numerical solutions of the deterministic equation

Due to the explicit time dependence of the deterministic equation, analytic solutions forN(τ) are not
available. Instead, we use numerical integration of (4.1) to investigate the time dependence ofN(τ)
and test the assumptions and predictions of the scaling analysis. Moreover, lifetime and rupture force
are calculated numerically and compared to the scaling results.

10
0

10
1

10
2

10
3

10
4

0 0.4 0.8 1.2 1.6

N

τ
10
0

10
1

10
2

10
3

10
4

0 2 4 6

N

τ

10
0

10
1

10
2

10
3

10
4

0 0.01 0.02 0.03

N

τ

10
0

10
1

10
2

10
3

10
4

0 0.2 0.4 0.6

N

τ

(a)

(c)

(b)

(d)

Figure 4.1: Solid lines: Numerical solutions of the deterministic equation (4.1) for the number of
closed bondsN(τ) for the case of vanishing rebindingγ = 0 for the valuesµ/Nt = 10−4, 10−1,
1 and102 (a-d) of loading rate per initially closed bond and forNt = 10, 102, 103 and104 in each
graph. Dashed lines: Force free exponential decay (4.5) plotted for comparison.

Fig. 4.1 plots results of numerical integration of the deterministic differential equation (4.1) for
the number of closed bondsN(τ) in an adhesion cluster as function of time. The graphs showN(τ)
for initial conditionsNt = 10, 102, 103 and104. The ratioµ/Nt of loading rate and cluster size is the
same for the different initial conditions in each graph. This means that the solutions are identical apart
from the linear scaling withNt. The numerical solutions forN(τ) are compared to the exponential
approximations for times before the crossover time.
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For the smallest value ofµ/Nt = 10−4, the influence of force on cluster decay is weak andN(τ)
follows closely the exponential approximation. Only for larger clusters with absolute loading rates
of µ = 0.1 andµ = 1, the increasing force is able to accelerate cluster decay towards the end of
the decay. The deviations from the exponential decay become large for small fractions of remaining
bonds in the range ofN(τ)/Nt . 100. The force per bond reaches values of0.5 . µτ/N(τ) which
approaches the intrinsic force scale. For smallerNt, these values were reached only belowN(τ) = 1.
As described for constant loading in Sec. 3.1, the finite thresholdN(Tdet) = 1 then leads to scaling
of the lifetime withlnNt.

For intermediate and fast loading, the initial cluster decay under small force can also be approx-
imated by the force free exponential decay. As it was assumed in the scaling analysis, the crossover
time after which the force becomes important and the decay becomes super-exponentially fast is usu-
ally close to the lifetime of the cluster. This assumption is best for very large loading rates where the
lifetime becomes very short and the number of closed bonds hardly decreases during the exponential
decay. At crossover, the fraction of intact bonds is

N(τ1)/Nt = e−τ1 ≈ e(Nt/µ) ln(µ/Nt) = (Nt/µ)Nt/µ . 1 , (4.23)

where the fast loading expression forτ1 ≈ T has been used. This fraction approaches unity for
µ/Nt → ∞ sinceNt � µ and limx→0 x

x = 1. The rest of the cluster breaks down completely
within no time. The instability of adhesion clusters against a decrease ofN(τ) under shared loading
was observed already for constant force. For linear loading it is enhanced by the increasing force
f(τ) = µτ . Because of the rapid breakdown of the cluster, the finite threshold becomes irrelevant for
intermediate and fast loading and lifetime scales withµ/Nt alone.
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Figure 4.2: Solid lines: Deterministic, numerical results for (a) lifetimeTdet and (b) rupture force
Fdet = µTdet for the case of vanishing rebindingγ = 0 as function ofµ/N0 for Nt = N0 = 10, 102,
103 and104. Dashed lines: Curves for all three scaling regimes (4.22). For intermediate loading the
expressionT = 0.83 ln (0.38Nt/µ) is used.

The lifetimeTdet is computed numerically by integrating the deterministic equation forN(τ) until
N(Tdet) = 1 is reached. Fig. 4.2 displays plots of (a)Tdet and (b)Fdet as functions ofµ/Nt. Results
are plotted for the initial conditionsNt = 10, 102, 103 and104. The scaling expressions (4.22) are
plotted in comparison. For slow and fast loading they describe the numerical results very well for all
cluster sizesNt. For intermediate loading we have used the expressionTdet ≈ 0.83 ln (0.38Nt/µ) for
the scaling result. It can only be applied for large enough clusters for whichNt � 1 (Nt > 100 in
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Fig. 4.2). For smaller clusters, a pronounced scaling regime does not exist due to the strong influence
of the finite cutoff.

4.1.3 Stochastic analysis

Forγ = 0, the forward ratesg(i) vanish especially ati = 0 and we do not need to distinguish between
reflecting and absorbing boundary the detached statei = 0. The master equation (2.26) reduces to

d

dτ
pi = ri+1pi+1 − ripi = (i+ 1)eµτ/(i+1)pi+1 − ieµτ/ipi . (4.24)

For finite forceµτ > 0, the reverse rater(0) diverges. Settingr0 = 0 implies an artificial boundary.
However, becausei = 0 is an absorbing boundary, this is not relevant for the solution of (4.24) for the
statesi > 0. The occupancy of the detached state would be determined by the normalisation of the
distribution.

Single bond rupture

For a single, irreversible bond, the master equation (4.24) can be solved analytically. In fact, the corre-
sponding analysis by Evans and Ritchie [1997] lead to the new field of ‘dynamic force spectroscopy’,
with subsequent experiments quickly corroborating the theoretical predictions. ForNt = 1, the master
equation (4.24) reduces to the ordinary differential equation

d

dτ
p1 = −eµτp1 (4.25)

for p1. The probabilityp0 follows from integration ofdp0/dτ = r(1)p1 or through the normalisation
of the distribution asp0 = 1− p1. With the initial conditionp1(0) = 1, (4.25) is solved by

p1(τ) = e−(eµτ−1)/µ so that p0(τ) = 1− p1(τ) = 1− e−(eµτ−1)/µ . (4.26)

Bond rupture proceeds exponentially with the exponentially increasing rupture rateeµτ . The average
number of closed bonds is the probability that the bond is atached:

N(τ) = p1(τ) . (4.27)

The variance of the distribution is

σ2
N = 〈i2〉 − 〈i〉2 = p1p0 = p1(1− p1) . (4.28)

It is zero initially, passes through a maximum atp1 = 0.5 or τ = ln (µ ln (2) + 1) /µ and then dies
out on the same time-scale as the average. The relative standard deviationσN (τ)/N(τ) thus diverges
for large times. In general the average deviation〈(i−N)n〉 from the average is a polynomial of order
n − 1 in p1. The leading term for long times is linear inp1 so that the fluctuations die out on much
longer time-scales than the average and〈(i−N)n〉/Nn diverges.

The dissociation rate for the single bond follows from the solution of the master equation as

D(τ) = ṗ0 = eµτp1 = eµτe−(eµτ−1)/µ . (4.29)

Averagingτ with D(τ) yields the average lifetimeT . The result can be written in terms of the
exponential integralE (1/µ) as

T =
∫ ∞

0
τD(τ) dτ =

e1/µ

µ
E
(

1
µ

)
. (4.30)
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For slow loadingµ � 1, this expression approachesT ≈ 1 because the prefactor of the exponential
integral is the inverse of the large argument approximation forE(1/µ). For fast loading,µ � 1, the
average lifetime vanishes asT ≈ ln (µ) /µ.

The average rupture force isF = µT = e1/µ E (1/µ) so thatF ≈ µ for slow loading,µ� 1, and
F ≈ lnµ for fast loading,µ� 1. For slow loading, the average rupture force vanishes continuously.
A finite ‘critical loading rate’ for bond strength arises only when the rupture force is defined as the
maximum of the dissociation rate [Evans and Ritchie, 1997]. As a function of force, the dissociation
rate reads

D(f) =
1

df/dτ
D(τ(f)) =

1
µ
D(τ(f)) =

1
µ
efp1(f) =

1
µ
efe−(ef−1)/µ . (4.31)

Forµ > 1, this expression has a maximum atFmax = lnµ. Forµ 6 1, the maximum isFmax = 0 so
that adhesion bonds decay with highest probability under no force. At the critical loading rate,µ = 1,
the dissociation rate has a horizontal tangent atf = 0. Forµ > 1, the expression for the maximum
is identical to the fast loading limit for the average. For slow and intermediate loading, however,
differences between average and maximum arise. In particular, the average is a smooth function for
all µ > 0.

The maximum dissociation time isTmax = ln (µ) /µ for µ > 1. This is non-monotonous function
of µ. It is zero atµ 6 1, increases withµ > 1 up to a maximum atµ = e and decreases thereafter.
The average, on the other hand, is a monotonous, decreasing function ofµ. Using the maximum of
the dissociation rate to define the rupture time thus leads to counterintuitive results2.

Time evolution of adhesion clusters
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Figure 4.3: Time evolution of the probability distribution{pi(τ)}Nt
i=0 for vanishing rebindingγ = 0

with initial number of closed bondsNt = 10 and values (a)µ/Nt = 1 and (b)µ/Nt = 104 for the
ratio of loading rate and cluster size, i.e., for loading ratesµ = 10 and105.

For larger adhesion clusters the master equation for the probability distribution{pi}Nt
i=0 can only

be solved numerically. Monte Carlo solutions of the master equation (4.24) are plotted in Fig. 4.3.
The time evolution of the state probabilitiespi of an adhesion cluster with initial conditionpi(τ =
0) = δi,Nt to the detached statepi(∞) = δi,0 is shown forNt = 10 and different values ofµ/Nt.

2In particular, an increase of lifetime is typically associated with catch-bonds. Here, however, rupture rate increases with
force and the increase in lifetime would be a mere artefact from the definition of the lifetime.



4.1. VANISHING REBINDING 69

0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8
τ

0

0.2

0.4

0.6

0.8

1

0 0.0002 0.0004 0.0006 0.0008 0.001
τ

(a) (b)

p
25

p
25

p
0

p
0

Figure 4.4: Time evolution of the probability distribution{pi(τ)}Nt
i=0 for vanishing rebindingγ = 0

with initial number of closed bondsNt = 25 and valuesµ/Nt = 1 (a) andµ/Nt = 104 (b) for the
ratio of loading rate and cluster size, i.e.,for loading ratesµ = 25 and2.5× 105.

For very slow loading,µ � 1 (not shown), thepi(τ) are practically identical to the evolution
under no loading, compare Fig. 3.1 in Sec. 3.1. For larger loading rates in the range of intermediate
loading, cluster decay gradually accelerates which is demonstrated forµ = Nt. Initially, decay
proceeds in a similar way as forµ � 1 by traversing all states fromi = 10 to i = 0. The height
of the maxima of subsequent state functionspi decreases gradually due to the increasing force which
facilitates fluctuations to the absorbing boundary and leads to a slow increase ofp0. Towards the end
of the decay, the force per closed bond exceeds the intrinsic force scale,f/i > 1. Further decay is
strongly accelerated and the occupancy of the detached state increases quickly. For very fast loading,
µ � Nt, the dissociation of the clusters proceeds very rapidly and the maximum of the distribution
passes from the initial state directly to the detached state. However, because the force vanishes initially
and cluster evolution is slow, lower states can still be occupied appreciably. This is unlike the case
of constant force. The following transition to the detached state appears more rapid than for constant
loading because the instability of adhesion clusters under shared force is combined with the increase
of force with time.
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Figure 4.5: Solid curves: Results of Monte Carlo calculations for the average number of closed bonds
N(τ) as a function of time for (a)µ/Nt = 10−4 and (b)µ/Nt = 1. Each graph shows results
for Nt = 1, 10, 102, 103 and104. Dashed curves: Exponential approximation which is expected for
µ = 0. The single bond results are identical to the analytic expression (4.27).
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Fig. 4.4 shows the time evolution of an adhesion cluster withNt = 25. The values forµ/Nt are
the same as in Fig. 4.3 to allow a direct comparison to the evolution of smaller clusters. Moreover, the
dissociation times are comparable. The basic structure of the distribution seems to be identical. For
intermediate loading, cluster evolution gradually accelerates before the final dissociation of the last
bonds. For fast loading, several states close to the initial state become appreciably occupied before
p0 rises abruptly. In both cases, the final increase ofp0 is steeper than for smaller clusters in Fig. 4.3
because for a givenµτ/Nt, the force on the last bonds increases withNt while the decay time was the
same for differentNt.

Fig. 4.5 shows results of Monte Carlo calculations for the average number of closed bondsN(τ)
with different initial condition and values for the ratioµ/Nt of loading rate to cluster size. The
numerical results are compared to the exponential decay expected for small forcesµτ � 1. As it
was found for the deterministic description, this is indeed a good approximation for slow loading.
Forµ/Nt = 10−4, deviations are observed for large clusters at a similar fraction of remaining closed
bonds,N(τ)/Nt . 1/100 and in a similar extent as for the deterministic results. For intermediate
and fast loading, the exponential decay still describes the initial behaviour ofN(τ). It decreases only
slightly before it drops to zero rapidly as most clusters of the ensemble dissociate at the crossover
time. Due to a larger influence of fluctuations and weaker cooperativity, the final decrease is smoother
for smaller clusters. This means that for a givenµ/Nt, the curvesN(τ) as solutions of the master
equation are not congruent and do not scale linearly withNt as the deterministic result. The stochastic
average contains all moments of the probability distribution that were neglected in the deterministic
equation (4.1). The numerical result for the single bondNt = 1 reproduces the analytical result (4.27).
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Figure 4.6: Standard deviationσN (τ) of the distribution{pi}Nt
i=0 as function of time for (a)µ/Nt =

10−2 and (b)µ/Nt = 102 with initial conditionsNt = 1, 10, 102, 103 and104. Solid curves: Monte
Carlo results. Dashed curves: Analytic result (4.28) forµ = 0 plotted forNt > 1.

The width of the distribution{pi}Nt
i=0 is described by the varianceσ2

N (τ) which also gives infor-
mation about the expected deviations of the deterministic result from the stochastic average which
grow with σ2

N (τ) in the lowest, non-vanishing order. For vanishing loading,µ = 0, the analytical
result for the variance of the radioactive decay process is (see (A.29) of Appendix A)

σ2
N (τ) = N(τ)

(
1− e−τ

)
= Nte

−τ
(
1− e−τ

)
. (4.32)

It scales linearly withNt and decreases exponentially ase−τ for large times. For the single bond,
the variance was given in (4.28). Fig. 4.6 plots numerical results for the square root of the variance,
the standard deviationσN , for finite loading ratesµ/Nt > 0. ForNt = 1, the analytical result is
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reproduced. The approximation (4.32) forµ = 0 describes the initial increase ofσ2
N but deviations

appear with growing force. For small clusters, the standard deviation decreases smoothly but faster
than forµ = 0 because cluster decay in general is accelerated. Larger clusters display a peak of
the standard deviation immediately before the ultimate decay ofσ2

N (τ) and alsoN(τ). This peak
becomes sharp for large clusters under fast loading, that is, under those conditions for which also the
average showed a fast breakdown.
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Figure 4.7: Comparison of stochastic and deterministic results for the average number of bondsN(τ).
Solid lines: Results of Monte Carlo simulations of the master equation (4.24) forγ = 0 and the
values (a)µ/Nt = 10−2 and (b)µ/Nt = 102 of loading rate per initially closed bond and for initial
conditionsN0 = Nt = 10, 102, 103 and104 in each graph. Dashed lines: Results of numerical
integration of the deterministic equation (4.1) for the given set of parameters.

Fig. 4.7 directly compares stochastic and deterministic result for the average number of closed
bonds,N(τ) = 〈i〉. As expected, the different results agree well in the initial phase which is approxi-
mately described by an exponential decay. Here, the non-linearity of the transition rates in the master
equation is weak due to the small forcef(τ) = µτ . Strong deviations appear after the crossover to
the super-exponential decay. These are especially pronounced for small clusters and large loading
rates. For increasing cluster size, the deviations are confined to a very small region around the break-
down of the cluster where the stochastic result is always smoother than the deterministic one. This
is in agreement with the results for the variance for which the peak became sharper with increasing
cluster size. For small clusters, stochastic fluctuations lead to a smooth decrease inN(τ). Initially,
fluctuations from the average towards smaller values and to the absorbing boundary letN(τ) decrease
faster than in the deterministic description. Later, rare realisations of clusters with long lifetimes let
the stochastic average decrease more slowly than the deterministic one.

Dissociation rate and average cluster lifetime

For a single bond, the dissociation rateD(τ) = dp0(τ)/dτ = r1p1 under finite linear loadingµ > 0
is given in (4.29). For larger clusters and vanishing loading,µ = 0, the expression for thepi(τ) is
given in (A.27) of Appendix A and the dissociation rate follows as

D(τ) = Nte
−τ
(
1− e−τ

)Nt−1
. (4.33)

For Nt = 1, the initial dissociation rate is finite and given byD(τ = 0) = 1, independent ofµ.
ForNt > 1, cluster dissociation is a multistep process and the dissociation rate vanishes atτ = 0.
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Figure 4.8: Solid black curves: Monte Carlo results for the dissociation rateD(τ) of adhesion clus-
ters with initial conditionsNt = 1, 10, 102, 103 and104 andµ/Nt = 10−6, 0.1, 1.0 and104 (a-d).
Grey curves: Analytical single bond result (4.29) superimposed on the numerical curves forNt = 1.
Dashed curves: Analytical results (4.33) forµ = 0 are compared to numerical ones forµ/Nt = 10−6

and also forµ/Nt = 10−2 atNt = 1 and10.

As discussed in Sec. 3.1, the dissociation rate for vanishing rebinding and vanishing loading has a
maximum atTmax = lnNt and decreases asD(τ) ∼ e−τ for large times. Fig. 4.8 plots results of
stochastic simulations for the dissociation rate for differentNt and increasing values ofµ/Nt. For
slow loading withµ < 1, (4.33) describes the dissociation rate very well. The small forces accelerates
cluster in particular towards the end of the decay process and shifts the maximum to smaller times.
For intermediate and fast loading and for a givenµ/Nt the maximum hardly depends onNt. Cluster
size mainly determines the width of the distribution which decreases with increasingNt. Moreover,
width and asymmetry reduce with increasing loading rate. Unlike the case of constant force, the
distributions do not approach a Poisson distribution. For large custers they remain Gauss-like with
weak asymmetry. Because force vanishes initially, cluster dissociation is slow and the rupture of
several bonds contributes to cluster dissociation. This has been observed in the plots of the state
functionspi. For thesingle bondthe numerical result forD(τ) is well represented by the analytical
result (4.29). Forµ < 1, the maximum ofD(τ) is alwaysD(τ = 0) = 1. For µ = 1 the slope
at τ = 0 vanishes and a maximum at finite times emerges. As described above, the position of the
maximum first increases untilµ = e and then decreases again. For large loading rates,D(τ) for the
single bond is a strongly asymmetric function.

The mean lifetimeT =
∫∞
0 τD(τ) dτ of adhesion clusters withNt bonds for vanishing loading

and rebinding is given in (3.23) of Sec. 3.1. It can also be calculated from the expression (4.33) for
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the dissociation rate and is given by theN th
t harmonic number

T = HNt ≈ lnNt +
1

2Nt
+ Γ . (4.34)

It differs from the deterministic scaling result by the additional terms(1/2Nt) + Γ. Comparison of
numerical results and the deterministic scaling expressions (not shown) reveals that the main differ-
ence is in the fluctuation dominated regime of slow loading. For intermediate and fast loading, where
cluster decay is driven by force, there is a good agreement between stochastic and deterministic results
and the scaling expressions can be applied. However, for fast loading, there is no scaling withµ/Nt

alone but lifetime reduces with larger absolute loading rates. This is similar to the results found for
constant loading.
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Figure 4.9: (a) Relative standard deviationσT /T and (b) the cubic root of third cumulant normalised
with the lifetime, κT /T , of the dissociation rateD(τ) as function ofµ/Nt for initial conditions
Nt = 1, 10, 102, 103 and104 (top to bottom at smallµ/Nt).

The plots ofD(τ) in Fig. 4.8 demonstrated qualitatively the influence of loading rate and cluster
size on width and asymmetry of the dissociation rate. Quantitative measures are the varianceσ2

T and
the third cumulantκ3

T of D(τ). For vanishing force, we have

σ2
T = ζ(2) =

Nt∑
i=1

1
i2

and κ3
T = ζ(3) =

Nt∑
i=1

1
i3
, (4.35)

for the sequence of Poisson processes as explained in Sec. 3.2. Fig. 4.9 plots the relative standard
deviationσT /T and the cubic root of the third cumulant relative to the lifetime,κT /T , as function
of µ/Nt for different initial cluster sizes. The standard deviation decreases monotonously from the
zero force values with increasingµ/Nt. Unlike the case of large constant force the relative standard
deviation does not reachσT /T = 1 for fast loading. Adhesion cluster dissociation under linear
loading does not approach a Poisson process because initially the force is small and rupture proceeds
slowly. The ratioκT /T is positive forµ � 1 which reflects the exponential long time tail for slow
loading. At intermediate loadingµ/Nt . 1 it becomes negative, that is, the dissociation rate is skewed
towards small times, because cluster dissociation is accelerated by the rapidly increasing force.
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4.2 Non-cooperative linear loading with vanishing rebinding

For non-cooperativeconstantloading it was shown in Sec. 3.3 that the dynamic equations (2.28) and
(2.45) are equivalent to those equations for vanishing loading. The reason for this is that there are only
two time-scales for cluster dynamics which are set by the on- and the off-rate. This is not the case
for shared loading because the (single bond) off-rate depends oni so that there areNt + 1 different
transition rates and time-scales in the master equation. For non-cooperative loading, theforce per
bondf(τ) = µτ is controlled directly so that it does not depend oni. The linear time-dependence
introduces another time-scale1/µ for a change in the off-rate. In the following we will derive solutions
for the master equation for non-cooperative linear loading in the case of vanishing rebinding,γ = 0.
These allow a comparison of numerical and exact analytical results for the case of multiple bonds and
time-dependent transition rates.

4.2.1 Transformation of the dynamic equations

For vanishing rebinding,γ = 0, the master equation (2.28) for non-cooperative linear loading reads

d

dτ
pi = (i+ 1)eµτpi+1 − ieµτpi . (4.36)

The deterministic equation (2.45) for this case is

d

dτ
N = −Neµτ . (4.37)

The time-scale for cluster dynamics is given by the off-rateeµτ which changes on a time-scale set
by the loading rate. With a transformationϑ(τ) of time τ such that the off-rate is constant onϑ,
the dynamic equations become linear equations withconstanttransition rates and can be solved by
standard methods. A transformation that achieves this is

τ → ϑ = (eµτ − 1) /µ . (4.38)

The variableϑ equalsτ for µ = 0, vanishes atτ = 0 and increases strictly monotonic, but non-
linearly, withτ . The time derivative is transformed to the derivative with respect toϑ according to

d

dτ
=

d

dτ
ϑ
d

dϑ
= eµτ d

dϑ
. (4.39)

Inserting this into (4.37) and (4.36), respectively, eliminates the explicit time dependence from the
dynamic equations. The master equation (4.36) forγ = 0 is transformed to

d

dϑ
pi = (i+ 1)pi+1 − ipi (4.40)

and the deterministic equation (4.37) takes the simple form

d

dϑ
N = −N . (4.41)

The differential equation (2.46) for the variance is

d

dϑ
σ2

N = N − σ2
N . (4.42)
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The equations (4.40) to (4.42) describe a ‘radioactive’ decay of independent molecular bonds in the
variableϑ. Solutions for these equations are given in Appendix A and can be applied directly to the
present case of non-cooperative linear loading.

The simple variable transformation is successful because the reverse ratesr(i) all share the same
time-dependence and the loading rateµ and the off-rateeµτ define the only two time-scales in the
system. This is a similar situation as for constant loading with finite on-rateγ > 0. Introducing
finite rebinding for linear loading introduces a third time-scale and the dynamic equations could not
be recast on the simple case of linear equations with constant transition rates.

4.2.2 Deterministic analysis

The solution of (4.41) is the exponential decayN(ϑ) = Nte
−ϑ of the number of closed bondsN(τ)

with unit relaxation rate. In the force free time-scaleτ , the solution reads

N(τ) = Nte
−(eµτ−1)/µ . (4.43)

Cluster decay is accelerated exponentially aseµτ due to the increase in forcef = µτ with time. The
dissociation ‘time’Θdet at whichN(ϑ = Θdet) = 1 is given byΘdet = lnNt. The actual dissociation
time is

Tdet =
1
µ

ln (µΘdet + 1) =
1
µ

ln (µ lnNt + 1) . (4.44)

The corresponding result for the rupture forceFdet = µTdet is

Fdet = ln (µ lnNt + 1) . (4.45)

The results (4.44) and (4.45) for lifetime and rupture force of the deterministic adhesion cluster
should be compared to the results of the scaling analysis presented by Seifert [2000]. There, two
different scaling regimes for slow and fast loading, respectively, were identified. For slow loading,
lifetime scaled withlnNt. This is indeed the limit of (4.44) for vanishing loading rate,

lim
µ→0

Tdet = lnNt . (4.46)

For fast loading, lifetime was found to scale asln (µ) /µ. This is the limit of (4.44) for largeµ since

lim
µ→∞

Tdet = lim
µ→∞

ln lnNt + lnµ
µ

= lim
µ→∞

lnµ
µ

. (4.47)

The scaling expressions for lifetime and rupture force of adhesion clusters, which are derived from
(4.44) are

Tdet ≈

{
lnNt for µ lnNt � 1
ln µ
µ for µ lnNt � 1

and Fdet ≈

{
µ lnN0 for µ lnNt � 1
lnµ for µ lnNt � 1.

(4.48)

As for shared loading we may assume thatlnNt is roughly unity so that the scaling regimes are
separated byµ = 1. If the loading rate per closed bond is far below unity, loading does not affect
rupture of adhesion bonds and the result for the force free decay applies. For largeµ the initial number
of closed bonds is irrelevant and the single bond result applies. There are only two different loading
regimes whereas three different regimes were identified for linearsharedloading. These regimes were
separated by values of the loading rate (for the whole cluster)µ = 1, for which the loading rate per
bond,µ/N(τ), reaches unity for the last bond andµ = Nt, where the loading rate per bond is larger
than unity from the start. Because force is not shared in the present case, the intermediate regime is
absent fornon-cooperativeloading.
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4.2.3 Stochastic analysis

The solution of the master equation (4.40) on the time-scaleϑ is the binomial distribution (3.33)
which, on the time-scaleτ , reads

pi(τ) =
(
Nt

i

)[
1− e−(eµτ−1)/µ

]Nt−i
e−i(eµτ−1)/µ . (4.49)

Cluster evolution accelerates exponentially with time but the relative distribution of states at any given
time is unchanged with respect to the force free decay.
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Figure 4.10: Probability distribution{pi(τ)}Nt
i=0 as function of timeτ for initial conditionsN0 =

Nt = 10 (a and b) andN0 = Nt = 25 (c and d) and the loading ratesµ = 1 (a and c) andµ = 100
(b and d). Solid curves: Analytic solutions (4.49). Small symbols: Numerical results from stochastic
simulations with the Gillespie algorithm for time-dependent transition rates.

The probability distribution{pi}Nt
i=0 from (4.49) is plotted in Fig. 4.10 for the initial number of

bondsNt = 10 andNt = 25 and the loading ratesµ = 1.0 and100.0. At any time of the decay
process, the relations between the curves are the same as forµ = 0 at the corresponding timeϑ(τ).
The accelerated decay for fast loading leads to a shorter overall time for dissociation and a relatively
stretched initial time evolution with a quenched evolution of the final stages due to the larger force and
larger bond rupture rates. The analytic solutions are compared to numerical results which coincide
exactly with the analytic ones.

The probability distribution (4.49) yields the same result (4.43) as the deterministic description
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for the average number of closed bonds. The variance is given by

σ2
N (τ) = N(τ)

(
1− e−(eµτ−1)/µ

)
= Nte

−(eµτ−1)/µ
(
1− e−(eµτ−1)/µ

)
. (4.50)

As always for linear master equations, this is a solution for the deterministic differential equation
(2.46). The relative mean square deviation scales with the inverse of system size,

σ2
i (τ)

N2(τ)
=

1− e−(eµτ−1)/µ

N(τ)
=
e(e

µτ−1)/µ − 1
Nt

(4.51)

For small timesµτ � 1, this width of the distribution increases linearly with time since(eµτ−1)/µ ≈
τ andeτ ≈ 1 + τ . For large loading rates and times the increase is exponential in the exponentially
increasing reverse rateeµτ . The ratio diverges since the average number of bonds approaches zero
faster than the variance.

According to the result (3.23) for the force free average cluster lifetime without rebinding, the
averageΘ := 〈ϑ〉 of the dissociation ‘time’ϑ is theN th

t harmonic number,

Θ =
N0∑
i=1

1
i

= HNt . (4.52)

The average lifetimeT = 〈τ〉 cannot be derived directly from this sinceϑ is a non-linear function of
τ . Nevertheless, the approximation

Θ =
1
µ

(〈eµτ 〉 − 1) ≈ 1
µ

(
eµT − 1

)
(4.53)

may be used to find the estimate

T ≈ 1
µ

ln〈eµτ 〉 =
1
µ

ln (µΘ + 1) . (4.54)

for the average adhesion cluster lifetime. In fact, this expression imposes an upper bound forT since

〈ex〉 > e〈x〉 (4.55)

for arbitrary probability distributions [Chandler, 1987]. Equality holds for aδ-distributed random
variablex. With the result (4.52) forΘ, the estimate for the average lifetime of an adhesion cluster is

T ≈ 1
µ

ln (µHNt +1) ≈ 1
µ

ln
(
µ

{
lnNt +

1
2Nt

+ Γ
}

+ 1
)
, (4.56)

where the approximationHNt ≈ lnNt + (1/2Nt) + Γ for the harmonic number has been used with
Euler’s constantΓ ' 0.5772. This result corresponds to the deterministic one where the logarithm
lnNt is replaced by the harmonic numberHNt . Lifetime grows logarithmically with the logarithm
of the initial number of closed bonds. The extremely weak influence of cluster size on the average
lifetime results because the bonds are independent and decay simultaneously. The dependence is
weaker than for vanishing force because rare events with long bond survival are suppressed by the
increasing force.

The exact expression for the average cluster lifetimeT is found by averagingτ with the dissocia-
tion rateD(τ) = dp0/dτ = r1p1(τ). With (4.49) forp1 the dissociation rate reads

D(τ) = eµτp1(τ) =
d

dτ
p0 =

d

dτ

[
1− e(1−eµτ )/µ

]Nt

(4.57)
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so that the average adhesion cluster lifetime is the integral

T =
∫ ∞

0
τ
d

dτ
p0 dτ =

∫ ∞

0
τ
d

dτ

[
1− e(1−eµτ )/µ

]Nt

dτ . (4.58)

Integrating by parts then leads to

T = τ
[
1− e(1−eµτ )/µ

]Nt
∣∣∣∣∞
0

−
∫ ∞

0

[
1− e(1−eµτ )/µ

]Nt

dτ . (4.59)

Both parts in this expression diverge. They can be written as the limits

T = lim
a→∞

{
τ
[
1− e(1−eµτ )/µ

]Nt
∣∣∣∣a
0

−
∫ a

0

[
1− e(1−eµτ )/µ

]Nt

dτ

}
(4.60)

= lim
a→∞

{
a
[
1− e(1−eµa)/µ

]Nt

−
∫ a

0

[
1− e(1−eµτ )/µ

]Nt

dτ

}
. (4.61)

Inserting the binomial series for the power in the integral leads to

T = lim
a→∞

{
Nt∑

n=0

(
Nt

n

)
(−1)n

[
aen(1−eµa)/µ −

∫ a

0
en(1−eµτ )/µ dτ

]}
(4.62)

= lim
a→∞

{(
a−

∫ a

0
dτ

)
+

Nt∑
n=1

(
Nt

n

)
(−1)n

[
aen(1−eµa)/µ −

∫ a

0
en(1−eµτ )/µ dτ

]}
. (4.63)

The two diverging contributions in parentheses stem fromn = 0 and cancel each other. The first term
in brackets vanishes in the limita→∞. The expression for the average cluster lifetime thus becomes

T = −
Nt∑

n=1

(
Nt

n

)
(−1)n lim

a→∞

∫ a

0
en(1−eµτ )/µ dτ = −

Nt∑
n=1

(
Nt

n

)
(−1)n

∫ ∞

0
en(1−eµτ )/µ dτ (4.64)

Changing the integration variable fromτ → x := neµτ/µ transforms the integral to∫ ∞

0
en(1−eµτ )/µ dτ = e

n
µ

∫ ∞

0
e−neµτ /µ dτ =

e
n
µ

µ

∫ ∞

n
µ

e−x

x
x =

e
n
µ

µ
E
(
n

µ

)
(4.65)

whereE (z) is the exponential integral so that the average lifetime can be written as the expansion

T =
Nt∑

n=1

(
Nt

n

)
(−1)n+1 e

n
µ

µ
E
(
n

µ

)
(4.66)

in exponential integrals, which can be evaluated numerically. This generalises expression (4.30) for
single to multiple, independent bonds. The average rupture forceF = µT follows from (4.66) as

F =
Nt∑

n=1

(
Nt

n

)
(−1)n+1e

n
µ E

(
n

µ

)
. (4.67)

To validate the scaling expressions (4.48) from the deterministic description, we compare it to
the limits of (4.66) and (4.67) for slow and fast loading, respectively. For slow loading,µ � 1, the
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large argument approximationE (z →∞) → e−z/z for the exponential integral can be used and the
average lifetime becomes

T =
Nt∑

n=1

(
Nt

n

)
(−1)n+1

n
= HNt ≈ lnNt +

1
2Nt

+ Γ . (4.68)

This is the lifetime for vanishing loading that was encountered several times before. For fast loading,
µ � Nt, the small argument approximationE (z → 0) ' e−z ln(1/z) inserted in (4.66) leads to the
expression for the average cluster lifetime

T =
Nt∑

n=1

(
Nt

n

)
(−1)n+1 lnµ− lnn

µ
=

lnµ
µ

− 1
µ

Nt∑
n=1

(
Nt

n

)
(−1)n lnn ≈ lnµ

µ
. (4.69)

This is the scaling expression (4.48) found earlier this section. Summarising, the scaling expressions
for average lifetime and rupture forceF = µT are

T ≈

{
lnNt for µ� 1,
ln µ
µ for µ� 1

and F ≈

{
µ lnNt for µ� 1,

lnµ for µ� 1.
(4.70)

These results are the same as those of (4.48) for the scaling analysis of the deterministic equation.
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Figure 4.11: (a) Mean cluster lifetimeT and (b) mean rupture forceF as function of loading rateµ
for initial conditionsNt = 1, 10, 102, 103 and104. Solid curves: Exact analytical results (4.66) for
Nt = 1 and10 and approximations (4.56) forNt > 100. Symbols: Numerical results from Monte
Carlo simulations.

Fig. 4.11 shows the results of Monte Carlo calculations for the average lifetime and the average
rupture force for different initial conditions as a function of loading rateµ in comparison with ana-
lytical results. ForNt > 100 the approximate expression (4.56) was used. For these cluster sizes the
approximation is very accurate. For smaller clusters, the finite width of the dissociation rateD(τ)
would lead to strong deviations. Therefore, the exact result (4.66) is used in Fig. 4.11 forNt 6 10
which exactly agrees with the numerical results.

In dynamic force spectroscopy, the maximum of the rupture force distribution is commonly used
to characterise the strength of a molecular bond. Written in terms of force, the dissociation rate (4.57)
reads

D(f) =
1
µ
efp1(f) =

1
µ
Nte

fe(1−ef )/µ
[
1− e(1−ef )/µ

]Nt−1
. (4.71)
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The maximumFmax is determined by the conditiondD/df |Fmax = 0 but an explicit analytical form
seems to be inaccessible. However, the maximum ofD(ϑ) as function ofϑ is found easily. The
condition

d

dϑ
D

∣∣∣∣
Θmax

= Nt

[
1− e−Θmax

]Nt−1
e−Θmax = 0 (4.72)

leads toΘmax = lnNt, which is identical to the deterministic result for theΘdet. As before for
the average, an approximation for the maximum of the force and the time distribution is obtained by
solvingµΘmax = (eFmax − 1) for the maximum forceFmax,

Fmax = ln (µΘmax + 1) = ln (µ lnNt + 1) (4.73)

The results for the maximumΘmax and the approximation forFmax are identical to the deterministic
results forΘdet andFdet (see (4.45)). The scaling behaviour is given in (4.48).

4.3 Cluster decay with rebinding

For finite rebinding, adhesion cluster dynamics is determined by all three parameters of the model:
on-rateγ, loading rateµ and cluster sizeNt. In principle, also the initial number of bondsN0 is
import. In practice we will usually fixN0 to a reasonable value. Canonical choices are the cluster
size,N0 = Nt, or the number of closed bond in the force free steady state,N0 = Neq. Although
rebinding can stabilise adhesion clusters, the unlimited increase of force will eventually lead to the
dissociation of any adhesion cluster. Even in the deterministic description lifetime will be finite.

4.3.1 Scaling analysis of the deterministic equation

As in the previous sections we use a scaling analysis to find approximate expressions for the depen-
dence of lifetime and rupture force on the model parameters; forγ > 0, the deterministic equation
contains effectively two parameters, the on-rateγ and the ratioµ/Nt of loading rate and cluster size.
A similar scaling analysis was performed before by Seifert [2000] (see also added comments in Seifert
[2002]).

Again, it is convenient to use the auxiliary variableu(τ) = τ/N(τ) instead ofN(τ). The deter-
ministic differential equation (2.42) foru(τ) reads

d

dτ
u = u {(1/τ) + 1 + γ − γNt(u/τ)}+ u {eµu − 1} , (4.74)

where the terms were rearranged and0 = u− u has been added to facilitate the following analysis.
In the following we use the initial conditionN(τ = 0) = N0 = Neq, i.e. , we assume that the

adhesion cluster equilibrates under force free conditions before loading starts at timeτ = 0. The
influence of the initial condition on the results will be discussed. The initial condition forN(τ)
implies the initial condition(du/dτ)|τ=0 = 1/Neq for the solution foru(τ). The initial change of
u(τ) for τ = 0 is determined by the first term, the inverse of time, in curly brackets in (4.74). All
other terms taken together vanish atτ = 0. The second derivative ofu at timeτ = 0 is small for
sufficiently large clusters. Thereforeu(τ) initially increases linearly with constant slope as

u(τ) ≈ τ/Neq . (4.75)

This solution corresponds to a constant number of bondsN(τ) = Neq. It neglects any influence of
force on cluster evolution.
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As cluster decay proceeds, the force per closed bond,f(τ)/N(τ) = µu(τ), increases and the
exponential term in (4.74) will eventually determinedu/dτ after the crossover timeτ1, which is
defined by the equality

1
τ1

+ 1 + γ − γNt
u(τ1)
τ1

= eµu(τ1) − 1 . (4.76)

After the crossover, the full differential equation (4.74) can be replaced by

d

dτ
u ≈ u {eµu − 1} ≈ ueµu . (4.77)

This is the same equation as found in Sec. 4.1.1 for vanishing rebinding. After the crossover, rebinding
can thus be neglected. The solution for this differential equation is given implicitly in terms of the
exponential integral,

τ − τ1 = E(µu(τ1))− E (µu(τ)) . (4.78)

The time between crossover and decay of the cluster is given by (compare (4.8))

τ2 = Tdet − τ1 = E(µu(τ1)) . (4.79)

Slow loading,µ � 1

The time-scale for an exponential relaxation of adhesion clusters towards the steady state at vanishing
force is given by the inverse sum of on- and off-rate,(1+γ)−1. For a finite, constant force, relaxation
is even faster. For a continuously increasing force there is no steady state. But, if the time-scale1/µ
for a change in force exceeds the relaxation time, that is if

µ� 1 6 (1 + γ) , (4.80)

the adhesion cluster stays in a time-dependent, quasi steady state which is given by the stable steady
stateNeq(f) at a given forcef(τ) = µτ . The force dependence ofNeq was calculated approximately
in (3.53) and the exact, numerical results are plotted in Fig. 3.14b.Neq vanishes above the critical
forcefc. Thus, adhesion clusters are stable untilf = µτ = fc and dissociate quickly thereafter. The
critical force is

fc = Nt pln (γ/e) (4.81)

and the time it takes to reachfc with the loading rateµ is

τc =
fc

µ
=
Nt

µ
pln
(γ
e

)
. (4.82)

For a constant force larger thanfc rebinding can be neglected and the time for the decay of an
adhesion cluster fromN0 = Nt is approximately given by (3.11) as

τ2 '
e−f/Nt

1 + (f/Nt)
' Nt

f
e−f/Nt . (4.83)

It is usually smaller thanτc. Insertingf = fc yieldsτ2 ' e/γ. Sincepln (γ/e) ≈ γ/e for γ � 1,
the timeτ2 equalsτc for γ/e ≈

√
µ/Nt � 1. This on-rate is very small so that an approximation for

vanishing rebinding might well apply. The lifetime of an adhesion cluster under slow linear loading
with µ� 1 can thus be identified with the critical timeτc,

Tdet = τc =
fc

µ
=
Nt

µ
pln
(γ
e

)
(4.84)
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It depends only on the ratio of loading rate and cluster size and on the on-rate. The condition for
dissociation,N(Tdet) = 1, has no influence on the result because the decay under super-critical
loading is very fast. Since it was assumed that loading is much slower than equilibration, the choice
of the initial condition has no influence on the result (4.84).

The rupture force is given by the critical force itself. It is independent of loading rate.

Intermediate loading,1 < µ � Neq

The estimateτ2 � τc depends only on the ratio of loading rate and cluster size,µ/Nt � 1. The
inequalityµ� 1 was only used to argue that the adhesion cluster follows a quasi steady state. Thus,
the estimate for the lifetime remains valid also in an intermediate loading regime where1 < µ� Nt.
In this regime, however, the cluster cannot follow the change of the steady state due to the increasing
force. The time for decay after the critical force is not strongly dependent on the initial condition so
that the estimate forτ2 remains valid and the scaling expression for the lifetime is given by (4.84).

Fast loading,µ � Neq

For fast loading,µ � Neq, the constant terms in Eq. (4.76) for the crossover time can be neglected.
The condition then is

τ1e
µτ1/Neq = 1 (4.85)

where again the solution for the initial behaviour ofu was used. As in the previous section the
crossover time is given in terms of the product logarithm

τ1 = (Neq/µ) pln (µ/Neq) ' (Neq/µ) ln (µ/Neq) (4.86)

where the large argument approximation for the product logarithm was used. For the remaining time
τ2 after the crossover, the same arguments apply as in Sec. 4.1.1. It is negligible with respect toτ1
and the lifetime of the cluster is

Tdet ' τ1 '
Neq

µ
ln
(

µ

Neq

)
. (4.87)

Since the derivation of (4.87) neglected rebinding completely, using a differentN0 6= Neq simply
replacesNeq byN0 in (4.87). For a general initial cluster size the lifetime is thus given by

Tdet '
N0

µ
ln
(
µ

N0

)
, (4.88)

which is the result for vanishing rebinding from Sec. 4.1.1.

Summary of the scaling regimes

The scaling analysis of the deterministic equation reveals the existence of two different scaling re-
gimes of cluster lifetime with loading rate. They are distinguished by whether the loading rate per
closed bond in the steady stateNeq (the initial state) is smaller or larger than the intrinsic force scale.
Summarising, the scaling expressions for the lifetime and the rupture forceFdet = µTdet are

Tdet

{
≈ Nt

µ pln
(γ

e

)
for µ� Neq,

' Neq

µ ln
(

µ
Neq

)
for µ� Neq

and Fdet

{
≈ Nt pln

(γ
e

)
= fc for µ� Neq,

' Neq ln
(

µ
Neq

)
for µ� Neq.

(4.89)
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Both scaling expressions forT depend on the on-rateγ and the ratioµ/Neq alone. Loading desta-
bilises adhesion clusters and reduces their lifetime. An increased on-rate, on the other hand, stabilises
adhesion clusters. However, lifetime increases only weakly as the product logarithm ofγ. In the slow
loading regime, the rupture force is given by the critical force for cluster stabilityfc. Thus, it depends
only on cluster sizeNt and on-rateγ but is independent of loading rateµ. For fast loading rebinding
could be fully neglected and the scaling expressions are independent of the on-rate. It only enters the
scaling expressions through the specific choice of the initial conditionN0 = Neq.

4.3.2 Numerical solution of the deterministic equation
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Figure 4.12: Solid curves: Number of closed bondsN(τ) obtained from numerical integration of
the deterministic equation for the caseγ = 1 andNt = 10, 102 and103 for the loading rates (a)
µ/N0 = 10−2 and (b)µ/N0 = 102. Initial condition isN0 = Neq = γ/(1 + γ)Nt. Dashed curves:
approximation of constantN(τ) = Neq. Dotted curves: Numerically determined, force dependent
stationary stateNeq(f = µτ) (see Fig. 3.14 in Sec. 3.4).

Fig. 4.12 plots the number of closed bondsN(τ) obtained from numerical integration of the
deterministic equation for the caseγ = 1. The initial condition isN0 = Neq = Nt/2. The numerical
results are compared to the time-dependent steady stateNeq(f(τ) = µτ) and the constantN = Neq =
γNt/(1 + γ). Fig. 4.12a shows that for slow and intermediate loading the number of closed bonds
N(τ) follows closely the quasi steady state. Only close tofc, whereNeq(f) decreases quickly towards
the critical valueNc, equilibration is too slow and cluster decay is retarded. For slower loading than
shown in the figure, the agreement becomes even better. With increasing loading rate, the trajectories
of N(τ) deviate earlier from the quasi steady state and the retardation grows. For very fast loading as
shown in Fig. 4.12b, the number of closed bonds remains nearly constant at the initial valueN0 = Neq

before the whole cluster breaks down abruptly.
For general initial conditionsN0 6= Neq, cluster decay under linear shared loading with rebinding

can proceed in three phases. First, the cluster equilibrates to the quasi steady state. Then it follows
this state until the critical force is reached. Thereafter, the unstable cluster decays quickly under the
super-critical force. In the regime of slow loading,µ � 1, the equilibration is very fast so that the
initial condition has no influence on the trajectories or the results for lifetime and rupture force. For
fast loading,µ � Neq, rebinding was neglected and lifetime and rupture force were determined by
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the initial number of closed bonds alone. An equilibration to a quasi steady state is not possible;
the trajectories for fast loading are the same as in Fig. 4.12b but with a different initial condition
N0 6= Neq. In the intermediate region, the clusters cannot fully relax to the quasi steady state but still
the time to reach the critical force is small compared to the time for cluster decay under super-critical
force. Hence, the scaling expression for the lifetime is the same as for slow loading.
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Figure 4.13: Solid curves: Numerical results for deterministic (a) lifetimeTdet and (b) rupture force
Fdet = µTdet as function ofµ/N0 for the caseγ = 1 andNt = 10, 102 and103. Initial condition
is N0 = Neq = γNt/(1 + γ) = Nt/2. Lifetime is independent ofNt and the curves are identical.
Dashed curves: Scaling expressions (4.89) for slow and fast loading forTdet andFdet.

Fig. 4.13a plots the deterministic adhesion cluster lifetimeTdet as function ofµ/Neq for the case
γ = 1 and cluster sizesNt = 10, 102 and103. The initial condition isN0 = Neq = Nt/2. The
lifetimes for different cluster sizes are identical over the whole range ofµ/Neq. This confirms the
findings of the scaling analysis that lifetime depends only onµ/Neq andγ in both scaling regions. As
illustrated by the numerical solutions forN(τ), this scaling behaviour arises because the clusters are
stable for sub-critical forces and decay quickly for super-critical forces. The conditionN(Tdet) = 1
for dissociation is thus irrelevant as long as the critical cluster size is larger thanNc = 1. The
independence of solutions forN(τ) onNt together with the divergence ofdN/dτ for N → 0 leads
to the independence of the lifetime onNt, even for slow loading. For fast loading, this was observed
before in the case ofγ = 0 and for constant forces. The scaling expressions describe the lifetime
very well in the respective scaling regions. In the range ofµ ∼ Neq there is a small crossover region;
an actual scaling regime for intermediate loading as put forward in Seifert [2000] is not observed.
Fig. 4.13b plots the deterministic rupture forceFdet as function ofµ/Neq. Now, the results scale
linearly with cluster sizeNt.

4.3.3 Stochastic analysis

The deterministic analysis has allowed to determine scaling expressions for lifetime and rupture force
and provided insight into the qualitative behaviour of the trajectoriesN(τ). The numerical solutions of
the deterministic equation have confirmed these findings. In this section we compare the deterministic
results with solutions of the stochastic master equation. For finite rebindingγ > 0, the absorbing
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boundary ati = 0 is artificial. The non-linear master equation with time-dependent rates for linear
loading will be solved numerically and mean lifetime and rupture force are calculated.

Time evolution

0

0.1

0.2

0.3

0.4

0.5

0 20 40 60 80 100
τ

0

0.1

0.2

0.3

0.4

0.5

0 10 20 30 40
τ

0

0.2

0.4

0.6

0.8

1

0.2 0.4 0.6 0.8 1 1.2 1.4
τ

0

0.2

0.4

0.6

0.8

1

0 0.01 0.02 0.03 0.04 0.05
τ

0

(a) (b)

(c) (d)

p
5

p
0

p
5

p
5

p
5 p

0

p
4

p
0

p
4,6

p
6

Figure 4.14: Numerical solutions obtained by stochastic simulations for the probability distribution
{pi(τ)}Nt

i=0 for the caseγ = 1 andNt = 10. Loading rate per initially closed bond isµ/N0 = 10−4,
10−2, 1 and102 (a-d). Initial condition isN0 = Neq = Nt/2 = 5.

In Fig. 4.14 results of stochastic simulations for the probability distribution{pi}Nt
i=0 are plotted

for the on-rateγ = 1 and the cluster sizeNt = 10. The initial condition isN0 = Neq = Nt/2.
The ratio of loading rate and initial number of closed bonds increases fromµ/Neq = 10−4 to 102.
For the smallest loading rate in (a), the distribution equilibrates almost immediately to the steady
state distribution for vanishing force. Thereafter, the probability for attachment decreases through
fluctuations to the absorbing boundary but the distribution within the bound states does not change
significantly. Force is irrelevant for cluster decay in this regime. For larger loading rates in the
slow and intermediate loading regimes (b and c), adhesion clusters follow the quasi steady state after
the initial equilibration. The distribution becomes asymmetric which is indicated by the opposite
behaviour of the pairs of state functionsp5−i,5+i. Cluster decay accelerates as force approaches
fc ' 0.278Nt. For µ/Neq = 10−2 this is the case atτc ' 56. Clusters decay before the critical
force is reached because fluctuation to the absorbing boundary are still important. Forµ/Neq = 1 the
critical force is reached atτ ' 0.56. Cluster decay is now driven mainly by loading with forces above
fc. For very fast loading,µ/Neq = 102, rebinding can be neglected and the state probabilities behave
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as for the case ofγ = 0.
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Figure 4.15: Solutions of the master equations from stochastic simulations for (a)γ = 1/9 and (b)
γ = 9 with Nt = 10 and the loading rate per initially closed bondµ/N0 = 10−2. Initial condition is
N0 = Neq, i.e. ,Neq = N0 = 1 andN0 = 9, respectively, for the two different values of the on-rate.

Fluctuation and force driven cluster decay in the slow loading regime is further illustrated in
Fig. 4.15. It shows solutions of the master equation forNt = 10 andN0 = Neq as in Fig. 4.14,
but for the on-rates (a)γ = 1/9 and (b)γ = 9 (b) so thatN0 = 1 andN0 = 9. The loading rate
is µ/N0 = 10−2 (i.e. slow loading). For weak rebinding adhesion clusters decay quickly from their
initial stateN0 = 1 to the absorbing state. However, rebinding occurs and states withi > Neq are
still occupied. The force per bond is very weak throughout the decay withf(τ) = µτ . 0.05 � 1
for τ ' 5. For strong rebinding, the distribution evolves very slowly. Initially it is centred around the
force free steady stateNeq and shifts gradually to smaller values with increasing force. Fluctuations
to the absorbing state are rare and the probability for detachment stays small. Towards the end of the
decay, the force reachesf = Neqµτ ' 9 which is close to the critical forcefc ' 11 for γ = 9. This
induces large fluctuations and leads to fast dissociation of clusters. For clusters which are relatively
stable against fluctuations, dissociation is induced by loading and the time-scale is set by the time to
reach the critical force.

Fig. 4.16 plots the average number of closed bonds,N(τ) = 〈i〉 =
∑Nt

i=1 ipi for the on-rateγ = 1
for different cluster sizes betweenNt = 1 andNt = 104. The initial number of closed bonds is
N0 = Neq. For the smallest loading rate shown, clusters of all sizes show an exponential decrease
as for vanishing force. Here, rare fluctuations determine the lifetime and the dynamics ofN(τ). For
larger loading rates, the influence of fluctuations is reduced and large clusters decay abruptly if the
critical force is exceeded atτc ' 56 for µ/Neq = 10−2. Small clusters decay earlier due to the
influence of fluctuations and the decrease inN(τ) becomes smoother for smallerNt. With a further
increase of loading rate per cluster size, the importance of fluctuations is reduced also for smaller
clusters and the lifetimes become comparable for differentNt. Moreover the final descent becomes
steeper. An exception isNt = 2; here, the initial number of closed bonds isN0 = 1 and the very
smooth decrease in typical for single bond dissociation.

Fig. 4.17 shows single simulation trajectories of the number of closed bondsi for slow and fast
loading. For vanishing loading, the situation has been elucidated in Fig. 3.9 of Sec. 3.2. The number
of realisation reduces only by rare fluctuations to the absorbing boundary. For slow linear loading the
trajectories fluctuate around the force dependent steady stateNeq(f) which follows from the deter-
ministic description and is plotted for comparison. For the smallest clusters, fluctuations toi = 0 are
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Figure 4.16: Average number of closed bondsN(τ) as function of timeτ from stochastic simulations
for the caseγ = 1 andNt = 2, 10, 102, 103 and104. The initial condition isN0 = Neq = Nt/2. The
value for the ratio of loading rate and initial number of closed bonds isµ/Neq = 10−2, 10−1, 1 and
102 (a-d).

frequent and the averageN(τ) reduces faster than the steady state. For the larger clusters fluctuations
become rare and most clusters dissociate around the deterministic critical force where the steady state
vanishes and fluctuations are enhanced. This leads to the fast decrease of the averageN(τ) close to
fc. For fast loading the critical force is reached very quickly and rebinding can almost completely be
neglected. Cluster of all sizes decay quickly. Fluctuations mainly affect the moment at which the sin-
gle trajectories dissociate. The distribution of these events is wider for small clusters which smoothes
the curve of the averageN(τ). As noted before for constant loading, the single trajectories with their
abrupt breakdown very much resemble the deterministic curves. Averaging over many with different
dissociation times leads to the smooth appearance of the averages.

Stochastic and deterministic results forN(τ) are compared in Fig. 4.18 for the caseγ = 1 and
Nt = 10, 102, 103 and104 and for the valuesµ/N0 = 10−2 and102 The initial condition isN0 = Neq.
ForNt = 10, the stochastic results with a reflecting boundary condition are given for comparison.
The results coincide well for the initial evolution under small forces. Towards the end of the decay
the force is large and strong deviations arise. For small clusters under slow loading, the deviations are
large throughout the decay due to the frequent loss of realisations to the absorbing boundary. For a
reflecting boundary the deviations are limited to the final stages of decay. For fast loading, fluctuations
to the absorbing boundary are less relevant and results for absorbing and reflecting boundary do not
differ significantly. The definition of large and small cluster depends on the parametersµ andγ. A
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Figure 4.17: Solid curves: Single simulation trajectories for the number of closed adhesion bonds for
the caseγ = 1 andNt = 10, 102 and103 for loading rates (a)µ/N0 = 10−2 and (b)µ/N0 = 102.
Initial condition for the trajectories isN0 = Neq = Nt/2. Dashed curves: Average number of
closed bonds calculated from a large number of trajectories. Dotted: Deterministic stationary state
Neq(f = µτ) for constant force (see Fig. 3.14 in Sec. 3.4) as function force at timeτ . It vanishes
when the critical force is reached atτc = fc/µ

cluster is small as long as the time-scale for the fluctuations is smaller than that for the force driven
decayτc.

Dissociation rates and average lifetime

In Fig. 4.19, the dissociation rateD(τ) = dp0/dτ = r1p1 is plotted for the caseγ = 1 and for
different cluster sizesNt = 2, 6, 10, 102, 103 and104. The initial condition isN0 = Neq and the ratio
of loading rate and initial cluster size ranges from and initial number of closed bonds,µ/N0 = 10−2 to
102. The analytical result for the single bond dissociation rate is plotted for comparison. For loading
rates slower than shown in the figure, the approximation for vanishing force can be applied (compare
Fig. 3.21). After a fast initial increase fromD(0) = 0 for Nt > 1, the dissociation rates decrease
exponentially because cluster realisations are lost due to rare fluctuations to the absorbing boundary.
The exponentials can be approximated by

D(τ) ≈ e−τ/T /T (4.90)

whereT is the average lifetime for vanishing loading (3.47).
For larger loading rates, the dissociation rate cannot be described by a single exponential. The

distributions develop a pronounced maximum. For slow loading, the position of the maximum shifts
to largerτ with increasingNeq. For fast loading, however, it hardly depends on cluster size. The
distributions become sharply peaked and rather symmetric as it was already observed for vanishing
rebinding. One difference to the caseγ = 0 is that rebinding is possible and occurs especially as long
as the force is small. ForNt = 2 andN0 = 1 this leads to ‘bimodal’ distribution. At short times,
the dissociation rate is determined by the immediate rupture of the initial, single bond and is well
described by the analytic curve (4.29) for the single bond dissociation rate. The fraction of clusters
that first rebinds to get into statei = 2 dissociates on a longer time-scale which is seen in the shoulder
of the curve at large times. Similar separation into subpopulations can be observed also for larger
clusters at even larger loading rates.
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Figure 4.18: Comparison of stochastic and deterministic results for the average number of closed
adhesion bondsN(τ) as function of time for the caseγ = 1 andNt = 10, 102 and103 and for loading
rates (a)µ/N0 = 10−2 and (b)µ/N0 = 102. Initial condition isN0 = Neq = Nt/2. Solid curves:
Stochastic results from Monte Carlo solutions of the master equation. Dashed: Deterministic results
from numerical integration of the differential equation. Dash-dotted (forNt = 10 andµ/N0 = 10−2):
Solution of the master equation with reflecting boundary condition ati = 0.

The discussion of the time evolution of adhesion clusters has shown that there are two different
mechanisms for the decay at slow loading.Ultra-slow loadingis present as long as the time-scale for
fluctuations to the absorbing boundary is short compared to the time it takes to reach the critical force
fc. In this case, adhesion clusters are not affected by force and decay by fluctuations to the absorbing
boundary. The mean lifetime can be approximated by that of an adhesion cluster under vanishing
force which was calculated in Sec. 3.2. For the initial conditionN0 = Nt it is given in (3.47) as

T0 =
1

1 + γ

{
HNt +

Nt∑
i=1

(
Nt

i

)
γi

i

}
. (4.91)

Since the relaxation to the steady state is fast, this expression can also be used for the initial condition
N0 = Neq. The regime of ultra-slow loading is defined by loading ratesµ� fc/T0 � Neq. Forslow
loadingfc/T0 � µ � Neq, the critical force is reached before the cluster can decay by fluctuations.
Because stochastic clusters decay quickly for forces above the critical force, lifetime is then given
by T = fc/µ, i.e., the time it takes to reach the critical forcefc with a loading rateµ. These two
regimes can only be observed if the time-scales can be separated. This requires that the time-scale for
fluctuations is sufficiently large andfc/T0 � Neq holds. BecauseT0 grows strongly withNt andγ
this is usually the case for large clusters or strong rebinding. Only for small clusters, theslow loading
regime will be absent. Forfast loadingµ� Neq, fluctuations have a weak effect on cluster dissocation
and the deterministic scaling result can be used to describe the average lifetime of stochastic adhesion
clusters. In summary, we have three different scaling regimes for the stochastic mean lifetimeT and
rupture forceF = µT . The scaling expressions are

T ≈


1

1+γ

{
HNt +

∑Nt
i=1

(
Nt

i

)γi

i

}
for µ� fc/T0 � Neq,

Nt pln (γ/e) /µ for fc/T0 � µ� Nt,
N0
µ ln

(
µ

N0

)
for Nt � µ

(4.92)
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Figure 4.19: Numerical results for the dissociation rateD(τ) as function of the timeτ for the case
γ = 1 andNt = 2, 6, 10, 102 and103 and for loading rates areµ/N0 = 10−2, 10−1, 1 and102 (a-d).
The initial condition isN0 = Neq = Nt/2. Dashed line: Analytic result (4.29) forNt = 1 with
N0 = 1.

for the lifetime and

F ≈


µ

1+γ

{
HNt +

∑Nt
i=1

(
Nt

i

)γi

i

}
for µ� fc/T0 � Neq,

Nt pln (γ/e) /µ for fc/T0 � µ� Neq

N0 ln
(

µ
N0

)
for Nt � µ

(4.93)

for the mean rupture force. In the ultra-slow loading regime, the lifetime is constant. The force at
rupture thus increases linearly with loading rate. In the slow loading regime, the rupture force is
constant and given by the critical force. The lifetime decreases with the inverse of loading rate. For
fast loading the result for vanishing rebinding and fast loading arises which was discussed before.
Lifetime essentially decreases inversely with the ratio of loading rate and initial number of closed
bonds,µ/N0 with a weak logarithmic correction. The rupture force increases logarithmically with
loading rate.

Fig. 4.20 plots numerical results of stochastic simulations for the average lifetimeT and the av-
erage rupture forceF as function ofµ/Neq for the on-rateγ = 1 for the cluster sizesNt = 2, 10,
102, and103. The initial condition isN0 = Neq. In the range of loading rates shown, the lifetime of
the two largest clusters are described by the scaling results for slow and fast loading. For very slow
loading slight deviations are observed forNt = 100 which indicates the transition to the ultra-slow
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Figure 4.20: Solid lines: (a) mean cluster lifetimeT and (b) mean rupture forceF = µT for the case
γ = 1 as a function ofµ/N0 for Nt = 2, 10, 102 and103. In (a) the curves for the two largest clusters
are nearly identical. The initial condition isN0 = Neq = Nt/2. Dashed lines: Scaling expressions.

loading regime. For the smallest clusters, the numerical results can be described by the scaling results
for ultra-slow and fast loading in the respective regions. The slow loading regime is absent here be-
cause the fluctuation-determined lifetime is small. For other on-ratesγ 6= 1, the existence of the slow
loading regime depends on the lifetimeT0 which has to be sufficiently large thatfc/T0 � Neq.

4.4 Summary

In this chapter, we analysed the cooperative decay of a cluster of adhesion bonds under linearly rising
force. Moreover, non-cooperative loading of irreversible bonds was discussed. Significant differences
between stochastic and deterministic treatment are found for small clusters or slow loading, when
stochastic fluctuations are relevant. However, fluctuations do not affect the typical shape of rupture
trajectories of single clusters but rather the time at which cluster dissociation occurs. For vanishing
rebinding,γ = 0, our treatment applying numerical solutions of deterministic and master equation,
nicely confirms the scaling analysis of the deterministic equation for cluster lifetimeT as function of
µ andN0 [Seifert, 2000]. However, in contrast to the scaling analysis, the full treatment presented
here allows for detailed comparison with experiments, e.g. in regard to typical unbinding trajectories
or binding strength over a range of loading rates spanning different scaling regimes. Moreover, the
stochastic analysis allows to determine the distribution of bond strengths and lifetimes, which allows
detailed comparison with experimental results.

For non-cooperative linear loading it was possible to solve the time-dependent master equation
by its equivalence to the linear equation for force free decay. The lacking cooperativity of the bonds
induced an acceleration of the single bond dynamics without the instability against a reduction of
closed bonds which is the signature of cooperativity expressed by the non-linearity of the transition
rates. Exact results for the average lifetime of adhesion clusters confirm the results of the scaling
analysis presented in Seifert [2000] also for this case. The comparison of the exact analytical solutions
and numerical solutions with the Gillespie algorithm for time-dependent rates showed very good
agreement which validates the numerical results.

For shared linear loading in the case of finite rebinding,γ > 0, the scaling analysis of the de-
terministic equation yields two different scaling regimes forT . The stochastic analysis reveals a
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sequence of two loading regimes for slow loadingµ � Neq. For ultra-slow loading,T is indepen-
dent ofµ and is determined by the adhesion clusters decay by stochastic fluctuations to the absorbing
boundary andT is determined by the time-scale for stochastic fluctuations to the absorbing boundary.
For larger loading (but still withµ� Neq) T scales inversely withµ because of the finite strength of
adhesion clusters. The rupture forceF = µT is the critical forcefc identified for constant force in
the previous chapter. In the fast loading regime, the results forγ = 0 apply. A distinct intermediate
loading regime for1 < µ� Nt as proposed in Seifert [2000] could not be identified.

Our results for shared loading can be applied for example to rolling adhesion of leukocytes, when
multiple L-selectin bonds are dynamically loaded in shear flow [Dwir et al., 2003]. Dynamic force
spectroscopy has only recently been applied to clusters of adhesion bonds [Prechtel et al., 2002].
RGD-lipopeptides on a vesicle have been presented toανβ3-integrins on a cell. The thermal mem-
brane fluctuations can be disregarded on both sides, because the vesicle is under large tension and
the integrins are rigidly connected to the cytoskeleton. Appreciable loading occurs only over a ring
region along the rim of the contact disc, for which no inhomogeneities have been observed. If one
neglects the subsequent peeling of the inner region, which presumably is much faster, our model can
be applied. The parameter values can be estimated to beNt ≈ 100, FB ≈ 40 pN, k0 ≈ 0.01 Hz and
γ ≈ 1. Loading rates have been varied fromr = 20 − 4 × 103 pN / s, that isµ/Nt = 0.5 − 100.
Therefore this experiment should correspond to the intermediate and fast loading regimes. Even more
recently, dynamic force spectroscopy experiments are undertaken with the biomembrane force probe
using small numbers of bonds (Nt = 1 . . . 10) under fast loading. In these experiments, the exact
number of molecules in each attempt is unknown and the force spectra for different numbers have
to be superimposed. We expect that future improvements in experimentation will make it possible
to probe also the slow loading regime, where rebinding and stochastic effects become relevant. In
order to achieve a more complete understanding of the role of force in cell adhesion, future modelling
should also address the detailed nature of the force transducer, non-homogeneous loading and more
realistic scenarios for the rebinding process.



Chapter 5

Impact of receptor-ligand distance on
adhesion cluster stability

In experimental and biological systems, receptor and ligand molecules can usually not be attached
directly to a surface because the interference with the surface might disturb their function. Instead,
they are usually tethered to the substrate via polymeric linker molecules. This allows the molecules
to form adhesion bonds when two opposing surfaces are separated by a certain distance. Because
stretching the linker molecules requires energy, the binding probability and the force exerted on the
bonds then depend on the distance between the surfaces.

As explained in Chapter 2, this distance` between the equilibrium positions of receptors and
ligands is typically used in experiments to control the force exerted on an adhesion cluster. In this
chapter, we use this distance explicitly as a parameter instead of the force and extend the model to
include also a distance dependent rebinding rate. We derive transition rates for rupture and rebinding
that can be used in the master equation and in the deterministic equation. We analyse the stability
of adhesion clusters using a bifurcation analysis of the deterministic equation which is compared
to the stationary probability distribution that follows from the master equation. In the main part
of the chapter, we model the tethers as harmonic springs. Thereby, we discuss the case of general
transducer stiffness. This allows the tethers that bind to the transducer to reduce the actual distance
of the transducer from the ligands which increases the probability for rebinding. We also discuss the
limits of soft and stiff transducers and introduce a model that takes into account the finite extensibility
of real polymers.

5.1 Kinetic description in the harmonic spring model

The distance dependence of the binding process of tethered bonds has been investigated experimen-
tally with the surface forces apparatus [Wong et al., 1997, Jeppesen et al., 2001]. One surface was
coated with receptors while to the opposing surface ligands were tethered with linkers of varying
length. The surfaces were approached slowly and a rapid increase of force corresponding to the for-
mation of many bonds was observed when the surfaces had approached close to the radius of gyration
of the polymers. The experimental situation has been analysed theoretically using a mean field ap-
proach [Moreira et al., 2003, Moreira and Marques, 2004]. The binding kinetics of a tethered ligand
over a given distance was described by reaction-diffusion equations. The distance between the sur-
faces was given so that binding was non-cooperative and a mean field description for tether binding
could be applied. In regard to cells adhesion, distance dependent binding is important for the forma-
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tion of new adhesion contacts. Before firm contacts are established, cell membrane and substrates
are typically separated by a distance in the range ofµm which has to be bridged by the first adhe-
sion bonds. After the first adhesion bonds have bridged this distance and contact is established, the
distance decreases to the range ofnm.

In this section, we derive expressions for the transition rates of the bonds in an adhesion cluster
which include the spatial separation of receptors and ligands. These will be used to describe adhesion
cluster dynamics within the framework of the master equation (2.24) and the deterministic approxi-
mation (2.36) for the average number of closed bonds. Thereby we include cooperative effects due to
sharing of the force. To derive the transition rates, we use the spring model for the adhesion cluster
that was presented in Chapter 2 and is shown in a similar form in Fig. 5.1. We denote the distance
` between the equilibrium position of the transducer and that of the ligands as the receptor-ligand
distance. This is the extension that is necessary for the first tether to bind to the transducer. The actual
distance of the transducer from the ligands will reduce upon binding of tethers to a valuexb < `.

l

l-x
b

x
b

lt

lb

Figure 5.1: Simple spring model for ad-
hesion clusters as introduced in Seifert
[2000] and discussed before in Chapter
2. The rest lengths of tether and trans-
ducer springs are denoted by`b and `t,
their spring constants bykb and kt, re-
spectively. The equilibrium positions of
the springs – marked by the dashed lines
– are separated by the distance`. The ex-
tension of the tether springs isxb; that of
the transducer spring is̀− xb. The po-
sition of the transducer follows from me-
chanical equilibriumikbxb = kt(`− xb),
wherei is the number of closed bonds.

In the derivation of the transition rates we assume that, for a given number of closed bondsi, the
position of the transducer is determined by the condition of mechanical equilibrium between trans-
ducer and tether forces. This amounts to assuming that the relaxation of the transducer to its equilib-
rium position is fast compared to changes ini. In experiments on single bonds in the biomembrane
force probe it has been found indeed that the relaxation time of the force transducer was much shorter
that the typical time for rupture of the bonds [Nguyen-Duong et al., 2003]. There, the relaxation time
of the transducer was estimated to be on the order of10−3 s so that with typical binding times in the
range of seconds, the assumption of mechanical equilibrium is valid. In the same vein, we assume
that the distribution of the ligands follows a stationary Boltzmann distribution for the potential. This
requires that also the relaxation time of the polymer tethers, which is given by the Rouse time, is short
compared to the time-scale for rupture and rebinding.

Another assumption we use to derive the transition rates is that the transducer has a fixed position
and binding events are solely promoted by tether fluctuations. Fluctuations of the transducer can be
neglected if one or more tethers are bound to the transducer. The variance of the position of the free
transducer in its harmonic potential is proportional to the inverse force constant,σ2 = kBT/kt. If
i tethers are bound, the transducer moves in the potential of the transducer and thei tether springs
with a variance ofσ2 = kBT/(kt + ikb) which should be small compared to that of the single, free
tethers. For the free transducer, fluctuations cannot generally be neglected. Indeed, in the limit of a
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soft transducer (and very stiff tethers) we have to take transducer fluctuations into account to allow
binding of the tethers.

5.1.1 Rupture rate

The Bell-like off-rate (2.6) for single bonds depends on the force exerted on the individual molecule.
In Chapter 2 we derived the expression for the extension of the bound tether springs (i.e. the distance
of the transducer from the equilibrium position of the tethers) from the condition of mechanical equi-
librium in the simple spring model which is shown in Fig. 5.1. The extensions of the bound tethers
that are attached to the transducer by thei closed bonds is given in (2.8) as

xb(i) =
kt`

kt + kbi
. (5.1)

Here,` is the separation of the equilibrium positions of transducer and tethers. We non-dimensionalise
all distances by writing them in units of the unstressed length of the tethers`b. Defining the dimen-
sionless separationλ := `/`b, the dimensionless tether extensionξb := xb/`b as function ofi reads

ξb(i) =
`/`b

1 + κi
=

λ

1 + κi
. (5.2)

The ratioκ = kb/kt of the force constant of the tetherskb and the transducer,kt has been used before
in Chapter 2. As in the previous chapters, force is measured in units of the intrinsic force scale for
bond rupture,FB. The dimensionless expression for the force per bond is

fb(i) = kbξb(i)
`b
FB

=
λφ

1 + κi
. (5.3)

The dimensionless parameterφ := kb`b/FB is the force in units ofFB that is necessary to extend
a tether spring bỳb, i.e., to its double rest length. The productλφ = kb`/FB is the dimensionless
tether force at the extension` that is necessary to initiate the first binding event. This product replaces
the forcef which was used in the discussion of constant loading in Chapter 2. With Bell’s equation
(2.6), the dimensionless single bond off-rate is

koff/k0 = efb(i) = e
λφ

1+κi . (5.4)

With i closed adhesion bonds in a cluster ofNt adhesion bonds, the reverse rate is given by

r(i) = iefb = ie
λφ

1+κi . (5.5)

This is a non-linear function ofi which, unlike the case of shared loading with a soft transducer,
remains finite fori = 0.

5.1.2 Rebinding rate

Next we derive an expression for the dependence of the rebinding rate of tethered bonds in the cluster
on the distanceξb of the receptors from the ligands. Using expression (5.2), this rebinding rate can
then be written as a function ofi so that it can be used in the master equation (2.24).

The ligands move in the one-dimensional harmonic potential of the tethers between two impene-
trable and immobile walls: the substrate is at a distance−`b and the transducer at a distancexb from
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the resting position of the tethers which is chosen as the origin of a coordinate system (see Fig. 5.1).
We assume that the ligands follow a stationary canonical distribution in the potential and that the
transducer is fixed at the position given by mechanical equilibrium. This distribution yields the prob-
ability that the ligands are close to the transducer which is proportional to the effective binding rate of
the adhesion bonds.

Substrate and transducer impose an infinite potential on the ligands which thus move in the poten-
tial

U(x) =

{
kb
2 x

2 if −`b 6 x 6 xb,

∞ elsewhere.
(5.6)

The canonical distributionρ(x) of the ligands embedded in a surrounding heat bath is given by the

Boltzmann factor normalised with the partition functionZ(xb) =
∫ xb

−`b
e
−U(x)

kBT dx:

ρ(x) =
1
Z
e
−U(x)

kBT =
1
Z
e
− kbx2

2kBT . (5.7)

The partition function can be evaluated in terms of the error functionerf (x) := (2/
√
π)
∫ x
0 e

−t2 dt as

Z(xb) =
[
πkBT

2kb

] 1
2

{
erf

([
kb`b

2kBT

] 1
2

)
+ erf

([
kbx

2
b

2kBT

] 1
2

)}
. (5.8)

The one-dimensional density has the dimension of an inverse length and is non-dimensionalised by
multiplying with the tether rest length̀b. In terms of the dimensionless lengthsξb = xb/`b and
ξ := x/`b and the newly introduced dimensionless parameterβ := kb`

2
b/2kBT the dimensionless

form of the density (5.7) reads

ρ(ξ) = 2
[
β

π

] 1
2 e−βξ2

erf
(
β

1
2

)
+ erf

(
β

1
2 ξb

) . (5.9)

It is a renormalised Gaussian which depends on temperature throughβ which is the energy of the
tether spring at an extension`b measured in units of thermal energykBT .

Using the concept of the encounter complex formation, receptor-ligand binding occurs with a
conditional binding ratêγ if the ligand approaches the receptors to less than a ‘capture distance’`c.
Since interactions of biological adhesion bond are usually short ranged,`c will be small andρ(ξ)
can be assumed to be approximately constant over the length`c. The probability for the ligand to be
within the capture distance is approximately(`c/`b)ρ(ξb), where the tether rest length was used for
non-dimensionalisation. The effective binding rate is then given by(`c/`b)γ̂ρ(ξb) = γρ(ξb). The
on-rate(`c/`b)γ̂ := γ is the effective binding rate for a homogeneous distribution of ligands over
the length̀ b. It is thus related to the on-rateγ used in the previous chapters and we will use similar
numerical values for it in the following.

In statei of the adhesion cluster there areNt − i free tethers which all have the same distribution
ρ(ξb(i)). The rebinding rate is given by

g(i) = γ(Nt − i)ρ(ξb(i)) = 2γ(Nt − i)
[
β

π

] 1
2 e−β[ λ

1+iκ ]2

erf
(
β

1
2

)
+ erf

(
β

1
2 λ

1+iκ

) . (5.10)
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name definition typical value meaning
β := kb`

2
b/kBT 0.1 . . . 10 tether energy in units of thermal energy

λ := `/`b 0.1 . . . 10 transducer-tether distance
Nt := Nt 10 . . . 25 cluster size
φ := kb`b/FB 0.1 tether force in units of the force scale for bond rupture
κ := kb/kt 1 ratio of tether and transducer stiffness
γ := γ̂(`c/`b) 1 conditional single bond on-rate

Table 5.1: The six parameters of the model, their definitions, typical values used and their meaning.

where the tether extensionξb(i) from (5.2) as function of the number of bound tethersi has been
inserted in the density (5.9). The rebinding rate is the probability that one of the ligands is inside the
capture distance times the on-rate from within this capture distance. Due to the non-linear dependence
of ρ on ξb(i) and the non-linearity ofξb(i) with i, the rebinding rate is a strongly non-linear function
of the number of closed bondsi.

5.1.3 Transition rates and dynamic equations

Summarising, the distance dependent rupture and rebinding rates are given by

r(i) = iefb(ξb(i)) = ie
λφ

1+κi and g(i) = γ(Nt − i)ρ(ξb(i)) . (5.11)

The reverse rate is the same as in the general case discussed in Chapter 2. Force is replaced by the
parameterλφ = kb`/FB which is the dimensionless force on the tether at an extension`, the distance
of the equilibrium positions of tether and transducer. In Chapter 2, loading was also induced by
changing this distance. Here, we use` (or λ in dimensionless form) explicitly as a parameter. The
actual distanceξb(i) between receptors and ligands reduces with the number of bound tethersi. This
increases the binding rateg(i) and at the same time decreases the reverse rater(i) so that cooperativity
of ligand binding arises from the sharing of the force and the cooperative influence of the tethers on
the distanceξb.

The master equation (2.24) with the transition rates (5.11) is non-linear because both, rupture
and the rebinding rate, are non-linear functions ofi. To allow formation of stable adhesion clusters
we consider a reflecting boundary at the dissociated statei = 0. Since the reverse rate vanishes,
r(i = 0) = 0, the system is enclosed between two natural, reflecting boundaries. The deterministic
equation (2.36) now reads

d

dτ
N = g(N)− r(N) = 2γ(Nt −N)

[
β

π

] 1
2 e−β[ λ

1+Nκ ]2

erf
(
β

1
2

)
+ erf

(
β

1
2 λ

1+Nκ

) −Ne
λφ

1+κN . (5.12)

Due to the non-linearity of the transition rate, it is not an accurate description of the stochastic average
N(τ). Only in the limit of a stiff transducer, that isκ = 0, the distanceξb = λ becomes independent
of i and the transition rates are linear ini.

Our model now contains six parameters. The on-rateγ and the cluster sizeNt have been used
before in the previous chapters. The ratioκ = kb/kt of the force constants has been introduced in the
model chapter, however in Chapters 3 and 4, only the limits ofκ → ∞ (soft transducer) andκ → 0
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(stiff transducer) were discussed. Here it is taken into account explicitly; relevant values for it will be
in the range between1 andNt, i.e., between the limits of soft and stiff transducer. In the following
we will useκ = 1. The parameterφ = kb`b/FB measures the force needed to stretch the tethers
in units of the intrinsic force scale of the adhesion bondsFB = kBT/xB. For an entropic spring,
this essentially scales as the ratio of reactive compliance and size of the monomers of the polymer. It
will thus be rather a small value. In the following we useφ = 0.1. The force used to drive cluster
dissociation is now replaced by the productφλ = kb`/Fb. The distanceλ = `/`b is the distance of
the equilibrium positions of tethers and transducer. The energy of the tethers is measured in units of
thermal energy by the parameterβ = kb`

2
b/2kBT .

Experimentally it will be easiest to change the distanceλ. The stiffness of the tethers may be
changed by using different molecules in different assays, such as single or double stranded DNA.
This would changeβ, but also the force constant expressed byφ. Changes in temperature would
changeβ alone. However, experimentally, a change of the temperature might have badly controlled
effects on the affinity of adhesion bonds. Moreover, the rest length`b might change which was used
as the unit for lengths. In the following we will concentrate on the influence of a variable distanceλ
and also of changes inβ on the solutions of the dynamical equations.

5.2 Deterministic analysis

To investigate formation and stability of adhesion clusters from a completely unbound state it will be
particularly important to consider the behaviour of the deterministic equation in the vicinity ofN = 0.
The reverse rater(N) vanishes forN → 0 and the time derivativedN/dτ atN = 0 is determined by
the forward rate alone. The forward rate is always positive and atN = 0 we have

d

dτ
N

∣∣∣∣
N=0

= 2γNt

[
β

π

] 1
2 e−βλ2

erf
(
β

1
2

)
+ erf

(
β

1
2λ
) > 0 . (5.13)

Therefore,N increases from zero until it reaches a stable stationary state. The lowest steady state is
always stable because the time derivativedN/dτ crosses zero from above.

The time derivativedN/dτ is plotted in Fig. 5.2 as function ofN for different values of (a and
b) λ and (c and d)β for a cluster size ofNt = 10 in (a and c) andNt = 25 in (b and d). The other
parameters are fixed at the values given in the figure caption. The figure shows that for smallβ and
λ, the time derivative is positive and large atN = 0. It increases initially with increasingN , passes
through a maximum and finally becomes negative. The zero corresponds to a stable steady state of
the system. With increasingλ or β, the value ofdN/dτ atN = 0 decreases, approaches zero but
always remains positive. The sloped(dN/dt)/dN is also positive for small parameters, decreases
with increasingβ or λ and becomes negative eventually. If this is the case, two additional fixed points
appear: a stable one close toN = 0 and an unstable one in between the two stable fixed points at
small and largeN , respectively. The unstable one moves out to largerN asλ orβ increase and finally
merges with the upper stable fixed point. For larger parameters, only the single, globally stable fixed
point at0 / N remains. In the bistable region where the system has two fixed points it depends on the
initial condition – above or below the unstable fixed point – which of the stable fixed points attracts
the solution forN .

Fig. 5.3 shows the bifurcation diagram following from the fixed points seen in Fig. 5.2. The
positions of the fixed points are determined numerically and plotted as function of (a and b)λ for
β = 0.5, 1.0 and2.0 and as function of (c and d)β for λ = 0.5, 1.0 and2.0. The cluster size is
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Figure 5.2: The derivativedN/dτ as function of the number of closed bondsN for (a and c)Nt = 10
and (b and d)Nt = 25 for the values (a and b)β = 1.0 andλ varying betweenλ = 0.1 and16 and (c
and d) forλ = 1.5 with β varying betweenβ = 0.1 and16. The other parameters areγ = 1, κ = 1
andφ = 0.1.

Nt = 10 in (a and c) andNt = 25 in (b and d), respectively. The system undergoes a sequence of
two bifurcations in which, at small parameters, two additional fixed points appear. At large parameter
values, two existing fixed points merge and vanish. The bifurcations correspond to the points where
additional zeros ofdN/dτ appear and dissappear in Fig. 5.2. For small parameters, there is a single,
globally stable fixed point at a large number of closed bonds. This corresponds to a bound state of the
adhesion cluster. With increasingλ the position of the bound state decreases steadily until is vanishes
in the second bifurcation. For larger values ofβ, the decrease withλ is faster and the bifurcation
occurs earlier. At smallλ, the size of the stable cluster grows withβ and is in the range ofNt/2 as
found in Chapter 3 forf = 0 at the same value ofγ = 1. The unstable fixed point appears in the first
bifurcation, increases with increasingλ and vanishes in the second bifurcation. The stable fixed point
at smallN appears together with the unstable one. It decreases with increasingλ and approaches
N = 0. Nevertheless, it exists for all values ofλ although it is hardly visible in the plots. The position
of the first bifurcation decreases with increasingβ in a similar way as the second one and the width of
the bistable region does not depend strongly onβ. As function ofβ, the upper stable fixed point first
increases from the value atβ = 0 before is decreases again when approaching the second bifurcation.
For smallλ, the upper bifurcation point shifts to enormously largeβ while the first bifurcation hardly
changes its position. In practical situations, either a single, large cluster or a bistable state will be
observed for accessibleβ at smallλ.

The existence of a stable cluster for smallλ andβ can be understood from the behaviour of the
transition rates. For small enough receptor-ligand distances, the tethered ligands frequently encounter
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Figure 5.3: The fixed points as function of (a and b)λ for β = 0.5, 1.0 and2.0 and (c and d) as
function ofβ for λ = 1.0, 1.5 and2.0. The total number of bonds isNt = 10. The stable stationary
states are the solid lines while the unstable state is shown as a dashed curve. The other parameters are
γ = 1, κ = 1 andφ = 0.1.

the receptors on the transducer and the effective rebinding rate will be large. On the other hand,
the extension of the bound tethers is small so that the force which would accelerate bond rupture
is small. For smallβ, the mechanism is similar. A smallβ corresponds to a large temperature or
a small stiffness of the tethers. A large temperature increases the ligand density at the transducer
and leads to an effectively large rebinding rate which stabilises the cluster. With increasingλ and
β, density and rebinding rate decrease while the reverse rate increases and the bound state is not
globally stable anymore. On the other hand, binding reduces the actual distanceξb(i) according to
(5.1). Thus, once a sufficient number of tethers is bound, a stable cluster can exist. In the deterministic
description, however, this stable cluster cannot be reached fromN = 0. In a stochastic description,
as we have seen in the previous chapters, the unstable state will be a kinetic barrier for transitions
between the stable states. Finally, for very large distances or very small temperatures, the reduction
of the distance does not increase the binding rate sufficiently to compensate for the large unbinding
rate. The bound steady state vanishes in another bifurcation and only the lower steady state which is
practically identical toN = 0 exists.

The behaviour of the fixed points is reminiscent of a first order phase transitions in statistical
physics at which two states can coexist because they are separated by an unstable region forN . In a
deterministic dynamical system the steady state value ofN undergoes hysteresis upon slow changes
in the parametersλ or β. For small values of the parameters the system always enters the bound
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steady state. Increasing either of the parameters slowly drives the system along the upper branch of
the bifurcation diagram until the second bifurcation is reached andN changes discontinuously to the
unbound state. The reverse process leads to a discontinuous transition at the lower bifurcation.
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Figure 5.4: Stability diagram for adhesion clusters: solid lines are numerically determined positions of
the lower and upper bifurcation as function ofβ andλ. The shaded region is the region of bistability,
above the upper curve there is a single unbound state while below the lower curve there exists a single,
bound cluster. The curves are derived forNt = 10, φ = 0.1, κ = 1 and the values (a)γ = 1 and (b)
γ = 5.

The stability diagram in Fig. 5.4 plots the positions of the bifurcations as functions of the two
parametersλ andβ for (a) γ = 1 and (b)γ = 5. The other parameters areNt = 10, φ = 0.1,
κ = 1. The dependence of the curves onβ andλ is reciprocal as observed already in Fig. 5.3. For
smallλ, both curves decrease slowly withβ and are almost parallel. This explains the large region of
bistability for a given smallλ as function ofβ. For very smallβ, the curves diverge and the region of
bistability becomes narrow but exists also at large values ofλ. The diagrams for differentγ show that
the upper bifurcation grows withγ while the lower curve is nearly independent onγ.

As an approximate criterion for the occurrence of the first bifurcation at small parameters we use
that the sloped(dN/dτ)/dN = g′(N) − r′(N) of dN/dτ has to become negative just before the
bifurcation. The derivative of the reverse rate atN = 0 is given by

d

dN
r(N)

∣∣∣∣
N=0

= eφλ . (5.14)

The derivative of the forward rateg(N) is

d

dN
g(N)

∣∣∣∣
N=0
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2γ
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β
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e−βλ2
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1
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+ erf
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1
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1
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−βλ2
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1
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)
+ erf

(
β

1
2λ
) − 1

 (5.15)

For not too largeλ we may neglect the derivative of the reverse rate and only discuss the second
equation for the rebinding rate. For very largeβ � 1, the second term in parenthesis can also be
neglected. Then, the relation

1 = 2βλ2κ⇔ λ2 =
1

2βκ
, (5.16)

for the parameters at the bifurcation results. The value ofλ above which the system becomes bistable
decreases as the inverse square root ofβ. On the other hand, for smallβ � 1, the first term in
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parenthesis can be neglected and the error function becomes linear in its argument. This leads to

β =
ln (2κNtλ/

√
π(1 + λ))

λ2
≈ ln (κNt)

λ2
. (5.17)

where the last approximation is for largeλ. For β → 0, the value ofλ at the bifurcation diverges,
again with the inverse square root. These limiting cases qualitatively support reciprocal relation ofλ
andβ of the numerical solutions in Fig. 5.4. Also the relative independence of the lower bifurcation
point on the on-rateγ, which was observed in the Fig. 5.4, is retrieved.

5.3 Stochastic analysis

The stationary statepi(∞) := limτ→∞ pi(τ) can be calculated for any one-step master equation from
the transition rates. This was done in Sec. 3.4 of Chapter 3 and the result is given in terms of the
transition rates in (3.72). It is given by

pi(∞) =

∏i−1
j=0

g(j)
r(j+1)

1 +
∑Nt

k=1

∏k−1
j=0

g(j)
r(j+1)

. (5.18)

Fig. 5.5 shows a density plot of the stationary distribution{pi(∞)}Nt
i=0 as function of the number

of closed bondi andλ (a and b) andβ (c and d), respectively and for the cluster sizesNt = 10 in
(a and c) andNt = 25 in (b and d). The other parameters are chosen asγ = 1, κ = 1 andφ = 0.1
as before. The plots confirm the results from the deterministic equation. For small parameter values
the distribution is unimodal. The maximum corresponds to a single macrostate which is the bound
state of the cluster. Around this maximum there is a wide distribution which becomes narrower with
increasingNt. In an intermediate range of parameters, the distribution becomes bimodal as a second,
sharp maximum emerges close to the dissociated state. For large parameter values, the upper, bound
macrostate disappears and only the unbound one remains.

For a bimodal distribution it is convenient to define the probability distribution and the averages
around the different macrostates. A macrostate is defined by the deterministic number of closed bonds
as it follows from the deterministic equation. A mesostate is the probability distribution over the whole
set of states as a solution of the stochastic master equation. In general, it consists of more or less
localised peaks around the macrostates. To identify these different macrostates states in the stochastic
distribution, it is split in two parts at a minimum between the peaks1. Denoting the minimum of the
distribution asN∗ and adapting the normalisations leads to

pu
i (∞) =

∏i−1
j=0

g(j)
r(j+1)

1 +
∑N∗−1

i=1

∏i−1
j=0

g(j)
r(j+1)

and pb
i(∞) =

∏i−1
j=0

g(j)
r(j+1)∑Nt

i=N∗+1

∏i−1
j=0

g(j)
r(j+1)

. (5.19)

for the distribution{pu(∞)}N∗−1
i=0 around the unbound and{pb(∞)}Nt

i=N∗+1 around the bound state,
respectively. The average number of closed bonds is given by

N(∞) =
Nt∑
i=1

ipi(∞) (5.20)

1Defining an effective energy landscape in analogy to a Boltzmann distribution asEi = −kBT ln pi, this minimum
corresponds to a maximum in energy which separates two potential wells. In a deterministic description, it is determined by
the initial condition, which of these two wells will be occupied. In a stochastic description, fluctuations allow equilibration
between the wells.
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Figure 5.5: Density plot of the stationary distribution{pi(∞)}Nt
i=0 as functionλ for cluster sizes (a,c)

Nt = 10 and (b,d)Nt = 25 and for (a,b)β = 1.0 as function ofλ and for (c,d)λ = 1.5 as function of
β. The other parameters areγ = 1, κ = 1 andφ = 0.1. Dark regions indicate high probability. The
yellow lines are the average number of closed bonds in the whole cluster and in the bound and the
unbound state of the bimodal region, respectively. The blue curves in (a,b) are the stationary states of
from the deterministic equation shown before in Fig. 5.3.

for the full distribution and by

Nu(∞) =
N∗−1∑
i=1

ipu
i (∞) and N b(∞) =

Nt∑
i=N∗+1

ipb
i(∞) (5.21)

for unbound and bound state, respectively. These averagesN(∞), Nu(∞) andN b(∞) are plotted
in Fig. 5.5 together with the probability distribution. For the plots, the minimum was set toN∗ ' 2
which is usually a good approximation. The averages in the bound and unbound state follow closely
the maxima of the distribution. In the bimodal region, the total average decreases quickly a soon as
the absolute maximum of the occupancy changes from bound to unbound.

Fig. 5.5a,b also compares the stochastic stationary probability distribution and the average as
function ofλ to the deterministic steady states of Fig. 5.3. The deterministic steady state describes
the stochastic averages in the bound state very well. The bistable region for the deterministic dynam-
ical system corresponds to the bimodal distribution in the stochastic system. The point at which the
bimodal distribution appears is underestimated by the deterministic bifurcation point forNt = 10
but is well described for the largerNt = 25. The stochastic transition between the different states
becomes sharper for larger clusters. The position of this transition is close to the bifurcation at which
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the unbound state first appears. For Fig. 5.5c,d, the deterministic steady states are not plotted. These
extend to very largeβ which is not reflected by the stochastic distribution which shows a transition
from bound to unbound close to the lower bifurcation.
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Figure 5.6: Single adhesion cluster trajectories for a cluster sizeNt = 10 andβ = 0.5, the other
parameters are as in the previous figures. The time average over the trajectories should be identical
to the stationary distribution. The parameterλ increases from (a)λ = 1 for which the stationary
distribution is unimodal over (b)λ = 2 and (c)λ = 3 in the bimodal region to (d)λ = 3.5 for
which there is only a single unbound macrostate. The horizontal lines indicate the position of the
deterministic bound state taken from Fig. 5.3.

Fig. 5.6 plots single adhesion cluster trajectories generated with the Gillespie algorithm. The
distribution of thei in a single trajectory, averaged over long times, would yield the stationary distri-
butionpi(∞). The trajectories are shown forβ = 0.5 and increasing values ofλwithNt = 10, γ = 1,
κ = 1 andφ = 0.1. In (a) forλ = 1, the system is in the unimodal region with a single bound state
of the cluster. The trajectory quickly reaches large numbers of closed bonds and fluctuates around the
maximum of the distribution. Due to the smallNt, fluctuations are large and the reflecting boundary
at i = 0 is occasionally encountered but the cluster quickly reassociates. In the bistable region in (b
and c) forλ = 2 andλ = 3, it takes increasingly longer to reach the bound state fromi = 0. Single
bonds are formed frequently but are broken almost immediately and it takes several attempts to form
a large cluster. Close to the second bifurcation as in (c), the bound state is still reached fromi = 0 but
the time to do so is very large and many single binding attempts are now necessary to reach a bound
state. Once it was reached, the lifetime of the bound state is short. However, the actual transition from
unbound to bound and vice versa is very fast. This leads to a minimum of occupancy between the
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two maxima. Outside the bimodal region (d) even single binding events become rare. Formations of
several bonds appear as a rare, short spikes ini.

To further quantify dynamic properties of the system we calculate the average first passage times
between two different statesµ andν of the cluster. An expression for these times in terms of the
transition rates can be found for arbitrary, constant transition rate as it was shown before in Sec. 3.4
for the transition between the initial and the detached state. The general expression for the first passage
times from stateµ to stateν > µ can be calculated with the adjoint master equation approach [van
Kampen, 2003] and is given by

Tµ,ν =
ν−1∑
i=µ

i∑
j=0

∏i
k=j+1 r(k)∏i
k=j g(k)

. (5.22)

where a reflecting boundary ati = 0 is assumed and the reverse and forward rates (5.11) are used.
For the reverse process, the role of reverse and forward rate is exchanged and the upper reflecting
boundary ati = Nt is now relevant instead of the lower boundary which cannot be encountered
during the first passage process. The expression for the mean first passage time fromν to µ < ν is

Tν,µ =
ν∑

i=µ+1

Nt∑
j=i

∏j−1
k=i g(k)∏j
k=i r(k)

. (5.23)
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Figure 5.7: The ratio of mean first passage times from the upper bound state to the detached state
Tµ,0/T0,µ and the inverseT0,µ/Tµ,0 are plotted as function ofλ for (a)Nt = 10 and for (b)Nt = 25.
The parameterβ = 1 was used and the other parameters are as in the previous figures. The ratio of
occupancy of bound and unbound statepb(∞)/pu(∞) and the inversepu(∞)/pb(∞) are plotted for
comparison (dashed curves).

In the single bond trajectories it was observed that the actual transition times between bound and
unbound state are small compared to the time the system spent in either of the states. We therefore
expect that the mean first passage time from a bound state to the unbound state ati = 0 closely matches
the average time spent in the bound state and vice versa. In Fig. 5.7 we plot the ratioTµ,0/T0,µ of the
first passage times between bound and unbound state in opposite directions, together with its inverse
T0,µ/Tµ,0 as function ofλ. As a bound state we chooseµ ' Nt/2. As the occupancy of the bound
state decreases with increasingλ, also the ratio decreases while the inverse increases. The curves
closely match the ratiospb(∞)/pu(∞) andpu(∞)/pb(∞) for the relative occupancy probabilities
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of bound and unbound state, respectively. This ratio is a measure for the relative time spent in the
respective states since the time and ensemble average for the stationary state are equal. Expressions
(5.22) and (5.23) give therefore an accurate approximation for the time spent in the macrostates.
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Figure 5.8: RatioT0,1/T3,Nt/2 of the mean time for the formation of the first bond and the subsequent
passage fromi = 3 to a bound state withi ' Nt/2 for (a)Nt = 10 and (b)Nt = 25 as function ofλ
for β = 0.5, 1.0 and2 (solid, dashed, dotted curves) and for the usual other parameters.

The mean first passage times also allow to demonstrate the existence of a kinetic barrier for bind-
ing and unbinding. The barrier is given by the unstable steady state in the deterministic description.
The adhesion cluster trajectories in Fig. 5.6 have shown that also in the stochastic description the
important steps are fromi = 0 to i = 1 and from there to the bound state. Fig. 5.8 plots the ratio
T0,1/T3,Nt/2 of the mean first passage times from0 → 1 to the one from3 → Nt/2. Again, we
assumed that the bound state was reached wheni = Nt/2. In the region of a unimodal distribution
with a single bound state, the ratio is smaller than one. Each step between two states takes a similar
amount of time so that the larger number of steps abovei = 1 leads to a small value. In the region
of bistability, the ratio grows dramatically. The rate limiting step for adhesion cluster formation is the
first one. For largerλ outside the bistability region, the ratio becomes small again because transitions
to the higher states take increasingly long.

5.4 Limiting cases: Soft and stiff transducer

In Chapters 3 and 4 two important limiting cases for the relative stiffnessκ = kb/kt of tethers and
transducer were discussed, namely the soft and the stiff transducer [Seifert, 2000, 2002]. The main
focus was thereby on the soft transducer because it leads to full cooperativity between the bonds
whereas the stiff transducer rendered the bonds independent and non-cooperative. In the following we
discuss implications of the two limits on the model for the distance dependent ligand binding.

5.4.1 Soft transducer

The soft transducer is characterised by a large stiffness of the tethers compared to the transducer so
thatκ → ∞ in this limit. The consequence is that fluctuations of the transducer cannot be neglected
anymore. On the contrary, while the ligands are rigidly attached to their stiff tethers, fluctuations of
the transducer alone allow binding over the distance between the equilibrium positions of ligands and
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receptors. However, once a tether binds, the transducer is arrested at the position of the tethers. This
is the situation that was used in Chapters 3 and 4 to investigate adhesion cluster dissociation under
shared loading. To discuss the possibility of the formation of stable clusters it is essential to take the
first binding step into account.

Rupture rate

The reverse rate is non-zero only fori > 0. That means that the expressions derived in Chapter 2
for shared loading apply. The difference is now that the force which was used as a parameter there
is replaced by the extensioǹof the transducer spring when it is bound by a tether. However, with
the extension of the transducer spring` and the force constantkt, the force exerted on the whole
adhesion cluster is, in dimensionless form,f = kt`/FB and can be used as a parameter. The force
per bond is then given byfb = f/i. According to Bell’s equation (2.6) the single bond off-rate is
koff/k0 = efb = ef/i and the reverse rater(i) = ief/i is the same as in the case of shared loading.

Rebinding rate

The rebinding rate for the first step is determined by the probability for the transducer to be at the
position of the ligand molecules. The transducer moves in a harmonic potential which on one side
is bounded by the tethers and unbounded on the other side. The partition function is calculated in
analogy to that for the tethers in (5.8). It is

Z =
[
πkBT

2kt

] 1
2

(
1 + erf

([
kt`

2

2kBT

] 1
2

))
. (5.24)

The arguments of the error functions are determined by the bounds at infinity (leading toerf (∞) =
1) and at−`. Apart from this, the only difference to (5.8) is the use ofkt instead ofkb. Non-
dimensionalised with the transducer rest length`t, the probability density for the transducer to have an
extensioǹ and to be close enough to the ligands to allow binding is given by (compare the analogous
form of (5.9))

ρ = 2
[
βt

π

] 1
2 e−βtλ2

t

1 + erf
(
β

1
2
t λt

) . (5.25)

In this expression we defined the dimensionless parametersλt := `/`t andβt := kt`
2
t /2kBT in

analogy toλ andβ for the case of generalκ. The rebinding rateg(0) for binding of a tether to the
freely fluctuating transducer is given byg(0) = γNtρ whereγ = (`c/`t)γ̂ is the conditional binding
rate times the dimensionless capture distance. The transducer with at least one tether bound is held in
proximity of the tethers and the density on the capture distance can be assumed to be constant, that is,
in dimensionless formρ = `t/`c so that the rebinding rate is given byγ̂. The rebinding rate fori > 0
is thusg(i) = γ̂(Nt − i) as in the case of shared loading in Chapter 2.

Transition rates and dynamic equations

For the soft transducer the reverse rate is the same as for the case of shared loading,

r(i) = ief/i , (5.26)
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where the force scalef = kt`/FB is the force at an extensioǹof the transducer spring. The forward
rate has to be split for the casesi = 0 andi > 0. We have

g(i) = γ̂(Nt − i) for i > 1 and g(0) = 2γNt

[
βt

π

] 1
2 e−βtλ2

t

1 + erf
(
β

1
2
t λt

) . (5.27)

Only the binding rate for the initial step depends on the distanceλt because the separation of ligands
and transducer shrinks to zero upon the first binding event. For the following steps the binding rate is
the same as found for shared loading in (2.25). As in the case of shared loading the boundary ati = 0
is an artificial boundary for the system because the rebinding rate is distinct from the other ones.

Deterministic analysis

In the deterministic differential equation (2.36) forN(τ) the deviation of the rebinding rate ati = 0
cannot be included in a simple way. Using the ‘natural’ rebinding rate, i.e. the definition ofg(i > 0)
applied fori = 0, results in the exact same equation (2.42) as derived in Chapter 2 for shared loading.
The only difference is that the parameterλφ replaces the forcef . The results, in particular the bifur-
cation analysis, would thus remain valid. A bistable region cannot be observed in the deterministic
framework, because the alteration of the rebinding rate for the first step cannot be taken into account.

Stochastic analysis

For the stochastic description of the system in limit of the soft transducer, the results for the stationary
distribution can be taken directly from the previous section. The only difference to the system that
was discussed in Chapters 3 and 4 is in the forward rateg(0) which can be significantly reduced for
a densityρ � 1. The stationary probability distribution is given by (5.18) with the transition rates
(5.26) and (5.27). If we rename these rates with a hat and use the original names for the transition
rates from the model used in Chapters 3 and 4, the stationary state is given by

pi(∞) =
(ĝ(0)/g(0))

∏i−1
j=0

g(j)
r(j+1)

1 + (ĝ(0)/g(0))
∑Nt

k=0

∏k−1
j=0

g(j)
r(j+1)

. (5.28)

In this expression,
ĝ(0)
g(0)

=
`t
`c

e−βtλ2

1 + erf
(
β

1
2
t λ

) (5.29)

is the ratio of the reverse rates. For smallβ and`t/`c → 1 the expression for the stationary distribution
approaches the one that was found in Chapter 3 for a force given byf = φλ and a reflecting boundary.
For largerβ, the first binding step will become slow and a bimodal distribution as found in the case of
generalκ results. In the extreme limit of an absorbing boundary withĝ0 = 0, this distribution arises
because the absorbing state accumulates realisations of the adhesion clusters.

5.4.2 Stiff transducer

In the limit κ → 0 of the stiff transducer, fluctuations of the transducer can be neglected compared
to those of the tethers. Owing to its large stiffness, the transducer has a fixed position at a distance
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` from the equilibrium positions of the tethers, that is, all tethers have to be stretched to the same
extensioǹ . The force on each bound tethers is thus given byFb = kb`, irrespective of their number.
In dimensionless units we have

fb =
kb`b
FB

`

`b
= φλ . (5.30)

The force ofi bound tethers on the transducer isft = ifb = iλφ. The dimensionless parameters
φ = kb`B/FB andλ = `/`b are defined as before. The reverse rate is a linear function of the number
of bound tethers,

r(i) = ieφλ . (5.31)

The probabilityρ(λ) that a tether has an extensionλ and is thus close to the transducer is constant
because of the constant position of the transducer. It is given by (5.9) forξ = ξb = λ. The rebinding
rate is given by

g(i) = γ(Nt − i)ρ(λ) = 2γ(Nt − i)
[
β

π

] 1
2 e−βλ2

erf
(
β

1
2

)
+ erf

(
β

1
2λ
) , (5.32)

whereγ = (`c/`b)γ̂ is the same as in the previous discussion of the general case.
The transition rates (5.31) and (5.32) are both linear functions ofi. The linear deterministic and

master equation have been solved in Chapter 3 and in Appendix A. The on-rate has to be replaced
by γρ(λ) and the force byφλ which are both functions ofλ. In the model of the stiff transducer,
the bifurcations vanish completely because all cooperativity – expressed by the non-linearity of the
transition rates – has been extinguished. However, because the of the strong dependence of the binding
rate and the unbinding rate onλ, an approach of the transducer to the substrate will lead to a fast
increase in the fraction of bound tethers as it was observed experimentally in Wong et al. [1997],
Jeppesen et al. [2001] and investigated theoretically in Moreira and Marques [2004], Moreira et al.
[2003].

5.5 Finite, non-linear extensibility of the polymer tethers

Real polymers are not infinitely extensible as it was assumed in the harmonic spring model, but have
a finite contour lengthL. Real polymers consist of a finite number of monomers and it requires very
large forces to stretch these monomers. On the other hand, we found that interesting dynamics occurs
at fairly large extensions of the tethers. It will thus be interesting to investigate the influence of a finite
extensibility of the tethers on the stability of adhesion clusters. To this end, we replace the harmonic
tether springs by the more realistic worm-like chain model for biopolymers. The transducer is still
modelled as a harmonic spring.

5.5.1 The worm-like chain model

A model that is often used for semiflexible biopolymers is the so-called worm-like chain or Kratky-
Porod model [Doi and Edwards, 1986]. In this model, bending the segments of the chain relative to
each other requires an energy which gives the polymer chain a certain stiffness. This model is thus
often used for biopolymers that have a large persistence length due to their stiffness, as e.g. DNA
molecules [Marko and Siggia, 1995] or the protein titin [Evans and Ritchie, 1999]. Particular effort
has been invested in deriving the force extension relation, i.e., the dependence of the average extension
of the chain on the applied force. In general, a worm-like chain behaves like a harmonic spring for
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very small extensions, that is, the force increases linearly with extension. For large extensions close
to the contour length the force diverges because the chain cannot be extended to lengths larger thanL.
For strands of DNA molecules, this behaviour could be described by an interpolation formula which
approximates the actual behaviour at intermediate extensions fairly well [Marko and Siggia, 1995].
An extension of the worm-like chain model allows elastic stretching of the chain to values larger than
the contour length [Kierfeld et al., 2004]. Using a continuous description of the chain several different
scaling regimes of force with extension were identified. At large forces the divergence is levelled off
by the transition to a linear regime where the chain is extended as an elastic rod.

In the following we will use the simple interpolation formula for the force extension relation.
We assume that the polymer chains are tethered to the substrate as shown for the springs in Fig. 5.1.
The ends are clamped at the substrate so that at zero extension of the chain, the polymer ends have
a certain distance from the substrate. Because the polymers are relatively stiff, this allows to neglect
the influence of the substrate on the distribution of the polymers above the substrate. On the other
hand, the force extension relation is derived for freely rotating ends and will not be exact for small
extensions. However, because we expect events with large extensions to be important for the binding
process, this will be a minor assumption. The essential properties of the worm-like chain model that
we incorporate in our model are the finite extensibility and the transition from linear elasticity for
small extensions to the divergence at large extensions.

Force extension relation and reverse rate

The interpolation formula for the relation between forceF and extensionx is given by [Marko and
Siggia, 1995]

Fwlc(x) =
kBT

Lp

{
1

4(1− (x/L))2
+
x

L
− 1

4

}
. (5.33)

Here,Lp is the persistence length of the polymer,L is its contour length andx denotes the average
extension which is induced by the forceF . The first term in curly brackets yields the divergence of
the force upon approaching the contour length. The second term yields the harmonic behaviour at
small extensions and the third, constant contribution is added to guarantee that the force vanishes at
vanishing extension. The force constant for this harmonic behaviour is given by the ratiokBT/Lp of
the thermal energy and persistence length.

We express the force in dimensionless quantities by measuring extension in units of the contour
length,ξ := x/L and force in units of the intrinsic force scaleFB = kBT/xB for adhesion bond
rupture,fwlc := Fwlc/FB. The force extension relation then reads

fwlc(ξ) = φwlc

{
1

4(1− ξ)2
+ ξ − 1

4

}
(5.34)

The parameterφwlc := xB/Lp is defined in analogy toφ in Tab. 5.1.3 and measures the ratio of the
force scale for polymer extension and bond rupture. It is given by the ratio of the reactive compliance
xB of the adhesion bond and the persistence lengthLp of the polymer. This is typically a small value;
xB is on the order of the size of a single molecule with typical values ofxB ' 0.5 nm while the
persistence length for semiflexible polymers can be large and on the order ofµm.

The extensionξb(i) of tethers bound to the transducer is again determined by the condition of
mechanical equilibrium at the transducer. This requires to solve

iFwlc(xb(i)) = i
kBT

Lp

{
1

4(1− (xb(i)/L))2
+
xb(i)
L

− 1
4

}
= kt(`− xb(i)) = Ft (5.35)
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for the extensionxb(i). The parameter̀ is defined as in the rest of this chapter as the distance
between positions of zero extension of the tethers and the transducer. To write (5.35) in dimensionless
quantities we use the contour length to non-dimensionalise lengths. With the definitionλwlc := `/L
in analogy toλ (see Tab. 5.1.3) the condition reads

iκwlc

{
1

4(1− ξb(i))2
+ ξb(i)−

1
4

}
= λwlc − ξb(i) . (5.36)

Here, the parameterκwlc := (kBT/LLp)/kt is introduced which measures the ratio of the force con-
stant of the polymer at small extensions and the force constant of the transducer. It is thus analogous
to κ = kb/kt for the simple spring model. Solution of (5.36) forξb(i) yields the tether extension and
thus the forcefwlc(ξb(i)) as function of the number of bound tethers alone. Bell’s equation for the
off-ratekoff/k0 = efwlc(i) leads to the reverse rate for the closed bonds in an adhesion cluster

r(i) = iefwlc(i) (5.37)

which can then be used in the master equation and in the deterministic equation. As a polynomial of
third order, (5.36) can be solved forξb(i) but we will not write the solution down explicitly.

Rebinding rate

To calculate the on-rate for the bonds, we have to know the density of polymers on the transducer at a
distancexb(i). With the force extension relation, stretching the polymer from zero extension toxb(i)
requires the energy

Vwlc(x) =
∫ xb(i)

0
Fwlc(x′) dx′ = kBT

L

Lp

{
1

4(1− (xb(i)/L))
+

(xb(i)/L)2

2
− xb(i)/L

4
− 1

4

}
(5.38)

In dimensionless units the ratioVwlc(ξb(i))/kBT is

Vwlc(ξb(i))
kBT

=
1
Λp

{
1

4(1− ξb(i))
+
ξ2b (i)

2
− ξb(i)

4
− 1

4

}
(5.39)

where the dimensionless persistence length isΛp := Lp/L. Using this energy in the Boltzmann factor
e−Vwlc(ξb)/kBT results in the density distribution of the ligands

ρ(ξb(i)) = e−Vwlc(ξb(i)))/kBT /Z(ξb(i)) (5.40)

whereZ(ξb(i)) :=
∫ 1
0 e

−V (ξ)/kBT dξ +
∫ ξb(i)
0 e−V (ξ)/kBT dξ is the partition sum. InZ we included

the possibility that the tethers can move back to the substrates to prevent that the partition function
vanishes at an extension0. The rationale is here that we assume that the polymer ends are clamped
at the substrate as depicted in Fig. 5.1 for the springs. The other end of the polymer will thus have
a certain average distance from the substrate. The exact limit of the integration (here we chose the
contour length) will have little influence on the results because of the strong dependence of the Boltz-
mann factor on the extension. Inserting the distance as function of the number of closed bonds, leads
to the rebinding rate as a function ofi:

g(i) = γ(Nt − i)ρ(i) (5.41)

The transition rates (5.37) and (5.41) can now be used in the deterministic equation and in the
master equation to describe the adhesion cluster dynamics. The system has six parameters: on-rate
γ and cluster sizeNt are identical to those in the first sections. Defined in analogy to the parameters
listed in Tab. 5.1.3 areκwlc, φwlc andλwlc. A new is the dimensionless persistence lengthΛp of the
polymers which replacesβ.
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5.5.2 Deterministic results – Bifurcation analysis

The deterministic equation for adhesion cluster dynamics is given by

d

dτ
N = g(N)− r(N) . (5.42)

A steady state analysis shows that this equation has a single, stable fixed point at relatively large
numbers of closed bond for small receptor-ligand distancesλwlc. A stable adhesion cluster can thus
exist for sufficiently small distances. With increasingλwlc the system undergoes a bifurcation at
which two additional fixed points appear very close toN = 0. The lower one is stable and practically
identical to zero and the upper one is unstable and only marginally larger. For increasingλwlc, the
unstable fixed point moves slightly outwards but stays close to zero. The position of the upper stable
fixed point hardly decreases with increasingλwlc. The system thus remains bistable until theλwlc = 1
is reached. For larger distances binding is impossible because the tethers cannot be stretched to this
distance.
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Figure 5.9: The deterministic time derivativedN/dτ of the number of closed bonds in the adhesion
cluster in the vicinity ofN = 0 for (a)Nt = 10 and (b)Nt = 25. The other parameters are given by
κwlc = 1, φwlc = 0.1,Λp = 1 andγ = 1. The distanceλwlc varies for bothNt from λwlc = 0.94 in
the upper curve in steps of0.002 to λwlc = 0.954 in the lower curve.

The situation around the bifurcation is illustrated in Fig. 5.9. It shows the deterministic time
derivativedN/dτ as function ofN in the vicinity ofN = 0. The cluster size was (a)Nt = 10 and
(b) Nt = 25. The other parameters are given byκwlc = 1, φwlc = 0.1,Λp = 1 andγ = 1. The
receptor-ligand distanceλwlc varies in both figures fromλwlc = 0.94 in the upper curve in steps of
0.002 to λwlc = 0.954 in the lower curve. AtN = 0, the time derivativedN/dτ is always positive.
Similar to the situation for the harmonic springs, the slope ofdN/dτ then becomes negative and a
bifurcation appears. Unlike the case of harmonic springs, the position of the unstable, intermediate
fixed point moves out to largerN very slowly so that is stays very close to zero untilλwlc = 1 is
reached.

5.5.3 Stochastic results – stationary probability distribution

Bistability of the deterministic solution corresponded to a bimodal stationary distributionpi(∞) for
the stochastic description. With the transition rates (5.37) and (5.41) derived in this section, the
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stationary distribution can be calculated directly according to (5.18). It is shown in Fig. 5.10 for the
casesNt = 10 andNt = 25 as function ofλwlc. The other parameters are the same as in Fig. 5.9.
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Figure 5.10: The stationary probability distributionpi(∞) according to (5.18) with the transition
rates (5.37) and (5.41) for the case (a)Nt = 10 and (b)Nt = 25 plotted as a function ofλwlc. The
other parameters areκwlc = 1.0, φwlc = 0.1,Λp = 1 andγ = 1 as in Fig. 5.9. Together with the
probability distribution, the average number of closed bondsN(∞) for the whole cluster andN b(∞)
in the bound andNu(∞) in the unbound state as they are defined in (5.20) and (5.21) (yellow lines
and the deterministic result for the upper, stable fixed point (blue) are plotted.

For smallλwlc, the stationary distribution has a maximum at a large number of closed bonds. The
distribution around this maximum becomes sharper for increasing cluster size. The position of the
maximum shifts only very weakly to smaller values ofi upon an increase ofλwlc. ForNt = 10, a
second maximum appears and the distribution becomes bimodal at a distance at which the bifurcation
was observed in the deterministic description. ForNt = 25, this occurs at larger distances within the
bistable region. The absolute maximum of the distribution switches quickly from the upper bound
to the lower, unbound state. However, there still exists a shallow maximum of occupancy at the
bound state which is not visible in the density plots but which is demonstrated by the behaviour of the
average number of closed bonds. Plotted together with the probability are the averages in the whole
cluster,N(∞) according to (5.20), in the bound state,N b(∞), and in the unbound state,Nu(∞),
which were defined in (5.21). The total average switches from bound to unbound state together with
the absolute maximum of the distribution. The average in the bound state, however, remains large
and hardly changes withλwlc. Moreover, it is almost identical to the bound, stable fixed point of the
deterministic equation which is shown as the blue curve in the plots. This behaviour confirms that
there will be no further bifurcation.

The reason for the minute changes of the maximum of the distribution and the absence of a second
bifurcation is the super-linear increase of tether forcefwlc with extensionξ, in combination with the
linear elasticity of the transducer. For large enoughλwlc, strong stretching of the tethers to the super-
linear regime is necessary to initiate the first binding event. The large force of the tether extends
the relatively soft transducer spring strongly. Thereby the tether gets softer because the extension
approaches the linear regime. Therefore, the dependence ofξb(i) on i is weak once the first tethers
are bound. The reverse rater(i) = iefwlc(ξb(i)) thus becomes almost linear fori > 1. Therefore,
also the stable, bound fixed point persists until the maximum extensionλwlc = 1 is reached; the
diverging force extends the transducer sufficiently to induce further binding events. However, the
binding probability vanishes asλwlc is approached so that the time it takes for a binding event to
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occur diverges, while the time spent in the bound state decreases. The ratio of the lifetimes of bound
and unbound state are given by the relative occupancy of bound and unbound state as shown for the
harmonic spring model. Therfore, the unbound state is occupied almost exclusively for large enough
λwlc above the bifurcation.

Finally we note that, had we also replaced the transducer spring by a worm like chain we expect a
behaviour similar to the harmonic spring model. In particular, we expect a second bifurcation to occur
in which the bound state disappears because the diverging force of the tethers is counteracted by the
diverging transducer force.

5.6 Summary

In this chapter, we have discussed the influence of a distance dependent binding rate on the stability
of adhesion clusters. Polymeric linker molecules that tether the ligand molecules to their substrate
have been modelled as harmonic springs. The receptors were attached to the harmonic force trans-
ducer. The ligands bind to the receptors with a probability that decreases with the distance of the
transducer from the equilibrium position of the ligands. The force that the bound tethers exert on the
transducer increases with distance. An important point is that the tethers pull the transducer closer to
the substrate. This leads to a positive feedback for tether binding and unbinding. Once a tether binds
to the transducer it reduces the distance. This reduces the force on the closed bonds and thus reduces
the reverse rate. On the other hand, the smaller distance leads to a higher probability for rebinding.
Rupture of an adhesion bond in a cluster has the reverse effect: the distance increases which increases
the rupture rate and decreases the rebinding rate which therefore induces rupture of further bonds.

A similar instability due to positive feedback was already observed in Chapters 3 and 4 where it
resulted from the cooperativity of the bonds under shared loading. The non-linearity of the distance
dependent rebinding rate gives rise to additional non-linear phenomena in the dynamic system. A
stability analysis of the deterministic equation revealed the existence of a bistable region of receptor-
ligand distances in which two stable fixed points, a bound and an unbound state, coexist. Correspond-
ing to the bistability of the deterministic equation, the stochastic master equation revealed a bimodal
stationary distribution of cluster sizes. Fluctuations allow the system to frequently switch between the
bound and the unbound state. The rate for this switching is kinetically reduced by the unstable fixed
point separating the stable ones. In the bimodal region, the binding of a single tether does not reduce
the distance sufficiently to induce rebinding of further bonds and the formation of a stable cluster.
The analysis of the first passage times and showed that the time the system spends in the bound state
matches closely the relative stationary occupancy probability of this state. The time for the actual
transition is thus small as has also been demonstrated with simulations of single cluster trajectories.

Initiation of the binding process, especially in the bimodal region, is very much dependent on
extreme events where the tether springs are stretched to a multiple of their rest length. Replacing the
infinitely extensible harmonic springs by the more realistic worm-like chain model for biopolymers
with finite extensibility showed that the basic results for harmonic springs are conserved. A region
with a bimodal probability distribution can be observed for receptor-ligand distances close to the
maximal extension of the tethers. This region corresponds to the bistable region in the deterministic
description. These regions are not bounded for large receptor-ligand distances (apart from the hard
limit of the contour length of the polymers) because of diverging force of the tethers which extend the
harmonic transducer strongly and induce further binding. The probability for the initial binding step,
on the other hand vanishes for distances close to the contour length and the occupancy of the bound
state vanishes.
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The discussion of the limits for soft and stiff transducer showed that the soft transducer can still,
due to the fluctuations of the transducer position itself, support the non-linear behaviour observed in
the case of general stiffnesses of tether and transducer springs. For the stiff transducer, on the other
hand, the feedback mechanism is fully lost because the force of the tethers does not suffice to reduce
the distance of the transducer. This limit is the relevant limit for comparison with experiments on
the surface forces apparatus as in Wong et al. [1997], Jeppesen et al. [2001]. Also in the theoretical
studies of Moreira et al. [2003], Moreira and Marques [2004], the distance of the transducer was
assumed to be fixed or moved at a constant velocity but independent of the number of bound tethers.
The stochastic description in the master equation framework allowed to include the dependence of the
distance on the number of bonds. Although a number of assumption were necessary, we expect that
the instabilities could also be observed in an experimental system if sufficiently soft transducers are
available. The binding probability of adhesion clusters then depends critically on the initial distance
between tethers and transducer. Too large distances prevent formation of stable clusters completely.
At small distances large, stable adhesions are readily formed. In the bistable region, the systems
switches rapidly between bound and unbound state and the probability to find a bound cluster in one
instance, is given by the relative occupancy in the bound state. In the context of cell adhesion small,
initial adhesions might be formed and destructed frequently in the bimodal region. This would allow
cells to probe a surface for favourable binding conditions. Once an appropriate binding site is found,
the cell surface might yield and the distance is reduced so that stable adhesions form.
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Appendix A

Generating function

A.1 Generating function technique

A standard method to solve linear one-step master equations is the use of a generating function. This
method is very successful for master equations with constant or linear transition rates and natural
boundaries. Processes with artificial boundaries or non-linear rates are in general not solved this way.

The probability generating function of a distribution{pi(t)}∞i=−∞ is defined as

G(s, t) :=
∞∑

i=−∞
sipi(t) . (A.1)

For a one-step master equation with general forward ratesg(i) and reverse ratesr(i), the generating
function satisfies the partial differential equation

∂

∂t
G(s, t) = (s− 1)g

(
s
∂

∂s

)
G(s, t) +

(
1
s
− 1
)
r

(
s
∂

∂s

)
G(s, t) , (A.2)

in which the transition rates are formally written as a Taylor series in their arguments(∂/∂s). Nor-
malisation of the probability distribution and the initial conditionpi(t = 0) = δi,N0 imply boundary
and initial conditions for the generating function,

G(s, t)|s=1 =
∞∑

i=−∞
pi(t) = 1 and G(s, t)|t=0 = sN0 . (A.3)

Moreover, we have
G(s, t)|s=0 = p0(t) . (A.4)

Solutions for (A.2) have been found for a number master equations, especially for random walks with
constant transition rates and for linear master equations. Solutions for systems relevant in chemical
and biological physics can be found, for example, in McQuarrie [1963], Goel and Richter-Dyn [1974].

The probability distribution functions are the coefficients of the polynomialG(s, t). Once the
generating function is known, thepi are obtained immediately as derivatives ofG:

pi(t) =
1
i!

∂i

∂si
G(s, t)

∣∣∣∣
s=0

for i > 0 and pi(t) =
1
i!

∂i

∂(1/s)i
G(s, t)

∣∣∣∣
1
s
=0

for i < 0 . (A.5)
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The moments of the distribution can be calculated from the probability distribution but the generating
function allows a more direct access. Thenth momentµn is given by the logarithmic derivative ofG
with respect tos:

µn(t) =
∂n

∂(ln s)n
G(s, t)

∣∣∣∣
s=1

=
[(
s
∂

∂s

)n

G(s, t)
]

s=1

. (A.6)

In particular, the averageN = µ1 and the varianceσ2
i = µ2 − µ2

1 are given by the first and second
derivatives as

N(t) = µ1(t) =
∂

∂s
G(s, t)

∣∣∣∣
s=1

σ2
i (t) = µ2(t)− µ2

1(t) =
∂

∂s
G(s, t)

∣∣∣∣
s=1

+
∂2

∂s2
G(s, t)

∣∣∣∣
s=1

−
[
∂

∂s
G(s, t)

∣∣∣∣
s=1

]2

.

(A.7)

With the two relations (A.5) and (A.6), knowledge of the generating function provides a complete
solution of the master equation.

A.2 Application to adhesion cluster evolution for vanishing force

In Chapter 3 we use the solutions of the master equation for vanishing force, that is, of the linear
one-step master equation

d

dt
pi = (i+ 1)pi+1 + γ(Nt − i+ 1)pi−1 − {i+ γ(Nt − i)} pi . (A.8)

with the transition ratesg(i) = γ(Nt − i) andr(i) = i. The master equation is defined for the finite
set of states0 6 i 6 Nt but natural boundaries allow to treat the system as unrestricted and the partial
differential equation for the generating function is given by

∂

∂t
G(s, t) = γNt(s− 1)G(s, t)−

{
1 + γ(s− 1)− 1

s

}
s
∂

∂s
G(s, t) . (A.9)

The solution, with boundary and initial condition (A.3) for a general0 6 N0 6 Nt, is given by [Goel
and Richter-Dyn, 1974]

GN0(t, s) =

[
1− e−(1+γ)t + s

(
γ + e−(1+γ)t

)]N0
[
1 + γe−(1+γ)t + sγ

(
1− e−(1+γ)t

)]Nt−N0

(1 + γ)Nt
.

(A.10)
With relation (A.5) the general expression for the probability distribution follows as

pi(t) =

[
1 + γe−(1+γ)t

1 + γ

]Nt min{N0,i}∑
k=0

γi−k(Nt −N0)!
(i− k)!(Nt −N0 − i+ k)!

·

×
(
N0

k

)[
γ + e−(1+γ)t

1− e−(1+γ)t

]k [
1− e−(1+γ)t

1 + γe−(1+γ)t

]N0+i−k

. (A.11)

The factorial(Nt − N0 − i + k)! in the denominator is1 whenever the argument is negative. The
stationary state of this distribution is independent of the initial condition. It is given by the binomial
distribution

pi(∞) := lim
t→∞

pi(t) =
(
Nt

i

)
γi

(1 + γ)Nt
. (A.12)
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Forγ = 1, this distribution is symmetric around the meanNt/2.
The average and the variance of this distribution{pi(t)}Nt

i=0 in (A.11) are calculated from the
generating function (A.10) using relation (A.6). The results are also listed in Goel and Richter-Dyn
[1974]. ForN(0) = N0, the average is given by

N(t) = (N0 −Neq)e−(1+γ)t +Neq , (A.13)

where
Neq := lim

t→∞
N(t) = γNt/(1 + γ) (A.14)

is the steady state value of the average number of closed bonds. To calculate the variance, also the
second moment of (A.11) is needed, that is,

µ2 = 〈i2〉 =
∂2

∂s2
G(s, t)

∣∣∣∣
s=1

+
∂

∂s
G(s, t)

∣∣∣∣
s=1

, (A.15)

and the variance is given by

σ2
N =

1 + γe−(1+γ)t

1 + γ
N(t)− γ + e−(1+γ)t

1 + γ
N0e

−(1+γ)t

=
1

1 + γ

{
Neq

(
1− e−2(1+γ)t

)
+ (1− γ)(N0 −Neq)e−(1+γ)t

(
1− e−(1+γ)t

)}
.

(A.16)

The value of the variance in the stationary state scales linearly with cluster sizeNeq ∝ Nt

σ2
N (∞) := lim

t→∞
σ2

N (t) =
Neq

1 + γ
. (A.17)

The mean square deviationσ2
N/N

2 thus scales as1/Neq(1 + γ) = 1/γNt with rebinding rate and
cluster size. A rebinding rateγ > 1 thus decreases the the width of the distribution.

A.3 Specific initial conditions

In Chapter 3 we use the distribution functions for the initial conditionsN0 = Nt andN0 = 0. For
these choices the general expressions shorten considerably. For the initial conditionN0 = Nt, the
generating function is

GNt(t, s) =

[
1− e−(1+γ)t + s

(
γ + e−(1+γ)t

)
1 + γ

]Nt

. (A.18)

The probability functions then take form of a time dependent binomial distribution

pi(t) =
(
Nt

i

)[
γ + e−(1+γ)t

]i [
1− e−(1+γ)t

]Nt−i

(1 + γ)Nt
. (A.19)

The average number of closed bonds in this distribution also follows the exponential decrease

N(t) =
Nt

1 + γ
e−(1+γ)t +Neq =

γ + e−(1+γ)t

1 + γ
Nt . (A.20)
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The variance forN0 = Nt is

σ2
N (t) =

γ + e−(1+γ)t

1 + γ
Nt

1− e−(1+γ)t

1 + γ
=

1
1 + γ

N(t)
(
1− e−(1+γ)t

)
. (A.21)

For the initial conditionN0 = 0, the generating function is

G0(t, s) =

[
1 + γe−(1+γ)t + sγ

(
1− e−(1+γ)t

)
1 + γ

]Nt

(A.22)

and the probability functions are given by

pi(t) =
(
Nt

i

)
γi
[
1− e−(1+γ)t

]i [
1 + γe−(1+γ)t

]Nt−i

(1 + γ)Nt
. (A.23)

If γ = 1, this distribution is identical to the one forN0 = Nt when the functions fori andNt − i are
exchanged. The average

N(t) = Neq(1− e−(1+γ)t) (A.24)

increases exponentially towards the steady state. The variance also increases from zero towards the
steady state. It is given by

σ2
N (t) =

1 + γe−(1+γ)t

1 + γ
Neq

(
1− e−(1+γ)t

)
=

1 + γe−(1+γ)t

1 + γ
N(t) . (A.25)

A.4 Vanishing rebinding

If the rebinding rate vanishes,γ = 0, the expressions above become particularly simple. Since new
bonds cannot be formed, the only reasonable initial condition isN0 = Nt. In this case, the generating
function (A.18) reads

GNt(t, s) =
[
1− (1− s)e−t

]Nt . (A.26)

The probability distribution (A.19) takes the form of a time dependent binomial distribution:

pi(t) =
(
Nt

i

)
e−it

[
1− e−t

]Nt−i
. (A.27)

The average number of closed bonds shows an exponential decrease

N(t) = Nte
−t (A.28)

with constant rate from the initial number of closed bonds. The binomial distribution is the stochastic
version of this ‘radioactive decay’. The variance is given by

σ2
N (t) = N(t)(1− e−t) = Nte

−t(1− e−t) . (A.29)

As the average it is linear in the total system sizeNt. The relative mean square deviationσ2
N/N

2 thus
decreases as1/Nt. Because on the long time limit, the variance and the average decay in the same
time-scaleτr = 1, the relative mean square deviation diverges for large times asσ2

N/N
2 ∼ et.
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Gillespie algorithm

B.1 Basic idea of the algorithm

The Gillespie algorithm [Gillespie, 1976, 1977] is used for solving master equations with Monte
Carlo methods. In Monte Carlo simulations of systems that follow a master equation, a large number
of stochastic trajectories through the set of states has to be generated and cumulated into a histogram
which is used as an approximation for the probability distribution. This way to generate stochastic
trajectories was actually among the earliest applications of the Monte Carlo method [Metropolis and
Ulam, 1949]. Depending on the properties of the master equation and the quantities one is interested
in, the number of trajectories needed may be very large. For the system we have discussed, it is
in the range of104 . . . 107. Therefore it is important to use an efficient algorithm to generate these
trajectories which is provided by the Gillespie algorithm.

One standard way to generate the trajectories is to iterate the system by a discrete, finite time-step
∆t and decide at each step whether one of the possible transitions takes place or if the system stays
in the same state. This means, the probabilities on the right hand side of the Chapman-Kolmogorov
equation (2.23) have to be calculated and the transition is selected randomly using this distribution.
This procedure introduces an inaccuracy due to the finiteness of the time-step. To keep this small, the
time-step has to be made small. This, on the other hand, can render the generation of the trajectories
inefficient because during many time-steps, the state of the system may not change while the transition
rates and random numbers have to be calculated anew in every time-step. The Gillespie algorithm
takes a different approach. To avoid unnecessary computation of the transition rates in times where
the system is idle, the distribution waiting times – the times between two subsequent changes of the
state of the system – is applied. The waiting time distribution depends on the current state of the
system and the transition rates (which may themselves be time-dependent). The Gillespie algorithm
draws waiting times at random from the exact waiting time distribution and decides then, which of the
reactions will take place.

In this way the time-steps are large if the system is relatively idle and unnecessary computations
are avoided, while in situations where many reactions occur small steps are taken and inaccuracies due
to the finite time-step are avoided. In this sense, the Gillespie algorithm is exact for the generation
of the trajectories. The only source of inaccuracy lies in the finite number of trajectories and in the
choice of the random number generator which are common to all Monte Carlo methods, in particular
the iterative procedure. That method, however, has the advantage that it is more generally applicable,
in particular for time dependent rates. As we will see in the following, the Gillespie algorithm might
not be applicable for general time dependent rates without additional computational effort. Moreover,
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the iterative algorithm requires a single random number per step, the Gillespie algorithm needs at least
two. Nevertheless, it is an efficient and exact algorithm for stochastic simulations.

The Gillespie algorithm was originally derived for chemical reactions [Gillespie, 1977]. These
occur randomly with constant transition rates which depend on the concentrations of the molecules
converted in the reactions. In the following, we derive the waiting time distribution for a system in
which a certain numberM of reactions take place stochastically in parallel with general, time depen-
dent transitions rates. Then, we describe the actual implementation of the algorithm for which two
different flavours exist. We apply the algorithm to adhesion cluster dynamics in which two different
reactions (rupture and rebinding) are possible with the rates given by (2.22) and give expressions for
shared and non-collective loading in the cases of constant and linearly increasing force.

B.2 Waiting time distribution

For a stochastic reaction in isolation which takes place with a reaction rateαµ(t), we denote byp0
µ(t)

the probability that a reaction hasnot occurred up to timet, when the system entered the stateχ at
time t0. Both functions depend onχ andp0

µ(t) will also depend on the timet0 but we will drop these
dependences in the notation. It will always be assumed that the system is initially in stateχ and the
initial time is t0. This probability decreases with the rateαµ(t) so thatp0

µ(t) is determined by the
differential equation

d

dt
p0

µ(t) = −αµ(t)p0
µ(t) . (B.1)

The initial condition for the probability isp0
µ(t0) = 1 and (B.1) is solved by

p0
µ(t) = e

−
R t

t0
αµ(t′) dt′

. (B.2)

The probability that the system stays in stateχ during the interval[t0, t] decreases exponentially with
the integral of the transition rate. The probability density,wµ(t, t0), that the next reaction occurs at
time t and the time interval between two subsequent reactions ist − t0, is the negative derivative of
p0

µ(t). With the right hand side of (B.1), it reads

wµ(t, t0) = αµ(t)p0
µ(t) = αµ(t)e−

R t
t0

αµ(t′) dt′
. (B.3)

This is the distribution of waiting times between two subsequent reactions if only a single type of
transition is possible.

If M different reactions can occur simultaneously, the probabilityP0(t) that neither of these oc-
curred between in the time interval[t0, t] is the product

P0(t) =
M∏

µ=1

p0
µ(t) = e

−
R t

t0
{PM

µ=1 αµ(t′)} dt′ (B.4)

over thep0
µ(t) for the single reactions. This expression does not assume independence of the reactions

because, as long as no transition occurs, all reactions have identical initial conditions. From (B.4) it
follows that the probabilityP0(t) satisfies the differential equation

d

dt
P0(t) = −


M∑

µ=1

αµ(t)

P0(t) . (B.5)
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It expresses that the stateχ can be left throughM parallel pathways with the reaction ratesαµ(t). The
right hand side of the differential equation (B.5) withP0 from (B.4) gives the waiting time distribution
W (t, t0) for M parallel transitions. It is

W (t, t0) =


M∑

µ=1

αµ(t)

 e
−

R t
t0
{PM

µ=1 αµ(t′)} dt′
. (B.6)

It determines the probability distribution for the waiting times without specifying which reaction takes
place. The probabilityqµ that reactionµ occurs under the condition that the time of the transition ist,
is given by the weight (the relative strength of the unbinding pathway) of the rateαµ(t) at timet, i.e.,

qµ(t) =
αµ(t)∑M

ν=1 αν(t)
. (B.7)

It only depends on the timet of the reaction, because the history is contained in the integral over the
rates in the exponential in the waiting time distribution (B.6). In the Gillespie algorithm, the type of
the reaction thus has to be determined after the time of the reaction is determined.

B.3 Implementation

B.3.1 Gillespie’s direct method

There are two different implementations of the Gillespie algorithm. The ‘direct method’ uses the full
waiting time distribution (B.6) forM parallel reactions to determine the time between two subsequent
reactions. Once this time is fixed, the type of reaction is selected according to the distribution (B.7).

Drawing waiting times To generate random numbers with the waiting time distribution (B.6), a
transformation from uniformly distributed numbers, generated with a standard random number gen-
erator, is used. The transformation uses the ‘cumulative’ waiting time distribution

F (t) =
∫ t

t0

W (t′, t0) dt′ (B.8)

which is the probability that at least one reaction takes place in the interval[t0, t]. It is a strictly
monotonic increasing function int that can be inverted forF−1(p). This yields the timet = F−1(p)
after which a reaction has occurred with probabilityp. For the waiting time distributionW (t, t0) in
(B.6), the integralF is readily calculated sinceW (t, t0) = −Ṗ0(t), so that

F (t) = −
∫ t

t0

Ṗ0(t′) t′ = − P0(t′)
∣∣t′=t

t′=t0
= P0(t0)− P0(t) . (B.9)

SinceP0(t0) = 1,

F (t) = 1− P0(t) = 1− e
−

R t
t0
{PM

µ=1 αµ(t′)} t′
. (B.10)

Next, a uniformly distributed random numberξ is drawn from the range of probabilities(0, 1)
and inserted intoF−1(ξ). This yields the random time at which the probability for the a reaction has
reachedξ. An interval∆ξ aroundξ is transformed to an interval∆t aroundt with the weight

∆t =
d

dp
F−1(p)

∣∣∣∣
p=ξ

∆ξ =
∆ξ

d
dt′F (t′)

∣∣
t′=t

(B.11)
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which leads to

lim
∆ξ→0

∆ξ
∆t

=
d

dt′
F (t′)

∣∣∣∣
t′=t

= W (t, t0) . (B.12)

Thus, the uniform distribution ofξ on (0, 1) is transformed into the waiting time distribution (B.6) for
F−1(ξ) [Gillespie, 1976, Allen and Tildesley, 1987]. We denote the random number by1 − ξ and
write for the waiting timeτ between two subsequent reactions:

τ := t− t0 = F−1(1− ξ)− t0 . (B.13)

The random number1− ξ has the same distribution over the same interval asξ and therfore yields the
same distribution forτ . The timeF−1(1− ξ) is the absolute time at which the transition takes place.

The crucial step in this procedure is the inversion ofF . With (B.10) forF , one has to solve

− ln ξ =
∫ t

t0


M∑

µ=1

αµ(t′)

 dt′ (B.14)

for t. For constant rates, the right hand side is linear inτ = t− t0,

− ln ξ = (t− t0)
M∑

µ=1

αµ , (B.15)

and the waiting time is given by

τ = F−1(ξ)− t0 = − ln ξ∑M
µ=1 αµ

. (B.16)

For time dependent rates, however, the inversion is not necessarily possible analytically. In these cases
one can still implement the inversion numerically but this will reduce the efficiency of the algorithm.
Another possible way to get around this difficulty is to use the next reaction method described in the
next subsection which does not use the full distribution but only utilises the waiting time distribution
for the single transitions in isolation.

Selecting the reaction type The reaction typeµ is chosen after the waiting time has been determined
with the conditional probabilityqµ(t) from (B.7). To determine the type of reaction, the sum over the
rates,

α(t) :=
M∑

µ=1

αµ(t) , (B.17)

is calculated and a second random numberζ with a uniform distribution is drawn from the interval
[0, α(t)]. The reaction typeµ is the one for which the random number is between

αµ−1 < ζ 6 αµ , (B.18)

whereα0 = 0 is assumed. This yields the correct distribution for the types.
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B.3.2 Next-reaction method

The ‘next reaction method’ of the Gillespie algorithm does not use the full waiting time distribution
(B.6) to determine the waiting time of the system. Instead,M waiting timesτµ = tµ − t0 – one for
each of the reactionsµ – are drawn from the distributionswµ(t, t0) in (B.3). Thereafter, the type of
reaction is determined as the one with the shortest waiting time which is then chosen as the waiting
time for the system.

The waiting timesτµ are chosen in the same way as in the direct method. We have to calculate
cumulative probability

Fµ(t) =
∫ t

t0

wµ(t′, t0) dt′ = 1− p0
µ(t) = 1− e

−
R t

t0
αµ dt′ (B.19)

that at least one reaction of typeµ takes place in the interval[t0, t] under the condition that all other
reactions are impossible. Waiting times are determined by drawingM random numbersξµ from a
uniform distribution on the interval(0, 1) which are inserted into the inverseF−1

µ (1− ξµ) so that the
waiting times are

τµ = F−1
µ (1− ξµ)− t0 . (B.20)

The type of reaction is chosen as the one with the shortest waiting time, i.e.,τ := minµ{τµ}. The
inversion of theFµ is slightly easier than for the direct method because one has to solve

− ln ξµ =
∫ t

t0

αµ(t′) dt′ (B.21)

for t. For a constant rate the expression for the waiting time is

τµ = F−1
µ (1− ξµ)− t0 = − ln ξµ

aµ
. (B.22)

When not all rates depend on time, this implementation of the Gillespie algorithm allows to calculate
the waiting times with the simple rule (B.22) for the constant rates and use more complex expression
or numerical inversion ofF only for the time dependent rates.

The next reaction method generates the correct waiting time distributionW (t, t0) for the whole
system. The probabilityων(τ) that the waiting timeτ is selected for the reactionν, is the the product
of wν(t, t0), the probability that reactionν generates this waiting time, and the probability that all
other times are larger than this time, i.e.,

ων(τ) = wν(t, t0)
∏
µ 6=ν

{1− Fµ(t)} = wν(t, t0)
∏
µ 6=ν

p0
µ(t) =

= αν(t)p0
ν(t)

∏
µ 6=ν

p0
µ(t) = αν(t)

M∏
µ=1

p0
µ(t) = αν(t)P0(t) . (B.23)

The complete waiting time distribution is the sum over all theseων(t) since any of theM reaction
might take place at timet. The waiting time distribution in the next reaction method is thus given by

M∑
ν=1

ων(t) =

{
M∑

ν=1

αν(t)

}
P0(t) = W (t, t0) (B.24)
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which is exactly the result (B.6) for the waiting time distribution of the whole system.
The next-reaction method requires to draw one random number for each of theM reactions.

For large numbers of reactions it might therefore become less efficient than the direct method which
requires only two random numbers, independent of the number of reactions. On the other hand, the
calculation of the waiting times from the random numbers may be easier for the next-reaction method.
Moreover, refined implementations of the next-reaction method have been derived [Gibson and Bruck,
2000] which allow to re-use the waiting times and thus increase efficiency. In the application to
adhesion cluster dynamics we deal with only two different reactions and we prefer the next-reaction
method.

B.4 Application to adhesion cluster dynamics

The dynamics of adhesion clusters is described by the one-step master equation (2.24). There are
M = 2 different reaction, namely the unbinding and rebinding transition of a single bond in the
cluster. The state of the cluster is determined by the number of closed bonds,i. Unbinding occurs
with the reverse rater(i) and decreasesi by one toi− 1; rebinding occurs with the forward rateg(i)
and increasesi to i+ 1. The forward and the reverse rates for adhesion cluster dynamics are

g(i) = γ(Nt − i) and r(i) = ief(i) , (B.25)

wheref(i) is the force per bond which may depend on the number of closed bonds in the cluster.
In the simulations presented in the text, we use the next reaction version of the Gillespie algo-

rithm. In the following, the explicit expressions for the generation of waiting times for unbinding
and rebinding are collected. Thereby, we have to distinguish between constant loading, in which both
rates are constant, and linear loading where the reverse rate is time dependent while the forward rate
is still a constant.

B.4.1 Constant loading

For constant loading, the transition rates are also constant and expressions (B.22) can be applied to
determine the waiting times. They are

τ− = − ln ξ1
r(i)

and τ+ = − ln ξ2
g(i)

, (B.26)

for unbinding and rebinding, respectively. Both random numbersξ1,2 are uniformly distributed on
(0, 1). If τ− 6 τ+, the waiting time isτ−, a closed bond unbinds and a transitioni → i − 1 takes
place. Ifτ+ < τ− the waiting time isτ+, an open bond rebinds and the transitioni→ i+ 1 occurs.

For the case of shared loading, the force per bond isf(i) = f/i and the random waiting times for
unbinding and binding are determined by

τ− = − ln ξ1
ief/i

and τ+ = − ln ξ2
γ(Nt − i)

, (B.27)

respectively. For non-cooperative loading, the force per bond is the parameter of the system and
f(i) = f is independent ofi. The waiting times are determined by

τ− = − ln ξ1
ief

and τ+ = − ln ξ2
γ(Nt − i)

. (B.28)

In both expressions, the denominator depends linearly on the number of closed bonds.
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B.4.2 Linear loading

For linear loading, the force per bond increases linearly in time,f(i) = µ(i)t, whereµ(i) is the
constant loading rate per closed bond. The rupture rater(i) = ieµ(i)t increases exponentially with
time. The time integral over the reverse rate is∫ t

t0

r(i) dt′ = i

∫ t

t0

eµ(i)t′ dt′ =
ieµ(i)t′

µ(i)

∣∣∣∣∣
t

t0

=
ieµ(i)t0

µ(i)

{
eµ(i)(t−t0) − 1

}
. (B.29)

Determining the waiting times requires inversion of the cumulative probability

F (t) = 1− exp

(
ieµ(i)t0

µ(i)

{
1− e

µ(i)(t−t0)
i

})
. (B.30)

The inverse ofF (t) is given by

F−1(1− ξ1)− t0 =
1
µ(i)

ln
(

1− µ(i)
ieµ(i)t0

ln ξ
)
. (B.31)

It depends on the loading rate per bondµ(i) and the rupture rate at timet0 of the last transition.
The waiting times for rupture and rebinding are thus determined in the following way. Two ran-

dom numbersξ1 andξ2 uniformly distributed on the interval(0, 1) are generated and inserted in the
expressions for the waiting times,

τ− = F−1(ξ1)− t0 =
1
µ(i)

ln
(

1− µ(i)
ieµ(i)t0

ln ξ1

)
and τ+ = F−1(ξ2)− t0 =

ln ξ2
g(i)

. (B.32)

As before, the actual transition is chosen as the one with the shortest transition time.
For shared loading the loading rate per bond isµ(i) = µ/i so that the expressions for the waiting

times become

τ− = F−1(ξ1)− t0 =
i

µ
ln
(

1− µ/i

ieµt0/i
ln ξ1

)
and τ+ = F−1(ξ2)− t0 =

ln ξ2
γ(Nt − i)

. (B.33)

For non-cooperative loading the loading rate per bond is replaced byµ itself and the waiting times are
determined by

τ− = F−1(ξ1)− t0 =
1
µ

ln
(
1− µ

ieµt0
ln ξ1

)
and τ+ = F−1(ξ2)− t0 =

ln ξ2
γ(Nt − i)

(B.34)

for unbinding and rebinding, respectively.





Appendix C

Solution of a three state one-step master
equation with constant rates

For small adhesion clusters with only a few molecular bonds, the master equation (2.24) can be solved
in a closed analytical form for general, constant transition rates. In Chapter 3 we derived a solution
for the two bond cluster (Nt = 2) under constant shared loading with an absorbing boundary. The
transition rates were given by (2.25) fori = 1, 2 and r0 = 0 andg0 = 0. In the following, we
give a detailed derivation of the general solution of a one-step master equation with three state for
arbitrary transition rates and boundary conditions. The extension of this method to larger clusters
is straightforward in principle, but the complexity of the solutions make numerical methods more
preferable.

C.1 Matrix notation and eigenvector expansion

To solve the master equation (2.24) for constant transition rates we introduce matrix notation. The
general one-step master equation for a three state system reads

d

dτ
p0 = −g0p0 + r1p1

d

dτ
p1 = g0p0 − (r1 + g1)p1 + r2p2

d

dτ
p2 = g1p1 − r2p2 .

(C.1)

The transition rates –gi are the forward rates for an increase ofi andri the reverse rate for a decrease in
i – can be an arbitrary set of numbers. As a linear differential equation for the probability distribution
{pi(τ)}2

i=0, a master equation can be written in the form

d

dτ
p = W · p , (C.2)

where the vectorp := (p0, p1, p2)† contains the probability distribution and the matrix

W =

−g0 r1 0
g0 −(r1 + g1) r2
0 g1 −r2

 (C.3)
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describes the possible transitions with their respective rates. The formal solution of (C.2) is

p(τ) = eWτ · p0 (C.4)

with the initial statep0. If the eigenstates ofW are linearly independent, this can be written as an
expansion in the eigenvectors,

p(τ) =
∑

λ

cλpλe
λτ . (C.5)

The eigenvalues ofW are denoted byλ andpλ is the eigenstate with eigenvalueλ. The sum runs over
all eigenvalues. The coefficientscλ are determined by the initial condition

p0 =
∑

λ

cλpλ . (C.6)

One eigenvalue of matrices of the type of (C.3) vanishes . The eigenstate belonging toλ0 = 0 is
the stationary statepλ0 = p∞, which is unique for master equations that are not decomposable
or of splitting type (in these cases multiple stationary states exist) [van Kampen, 2003]. All other
eigenvalues are negative and the eigenstates are transient. Their contribution to the solutionp(τ)
decreases exponentially. The stationary state has to be normalised, that is‖p∞‖1 :=

∑
i pi = 1, to

guarantee normalisation of the probability distribution. The transient eigenstates do not contribute to
the normalisation and their norm vanishes,‖pλi

‖1 = 0. The general solution of the master equation
(C.1) is thus of the form

p(τ) = p∞ +
∑
λ<0

cλpλe
λτ . (C.7)

Solving (C.1) amounts to determining the stationary state and the two negative eigenvalues of the
W−matrix (C.3) with their respective eigenstates and inserting them in (C.7) with the desired initial
conditioncλ determined by (C.6).

C.2 Solutions for eigenstates and eigenvalues

For the master equation (C.2) described by theW -matrix (C.3) the general solution can be found in
close analytical form for arbitrary, constant transition rates. The stationary state, the eigenstate ofW
with eigenvalueλ0 = 0, is given by

p∞ =
(r1r2, g0r2, g0g1)†

g0(g1 + r2) + r1r2
=

1
Ω2 − ω2

r1r2g0r2
g0g1

 . (C.8)

The abbreviationsΩ andω are defined as

Ω :=
1
2
(g0 + g1 + r1 + r2) and ω :=

√
Ω2 − (g0g1 + g0r2 + r1r2) (C.9)

so thatp∞ is normalised. The negative eigenvalues are real and can be written as

λ1,2 = −(Ω± ω) , (C.10)

while the corresponding transient eigenstates are

p1 =
1

Ω2 − ω2

λ2 + r1 + g0
λ1 + r2
g1

 and p2 =
1

Ω2 − ω2

λ1 + r1 + g0
λ2 + r2
g1

 . (C.11)
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The prefactor has been chosen for convenience. As required, the norm of the transient eigenstates
vanishes.

The initial conditionp0 = (0, 0, 1)† (that ispi(0) = δi,2) imposes the expansion coefficientscλ1,2

in the general solution (C.7)

c1 =
1

2g1ω
{r1r2(λ2 + r2)− r2g0(λ1 + r1 + g0)}

c2 =
1

2g1ω
{r2g0(λ2 + r1 + g0)− r1r2(λ1 + r2)} .

(C.12)

With the form (C.10) of the eigenvalues, the time-dependent solution (C.7) of the master equation can
be written as

p(τ) = p∞ +
{
c2p2e

ωτ + c1p1e
−ωτ

}
e−Ωτ . (C.13)

The time-scale for cluster evolution is determined by the two eigenvaluesλ1 = −Ω − ω < λ2 =
−Ω+ω < 0. Depending on the relative size ofΩ andω, these time-scales may be strongly separated.
The short term behaviour is then determined byλ1 while the long term relaxation to the steady state
is determined byλ2.

Using the abbreviationsΩ andω, the solution for the probability distribution{pi}2
i=0 reads

p0(τ) =
r1r2

Ω2 − ω2

{
1−

(
cosh(ωτ) +

Ω
ω

sinh(ωτ)
)
e−Ωτ

}
(C.14)

p1(τ) =
1

Ω2 − ω2{
r2g0

[
1−

(
cosh(ωτ)− Ω− g0

ω
sinh(ωτ)

)
e−Ωτ

]
+ r1r2

r2 − g0
ω

sinh(ωτ)e−Ωτ

}
(C.15)

p2(τ) =
1

Ω2 − ω2

{
g0g1

[
1 +

(
r2
g1

cosh(ωτ)− r2(Ω− r1 − g0)
g1ω

sinh(ωτ)
)
e−Ωτ

]
+

+ r1r2

(
cosh(ωτ) +

Ω− r2
ω

sinh(ωτ)
)
e−Ωτ

}
. (C.16)

The different time-scales are now hidden in the hyperbolic terms. The competition between increasing
hyperbolic terms and decreasing exponentials eventually leads to an exponential decrease because
Ω > ω. The solution thus approaches the steady state (C.8) exponentially fast.

The average number of closed bonds is

N(τ) =
1

Ω2 − ω2

{
g0(r2 + 2g1) + r2(2r1 + g0) cosh(ωτ)e−Ωτ+

+
r2
ω

(r1(r1 + g1) + g0(2r1 − g0)) sinh(ωτ)e−Ωτ
}
. (C.17)

The number of closed bonds reduces from the initial valueN(0) = 2 to the steady state. As described
above and also noted in Sec. 3.1 for vanishing rebinding, the relaxation is not described by a single
exponential but, in this case, by two exponential time-scales. In the general case ofNt + 1 states,
there areNt different eigenvalues and time-scales. The number of closed bonds in the stationary state
is given by

Neq =
g0r2 + 2g0g1

Ω2 − ω2
=

g0(r2 + 2g1)
r2(r1 + g0) + g0g1

. (C.18)

It vanishes forg0 = 0, that is for an absorbing boundary.
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Dissociation rate and average lifetime are not defined for reflecting boundary conditions. The
mean first passage time through the detached state and the probability distribution for the first detach-
ment could be calculated from the solution above by Laplace techniques as they were used in Sec. 3.2.
However, it is much simpler to calculate the distribution directly with an absorbing boundary in place
that is by settingg0 = 0.

C.3 Absorbing boundary

In Sec. 3.4 of Chapter 3 we derived the solutions for an absorbing boundary ati = 0. It is implemented
by setting the rebinding rateg0 = 0 in the master equation (C.2) or in theW-matrix (C.3). With the
general solution presented in this appendix, the special case for an absorbing boundary is achieved by
settingg0 = 0 in the above expressions (note thatΩ2 − ω2 = r1r2 in this case). The steady state then
is pi(∞) = δi,0 and the average number of closed bonds vanishes in the steady state. The dissociation
rate is simply obtained asD(τ) = r1p1 = ṗ0 and the average lifetime can be calculated by simple
integration. The results are given in Sec. 3.4.
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