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Introduction

The construction of \interesting"combinatorial and geometric polyhedral sur-
faces and polytopes is the main subject of this thesis. On theway we develop
some new methods for the study of projection problems of polytopes and for
the analysis of the realization spaces of polytopes as well as polyhedral sur-
faces obtained via projections.

The starting point of our investigation of polyhedral surfaces were the two ar-
ticles by McMullen, Schulz & Wills [36, 37] on equivelar surfaces and polyhe-
dral surfaces of \unusually large genus" from the 1980ies. In their �rst article
they propose di�erent techniques to realize surfaces via 4-dimensional poly-
topes and give explicit constructions for certain parameters f p; qg, where p
denotes the size of the polygons andq the degree of the vertices. In the
second article they construct three families of equivelar polyhedral surfaces
of typesf 3; qg, f 4; qg, and f p;4g in R

3. These surfaces have an astonishingly
large genus. More precisely, the surfaces have a genus of order O(n logn) on
only n vertices. Further, they are constructed explicitly in R

3 with planar
polygon faces and without self-intersection.

From the combinatorial point of view, the maximal genus of a surface onn
vertices is of orderO(n2). All the polyhedral surfaces of McMullen, Schulz &
Wills in R

3 have either vertex degree or polygon size of less than 5. This
leads to a question of Brehm and Wills [13, Sect. 4.2] whetherpolyhedral
surfaces of vertex degreeand polygon size of at least 5 may be embedded
in R

3. Furthermore, little is known about the realization spacesof polyhedral
surfaces. Brehm [10] announced a universality theorem for polyhedral sur-
faces but even for special families of polyhedral surfaces we only have very
na•�ve approaches.

At that time, McMullen, Schulz & Wills did not know the neighborly cubical
polytopes (NCP) of Joswig & Ziegler [29] or the projected deformed prod-
ucts of polygons (PPP) of Sanyal & Ziegler [44] which we use to construct
polyhedral surfaces. These polytopes have many very interesting properties:

I First of all, they are neighborly, that is, the d-dimensional NCP resp.
PPP has the bd� 1

2 c-skeleton of the corresponding high dimensional cube
resp. product of polygons. Both polytopes are obtained by projections of

1



2 Introduction

particular deformed realizations of the cubes resp. products that retain the
required skeleta. So they are a manifestation ofdimensional ambiguity,
which is studied since the 1960ies with the cyclic polytopesas its most
prominent example.

I Secondly, the 4-dimensionalNCPs and thePPPs both are relevant to the
study of the space off -vectors of 4-dimensional polytopes. A major open
question in this line of research is whether thefatness of 4-polytopes is
bounded or not, and both theNCPs (2000) and thePPPs (2004) are poly-
topes with large fatness 5� " resp. 9� " .

I Thirdly, the NCPs and thePPPs both contain interesting families of poly-
hedral surfaces. The surfaces in the 4-dimensional neighborly cubical poly-
topes are the Hamiltonian surfaces described by Coxeter [15] and later by
Ringel [41], as observed in [28]. The polyhedral surfaces contained in the
4-dimensionalPPPs are analyzed in Chapter 5.

I Finally, the polytopes used in the constructions of bothNCPs and PPPs
involve projections of deformed products of intervals to obtain the NCPs
and of polygons to obtain thePPPs. These deformed polytopes are also
worst case examples for linear programming.

After having introduced the basic objects
and methods inChapter 1 we present two
new methods concerning projections of poly-
topes and their realization spaces. In the
�rst part of Chapter 2 we build a bridge
between the projection problems and em-
bedding problems via Gale duality. A pro-
jection of a polytope preserving a certain
subcomplex gives rise to a simplicial com-
plex embedded in the boundary of an asso-
ciated polytope. We will use the contraposi-

tion, that is, if the associated subcomplex cannot be embedded into a sphere
of a certain dimension (the boundary of the associated polytope) then there
exists no realization of the polytope such that a projectionpreserves a given
subcomplex. As a �rst application of this scheme we use the non-planarity
of the complete bipartite graph on 3 + 3 vertices to show that the product
of two triangles may not be projected to the plane preservingall 9 vertices.
Our main tool to show the non-embeddability of the associated simplicial
complexes into spheres is the Sarkaria coloring/embeddingtheorem, which
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is a combinatorial criterion based on colorings of Kneser graphs. In view of
the constructions known for dimensionally ambiguous polytopes, projections
preserving entire skeleta are of particular interest. Thisspecial case is treated
at the end of Section 2.1 where we derive a combinatorial upper bound on
the target dimension of a projection of the form: If the target dimension is
smaller than the given bound then the projection cannot preserve the de-
sired skeleton. In the second section ofChapter 2 we describe a new way
to parametrize the realization spaces of simple polytopes.Many polytopes
studied in this thesis are projections of high dimensional simple polytopes.
Unfortunately, it is not clear how the usual parametrization of their realiza-
tions via facet normals behaves under projections, since every modi�cation
of a single facet normal changes the coordinates of many vertices. So our
approach is to give a new parametrization of the realizationspace of a sim-
ple polytope via certain subsets of the vertices. These a�nesupport sets
are a�nely independent restricted to every facet inevery realization of the
polytope. Thus every small perturbation of the vertices of the a�ne support
set yields a new realization of the simple polytope. So the coordinates of the
vertices of the a�ne support set yield parameters of a part ofthe realization
space of the simple polytope. This parametrization is suited to understand-
ing the dimension of the realization space (moduli) of the projected polytope:
Modi�cations of the vertices of the a�ne support set orthogonal to the direc-
tion of projection become modi�cations of the projected vertices. Further,
this parametrization also yields moduli for arbitrary subcomplexes that are
preserved by a projection. In Section 2.2.3 we apply this newtechnique to
the surfaces of Ringel, which may be obtained by a projectionof a deformed
high-dimensional cube.

As mentioned earlier, the projected defor-
med products of polygons (PPPs) are in-
teresting polytopes with respect to various
problems: dimensional ambiguity, fatness,
polyhedral surfaces, and complexity of lin-
ear programming. One curiosity about the
construction of the PPPs is that it only
works for products ofeven polygons. In
the �rst section of Chapter 3 we pro-
vide a systematic approach to non-project-
ability of skeleta of products of polytopes

that leads to a \knapsack-type" integer program. The optimal value of this
integer program serves as a lower bound on the embeddabilitydimension of
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the skeleton complex, which is a subcomplex of the associated complex intro-
duced in Section 2.1.1. We use this method to prove the non-projectability
of skeleta of products of odd polygons and of products of odd and even
polygons. These results complement the previous projectability results for
products of even polygons of Ziegler [48] and Sanyal & Ziegler [44]. They
also generalize the well known fact that the projection of the product of two
odd polygons to the plane cannot preserve all the vertices. Another general-
ization of the projection of two triangles to the plane preserving all vertices
is the projection of products of simplices preserving entire skeleta. Again us-
ing the methods developed in Section 2.1, we are able to give upper bounds
on the target dimension of the projection to make a projection preserving
the skeleton impossible. This result may also be interpreted as a relative
of the Flores{Van Kampen Theorem which deals with the (topological) em-
beddability of skeleta of simplices. As we will see, we are able to reuse the
projectability results on products of simplices for projections of polyhedral
surfaces in wedge products in Section 4.4.

The starting point of Chapter 4 were the
equivelar polyhedral surfaces of typef p;4g
of McMullen, Schulz & Wills [37] with p-
gon faces and vertex degree 4. These sur-
faces are contained in a new kind of poly-
tope constructed from two polytopes|the
wedge product. This class of polytopes is
dual to the wreath products of Joswig &
Lutz [27] and may be obtained by iterating

the subdirect sum construction of McMullen [35]. We providea de�nition
by an inequality system, which combines the inequality systems of the two
constituents. Later we observe that there is also a purely combinatorial de-
scription, which may serve as a de�nition as well. The wedge product of
a p-gon and a (q � 1)-simplex contains a family of regular surfaces withp-
gon faces and vertex degree 2q. These surfaces generalize the surfaces of
McMullen, Schulz & Wills of type f p;4g and the surfaces of typef 3; 2qg of
Coxeter [15]. Since they are subcomplexes of the wedge products we are able
to realize the surfaces inR

5 by a lemma about projections of 2-dimensional
complexes by Perles. Moreover, we obtain another way of realizing the sur-
faces of typef p;4g in R

3 by projecting a deformed wedge product of ap-gon
and an interval. As a bene�t of our construction we are able togive a lower
bound on the number of moduli of the projected surfaces by using the new
methods developed in Section 2.2. In Section 4.3.3 we construct 4-polytopes
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with prisms over the surfaces in their boundary. This allowsus to use poly-
tope duality to obtain realizations of the dual surfaces in the boundary of the
dual 4-polytope. Consequently, we may realize the dual surfaces inR

3 as well
via Schlegel projection. (Un)fortunately, we are able to use our results about
the projectability of skeleta of products of simplices of Section 3.3 to deduce
the following for the wedge product surfaces: Forp � 4 and q � 3 there
exists no realization of the corresponding wedge product such that the sur-
face survives the projection to the boundary of a 4-polytope. For Coxeter's
surfaces of typef 3; 2qg our methods did not yield any new results.

The quadrilateral surfaces constructed by
McMullen, Schulz & Wills [37] (MSW sur-
faces) are equipped with three parameters:
the vertex degree, and two parameters aris-
ing from the torus symmetry. The construc-
tion is performed entirely in R

3 using great
geometric intuition and the symmetry of the
standard (m � n)-torus. In Chapter 5 we
identify these surfaces as subcomplexes of

products of polygons. This leads to the generalized MSW surfaces contained
in the 2-skeleton of the product of polygons described in Section 5.1.2. These
surfaces provide a large number of parameters and include the original MSW
surfaces as well as the surfaces described in terms of their symmetry group
by Coxeter [15]. Another family of surfaces containing all \polygon" faces
and some quadrilateral faces of the product is constructed in the subsequent
section. Both families of surfaces may be realized in the boundary of a 4-
polytope and in R

3 via an orthogonal projection of a suitable deformed real-
ization of the product of polygons. Hence we are able to applythe methods
of Section 2.2 to obtain a large number of moduli despite the fact that the
surfaces neither have vertices of degree three nor trianglefaces. Further, the
surfaces of the second family are the �rst to achieve an average vertex de-
gree and an average polygon size larger than 5 embedded inR

3 with planar
convex faces. This gives an a�rmative answer to a variation of the question
of Brehm & Wills [13, Sect. 4.2] asking for the existence of such polyhedral
surfaces with large vertex degreeand large polygon size inR

3. As for the
surfaces contained in the projected wedge products, we are again able to
construct 4-polytopes with the prisms over the surfaces in their boundaries.
Hence we obtain realizations of the dual surfaces inR

3 as well.
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A particularly interesting family of zono-
topes are the \Ukrainian Easter eggs" from
Eppstein's online\Geometry Junkyard"[18].
These zonotopes have a large 2-dimensional
section: The Ukrainian easter egg generated
by n vectors, that is, with n zones, has a
central 2-dimensional cut with 
( n2) sides.
This is optimal in dimension 3 since a zono-
tope on n zones has at mostO(n2) facets.

Dually, the duals of the Ukrainian Easter eggs have a projection to the plane
that has 
( n2) vertices. In Chapter 6 we provide two constructions of high-
dimensional dual zonotopes that have 2-dimensional projections with many
vertices: The �rst construction is based on the projected deformed products
of polygons. It yields ad-dimensional dual zonotope withn zones whose
projection to the plane has �( n(d� 1)=2) vertices. In Section 6.3 we construct
another d-dimensional zonotope onn zones such that the projection to the
plane has �( nd� 1) vertices. This is the maximal asymptotic bound for �xed
dimension, since the number of vertices of a dual zonotope isalso O(nd� 1).
The construction is also relevant to the arrangement methodfor linear pro-
gramming proposed by Koltun [30]. This method transforms a linear program
into a linear program on an arrangement polytope, that is, a linear program
on a dual zonotope.

Co-authors

The new methods of Chapter 2 were developed together with Raman Sanyal
(Section 2.1) and G•unter M. Ziegler (Section 2.2). Chapter 3 on topological
obstructions to projections of polytope skeleta is joint work with Raman
Sanyal. The polyhedral surfaces and wedge products of Chapter 4 have been
worked out together with G•unter M. Ziegler. The �nal Chapter 6 was written
in collaboration with Nikolaus Witte and G•unter M. Ziegler and is published
in Discrete & Computational Geometry (Online �rst) [42].



Chapter 1

Basics

In this chapter we introduce the basic concepts of this thesis and give ref-
erences to the relevant literature for further reading. Allthe important def-
initions are marked by De�nition , whereas other basic concepts are only
emphasizedin the text. For n 2 N we de�ne [n] := f 0; 1; � � � ; n � 1g. This is
most suitable for calculating modulon.

1.1 Polytopes

In this section we provide some basic notions about convex polytopes used
throughout this thesis. We will introduce some notation andways of speak-
ing without giving an exhaustive list of basic de�nitions. For a thorough
treatment of polytopes we refer the reader to the books of Gr•unbaum [25]
and Ziegler [47].

There are an interior and an exterior de�nition of a polytope. They are
equivalent by the Minkowski{Weyl Theorem [47, Thm. 1.1, p. 29]:

Interior/ V-description: A polytopeP � R

d is the convex hull of a �nite
set of pointsV = f v0; : : : ; vn� 1g � R

d:

P = conv(V) = conv( f v0; : : : ; vn� 1g):

Exterior/ H -description: A polytopeP � R

d is the bounded intersection
of a �nite number of halfspacesh+

i = f x 2 R

d j ai x � bi g:

P =
m� 1\

i =0

h+
i = f x 2 R

d j ai x � bi for i = 0; : : : ; m � 1g:

The dimension of a polytope is the dimension of its a�ne hull. If not stated
otherwise, we always consider full-dimensional polytopesP � R

d, that is,
the dimension of the polytope coincides with the dimension of the ambient
space. Ad-dimensional polytope is called ad-polytope for short.

7



8 Basics

A face G of a d-polytope P � R

d is the intersection G = P \ hc of the
polytope P with a (valid/admissible) hyperplane hc = f x 2 R

d j cx = c0g
with cx � c0 for all x 2 P. The dimension of the faceG is the dimension of
its a�ne hull.

The 0-dimensional faces ofP are the vertices denoted by V = vert( P).
Sometimes we identity the set of verticesV = f v0; : : : ; vn� 1g with the index
set [n] = f 0; : : : ; n � 1g or the coordinate matrix V 2 R

d� n whose columns
contain the coordinates of the corresponding vertices. Thefacetsof P are the
(d � 1)-dimensional faces. A facetF will often be identi�ed with its de�ning
hyperplanehi = f x 2 R

d j ai x � bi g as given in the exteriorH-description
or just with an index i 2 [m] = f 0; : : : ; m � 1g such that F = P \ hi . The
empty set ; and the entire polytopeP are also faces of the polytope. The
number of k-dimensional faces (k-faces) of a polytope is denoted byf k(P).
The vector f (P) := ( f k(P))d� 1

k=0 2 Z

d is the f -vector of the polytope.

Each faceG of P is uniquely determined by the subsetVG := vert( P) \ G
of the vertices ofP contained in G, such that G = conv(VG). The set of
facets containing a faceG is denoted by HG := f F j F facet; G � F g.
This set also determines the faceG uniquely as intersection of facets, that
is, G =

T
f F j F 2 HGg. If we identify the vertices with [n] and the facets

with [m] then VG � [n] and HG � [m].

The combinatorial structure of ad-polytope P with n vertices andm facets
is captured in its face lattice L (P). Its elements are the faces ofP partially
ordered by inclusion. We may also construct the face latticeby ordering the
vertex sets of the facesVG � [n] by inclusion or the sets of facetsHG � [m]
containing a given face by reverse inclusion. Ad-polytope is simple if every
vertex is contained in exactlyd facets, that is, if jHv j = d for every vertexv.
A 
ag of a d-polytope is a sequence of faces (Gk)d� 1

k=0 such that Gk is a k-face
and Gk� 1 � Gk for k = 1; : : : ; n � 1.

Two polytopes P and Q are combinatorially isomorphic if their face lat-
tices L (P) and L(Q) are isomorphic lattices. This leads to our �rst new
de�nition.

De�nition 1.1 (Combinatorial type/ d-type). The combinatorial type or d-
type P of a d-polytope P consists of all polytopes combinatorially equivalent
to P. We call every such polytopeP a realization of the combinatorial type
(d-type) P.

We will denote combinatorial types by script letters and their corresponding
realizations by normal letters, e.g.P is a realization ofP. All combinato-
rial properties of the realizations will also be assigned tothe corresponding
combinatorial types.
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The space of all realizations of a givend-dimensional combinatorial typeP
with n vertices in R

d is the realization spaceR(P) of P. The realization
spaceR(P) may be interpreted as a subspace ofR

nd by identifying the n � d
coordinates of the vertices of a realizationP of P with a point in R

nd . It may
easily be described by a set of polynomial equations (vanishing determinants
for vertices on one facet) and strict inequalities for convexity. Such sets
given by polynomial equations and strict polynomial inequalities are called
primary basic semialgebraic sets. The universality theorems of Mn•ev [38]
and Richter-Gebert [40] state that every primary basic semialgebraic set is
stably equivalent to the realization space of ad-polytope on d + 4 vertices
(Mn•ev) or the realization space of a 4-polytope (Richter-Gebert).

The local dimension of the realization space of a combinatorial type P is the
number of moduli. For example, every realizationP of a simpled-type P
has d � f d� 1(P) moduli since every small perturbation of the facet normals
yields another realization of the same combinatorial type.So the realization
space of a simpled-type has dimensiond � f d� 1(P) (everywhere).

1.2 Gale transform

Gale transformation is a simple linear algebra method to transform one se-
quence of vectors into another. (The linear algebra behind Gale transforma-
tion is described in Matou�sek [33, Ch. 5.6]. Another introduction to Gale
transforms with a special focus on the link to matroid duality is given in
Ziegler [47, Ch. 6].) In polytope theory it is used to study high dimensional
polytopes with few vertices. We use it to construct vector con�gurations
needed for our projection problems.

De�nition 1.2 (Gale transform). Let V = ( v0; : : : ; vn� 1) be a sequence of
points in R

d forming the columns of a matrixV with rank(
� 1

V

�
) = d+ 1. The

Gale transform G of V is a sequence of vectorsG = ( g0; : : : ; gn� 1) in R

n� d� 1

such that the rows ofG span the orthogonal complement of the rows ofV
and are orthogonal to the vector1 = (1 ; : : : ; 1), that is,

� 1
V

�
Gt = 0 .

Since the choice of basis for the orthogonal complement of the row space ofV
is arbitrary, the Gale transform of a sequence of points is only determined
up to linear isomorphism.

Since the sequences of pointsV and G are linked by orthogonal comple-
ment, the a�ne values of V correspond to the linear dependencies ofG [33,
Lemma 5.6.2, p. 110] and the linear values ofG are the a�ne dependencies
of V. This allows us to read o� various properties of the con�guration V
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from the con�guration G and vice versa. We may, for example, determine
whether the points ofV are in convex position.

Proposition 1.3 (Polytopal Gale transform [33]). Let V = ( v0; : : : ; vn� 1) be
a set of points in R

d with rank(
� 1

V

�
) = d + 1 and G = ( g0; : : : ; gn� 1) its Gale

transform. Then the vi are the vertices of a convexd-polytope if and only if
there existsno oriented hyperplane containing at most one of the vectorsgi

on its positive side.

The Gale transform of a polytope allows us to recover the entire facial struc-
ture of the polytope via the following dictionary. There areof course more
properties to read o� the Gale transform but we only state theones important
for our further investigations.

Proposition 1.4 (Gale transform dictionary [33]). Let P be a d-polytope
with vertices V = ( v0; : : : ; vn� 1) and G = ( g0; : : : ; gn� 1) its Gale transform
in R

n� d� 1. Then there is the following correspondence between the verticesvi

and the correspondinggi :

1. The set of verticesf vi j i 2 I � [n]g with jI j = d + 1 is a�nely
independent if and only iff gi j i 62I g is linearly independent.

2. F = conv(f vi j i 2 I F � [n]g) is a face ofP if and only if the comple-
ment of the corresponding vectorsf gi j i 62I F g is positively dependent.

3. F = conv(f vi 0 ; : : : ; vi k g) is a simplicial face ofP if and only if the
complement of the corresponding vectorsG n f gi 0 ; : : : ; gi k g is positively
dependent and spanning.

Example 1.5 (Gale transform of a pyramid). Let V = ( v1; : : : ; vn ) be the
vertices of ad-polytope P in R

d and G = ( g1; : : : ; gn ) its Gale transform
in R

n� d� 1. Then the vertices (v̂0; v̂1; : : : ; v̂n ) = (
� 1

0

�
;
� 0

v1

�
; : : : ;

� 0
vn

�
) are the

vertices of a pyramid pyr(P). The Gale transformĜ = ( ĝ0; ĝ1; : : : ; ĝn ) of the
pyramid consists ofn + 1 vectors in R

n+1 � (d+1) � 1, that is, the same ambient
dimension as the Gale transform of the polytopeP. Since the polytopeP
itself is a face of the pyramid pyr(P) we obtain ĝ0 = 0 . Further for every
faceG of P, G and G [ f v̂0g are faces of pyr(P) and thus Ĝ = ( 0 ; g1; : : : ; gn )
is a Gale transform of pyr(P). A pyramid over a 5-gon and its Gale diagram
are shown in Figure 1.1.

1.3 Polyhedral surfaces

There are many di�erent ways used to describe surfaces, for example poly-
hedral maps, which may be given by a graph on a surface, or cellcomplexes
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Figure 1.1: A pyramid over a 5-gon and its Gale diagram. The 0-vector in the
Gale diagram is indicated by the point in the center.

with intersection property (see the handbook articles of Brehm & Wills [13]
and Brehm & Schulte [12] for further discussion and references). Since we
are heading for realizations of certain combinatorial types of surfaces we con-
sider the following complexes whose topology is determinedby its face poset
as described by Bj•orner in [5]. So a polytopal complex is given by a poset
whose intervals are isomorphic to posets of polytopes. We donot require that
a polytopal complex has any realization as in the de�nition of a polyhedral
complex given by Ziegler [47, p. 127].

De�nition 1.6 (Polyhedral surface). A polyhedral surfaceS is a 2-dimen-
sional polytopal complex homeomorphic to a connected 2-manifold without
boundary, that is, S is a polytopal complex satisfying the following condi-
tions:

1. S is connected,
2. the star of every vertex is homeomorphic to a 2-ball, and
3. every edge ofS is contained in exactly two polygons.

The face lattice L (S) of a polyhedral surfaceS is obtained by ordering the
faces of the vertices, edges, and polygons by inclusion and attaching a unique
minimal and maximal element. Thedual surface S� is given by the dual
face lattice, that is, by reversing the order of the face lattice L (S). The
polygons of the surfaceS correspond to vertex �gures of the dual surfaceS� ,
and vice versa. So the dual of a polyhedral surface is again a polyhedral
surface. If the polygons may be oriented such that each edge of the polyhedral
surface is oriented in di�erent direction in the two adjacent polygons, then
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the polyhedral surface isorientable. The Euler characteristic of a surface
is � (S) = f 0� f 1+ f 2, where (f 0; f 1; f 2) is the f -vector of the surface, that is,S
has f 0 vertices, f 1 edges, andf 2 polygons. Thegenusg(S) of an orientable
polyhedral surface may easily be calculated from its Euler characteristic:
g(S) = 2 � 2� (S).

Most of the surfaces described in this thesis are of a particular type of poly-
hedral surfaces given by the next de�nition.

De�nition 1.7 (Equivelar surface of typef p; qg). A polyhedral surface is
equivelar of type f p; qg if all its faces arep-gons and every vertex is incident
to exactly q of thesep-gons.

We consider equivelar surfaces as abstract surfaces that need not have any
realization. The automorphism groupAut(S) of a polyhedral surface is the
subgroup of the vertex permutations inducing an automorphism on the face
lattice L (S). This leads to the following de�nition.

De�nition 1.8 (Regular polyhedral surfaces). A polyhedral surfaceS is
regular if its automorphism group acts transitively on the 
ags ofS.

A realization S of a polyhedral surfaceS is an embedding of the surface in
someR

d with planar convex polygons. The space of all realizations of a poly-
hedral surfaceS in some R

d is the realization spaceR(S; d) of the surface.
In contrast to polytopes the polyhedral surfaces do not havea natural ambi-
ent space, so we have to introduce an additional parameterd. Topologically,
every orientable surface may be embedded inR

3 and every non-orientable sur-
face in R

4. But for orientable polyhedral surfaces the realization spaceR(S; 3)
may be empty: Bokowski & Guedes de Oliveira [8] proved that one partic-
ular triangulated surface of genus 6 with the complete graphon 12 vertices
cannot be realized inR

3. Using a similar approach Schewe [45] was able to
show that none of the triangulations of a surface of genus 6 with 12 vertices
may be realized inR

3 with a more sophisticated algorithm in combination
with faster computers. On the other hand, Brehm [10] announced a theorem
on the universality of polyhedral surfaces (see Ziegler [49]), that is, every
primary basic semialgebraic set is stably equivalent to therealization space
of a polyhedral surface. If there exists a realizationS � R

d of a polyhedral
surfaceS, then we may ask for the local dimension of the realization space
in the vicinity of S. This dimension of the realization space close to a given
realization S is the number of moduliM (S; d) of the realization S.
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1.3.1 Na•�ve estimate on the number of moduli

The na•�ve way to estimate the number of moduli for a realizationS of a
polyhedral surfaceS is to count the \degrees of freedom" and subtract the
number of \constraints". The idea is the following: Every vertex embedded
in some R

d hasd degrees of freedom. Now the generic constraints mimic the
behavior of a generic system of linear equations. They are given by generic
equations, that is, the equations de�ne co-dimension 1 hypersurfaces that
are stable under perturbations of the coe�cients of the de�ning equations.
Hence everyk generic constraints should intersect in a set of co-dimension k.

We adapt this na•�ve approach to our problem of embedding surfaces. If the
surface is embedded inR

d then every vertex hasd degrees of freedom making
a total of d � f 0(S) degrees of freedom. The constraints originate from the
planarity of the faces. These constraints are generic sincewe start with an
embedding of the surface and consider only small perturbations of the ver-
tices. To guarantee the planarity of the polygons we consider a triangulation
of the surface. This triangulation induces a triangulationon every p-gon
face with p � 3 diagonals (non-polygon edges). If the two triangles adjacent
to each of the diagonals in the triangulation of thep-gon are coplanar then
the entire p-gon is also planar. Since a 2-dimensional subspace ofd-space
is the intersection ofd � 2 hyperplanes, we needd � 2 constraints to assure
that two neighboring triangles are coplanar. Summing up over all diagonals
of all p-gons we obtain (d � 2)(f 02(S) � 3f 2(S)) constraints, where f 02(S)
counts the number of vertex-polygon incidences. Thus the na•�ve \degrees of
freedom minus number of constraints" count yields the following estimate for
the number of moduli of a realizationS of the polyhedral surfaceS:

M (S; d) � df 0(S) � (d � 2)(f 02(S) � 3f 2(S))

= df 0(S) � 2(d � 2)f 1(S) + 3( d � 2)f 2(S);

sincef 02(S) = f 12(S) = 2 f 1(S). For orientable surfaces we can express the
above estimate in terms of the genus:

M (S; d) � 4(d � 2) + ( d � 2)f 2(S) � (d � 4)f 0(S) � 4(d � 2)g(S)

since � (S) = 2 � 2g(S) = f 0(S) � f 1(S) + f 2(S). For surfaces in R

3 this
amounts to:

M (S;3) � 3f 0(S) � 2f 1(S) + 3 f 2(S) (1.1)

= 4 + f 2(S) + f 0(S) � 4g(S):
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Figure 1.2: The 3 � 3-torus.

Thus if the genus of the surface is asymptotically larger than the number
of vertices and facets then we expect the surface to have few moduli or no
moduli at all. The f -vector of an equivelar surfaceSp;q of type f p; qg with 2np
vertices isn(2p; pq;2q). If realized in R

3 then the estimate for the number of
moduli of a realizationSp;q is:

M (Sp;q; 3) � n(3 � 2p � 2 � pq+ 3 � 2q) = 2 n(3p + 3q � pq):

For triangulated surfaces (i.e. equivelar surfaces of typef 3; qg) in R

3 we know
that the number of moduli is 3� f 0(S3;q) � 15. This coincides with the above
estimate for equivelar surfaces of typef 3; qg. We also observe that ifp and q
are large then the estimated number of moduli becomes negative. Hence
one could expect that those surfaces do not have any non-trivial moduli (i.e.
moduli which do not come from projective transformations).

Remark 1.9. Every embedded surface always allows for small projective
transformations. As we are interested in asymptotic results for families of
surfaces we omit this additive constant obtained from �xinga projective basis
chosen from the vertices.

As we will see in Chapter 4 and Chapter 5, particular realizations of surfaces
with large polygon size or large vertex degree may nonetheless have many
moduli.

This is captured in a meta-theorem of Crapo [17] saying that the number
of moduli of a con�guration is \the number of degrees of freedom of the



1.4 Projections and linear algebra 15

�P

� (P)

F

Figure 1.3: Survival of a faceF in the projection � to the �rst coordinate. The
right vertex of the interval is not strictly preserved.

vertices minus the number of generic constraintsplus the number of hidden
(incidence) theorems." For the (3 � 3)-torus shown in Figure 1.2 we know
that if 8 of the 9 quadrilaterals are planar, then the 9th quadrilateral is also
planar. So one of the planarity conditions is super
uous (see Bokowski &
Sturmfels [9, p. 72] for a proof and references). In the case of the (3 � 3)-
torus the Desargues Theorem is the incidence theorem that implies that the
ninth quadrilateral is planar.

1.4 Projections and linear algebra

A linear projection � may map thek-faces of a polytopeP to k-faces of� (P),
to lower dimensional faces of� (P), to subsets of faces of� (P), or into the
interior of � (P). We restrict ourselves to the nicest case ofstrictly preserved
faces as de�ned by Ziegler [48].

De�nition 1.10 (Strictly preserved faces). Let P � R

d be a polytope and
Q = � (P) be the image ofP under the a�ne projection map � : R

d ! R

e.
A proper faceF of P is strictly preservedby � if

(D1) � (F ) is a face ofQ,
(D2) � (F ) is combinatorially equivalent to F , and
(D3) the preimage� � 1(� (F )) \ P is F .

We also say that a facesurvivesthe projection or isretained by a projection,
if it is strictly preserved by the projection. The projection � is generic with
respect to a subcomplexof the polytope, if the faces of the subcomplex are
strictly preserved by the projection. (Note that such projections do not ex-
ist for arbitrary subcomplexes.) A projection isgeneric if it is generic with
respect to the entire projected polytope, that is, all the proper faces of the
projected polytope are strictly preserved. This is motivated by the fact, that
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Figure 1.4: The lower and the upper hull of a zonotope. Orthogonal projections
of the lower resp. upper hull yield a polytopal complex (without overlap).

preserved faces are stable under perturbation: If a faceF of a polytope P
is strictly preserved under projection, then it is also strictly preserved by
any small perturbation of the projection. Moreover, in the case of a sim-
ple polytope P we may consider small perturbations of (the facet-de�ning
inequalities/hyperplanes of) the polytopeP that do not change the combi-
natorial type, and for su�ciently-small such perturbations the corresponding
face ~F of the slightly perturbed polytope ~P is also preserved under the same
projection. To be able to apply this de�nition to our polytopes we use the
following lemma which connects the strictly preserved faces to the inequality
description of a polytope.

Lemma 1.11 (Preserved faces: linear algebra version [48]). Let P � R

d be
a d-polytope with facetsai x � 1 for i 2 [m], F a non-empty face ofP, and
HF the index set of the inequalities that are tight atF . Then F is strictly
preserved by the projection to the �rst e coordinates if and only if the facet
normals truncated to the lastd � e coordinatesf a(d� e)

i : i 2 HF g positively
span R

d� e.

The previous lemma is illustrated in Figure 1.3. Every a�ne projection of a
polytope to somee-dimensional subspace may be transformed into a projec-
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tion to the �rst e-coordinates by a suitable change of coordinates. Thus we
will only consider such projections to the �rste coordinates in the following.

The above Lemma 1.11 su�ces to obtain realizations of interesting polyhedral
surfaces in the boundaries of 4-polytopes via projections of high-dimensional
polytopes (see Chapters 4 and 5). To get a realizations of these surfaces
in R

3 we might construct the Schlegel diagram of the projected polytope via
a central projection. To avoid this central projection we will project the
surface onto the lower or upper hull of the 4-polytope.

De�nition 1.12. The lower/upper hull of a polytope with respect to some
coordinate directionx` is the polytopal complex consisting of all faces that
have a normal vector with negative/positivex` -coordinate (see Figure 1.4).

We will use the following lemma to prove the existence of realizations of some
of the surfaces in the lower resp. upper hull of projected (4-)polytopes.

Lemma 1.13 (Preserved faces on the lower/upper hull). Let P � R

d be a
polytope given by P = f x 2 R

d j ai x � 1; i 2 [m]g, G a non-empty face
of P, and HG � [m] the index set of the inequalities that are tight atG.
Then � (G) is on the lower/upper hull with respect to xe� 1 of the projection
to the �rst e coordinates if and only if

(L1) the facet normalsa(d� e)
i with i 2 HG truncated to the last d � e coor-

dinates positively spanR

d� e, and
(L2) there exist � i � 0 such that � =

P
i 2 H G

� i ai with ( � e; : : : ; � d� 1) = 0
and � e� 1 < 0 (lower hull) resp. � e� 1 > 0 (upper hull).

Proof. The �rst part (L1) of this lemma is exactly the Projection Lemma 1.11
and the second part (L2) corresponds to De�nition 1.12.





Chapter 2

New methods

In this chapter we introduce two new methods used in the following chap-
ters. The �rst section describes a new approach to attack problems con-
cerning polytope projections. By Gale duality we are able toassociate an
embedding problem to a projection problem. To solve the associated embed-
ding problems we use methods from combinatorial topology. We apply the
method to products of polytopes in Chapter 3 and to polyhedral surfaces
in wedge products in Chapter 4. The second section introduces a new way
to parametrize the realization spaces of simple polytopes via a�ne support
sets, which are subsets of the vertices. The advantage of this parametrization
is that the moduli of the vertices are preserved by generic projections and
thus yield lower bounds on the moduli of surfaces obtained via projections
of high-dimensional polytopes. With this new method we estimate the di-
mension of the realization spaces for the surfaces in products of polygons in
Chapter 5 and for the surfaces contained in wedge products inChapter 4.

2.1 Topological obstructions and polytope projections
joint with Raman Sanyal

We devise a criterion for projections of polytopes that allows us to state when
a certain subcomplex may be strictly preserved by a projection. First we
associate an embedding problem to the projection problem inSection 2.1.1.
Then we describe methods from combinatorial topology, which may yield ob-
structions to the associated embeddability problem in Section 2.1.2. Finally,
in Section 2.1.4 we specialize the obstructions to the problem of preserving
certain skeleta of polytopes by projections.

2.1.1 Associated polytope and subcomplex

We build a bridge between projection problems and embeddability problems
as follows: We associate a polytope with certain simplex faces to a projection

19
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of a polytope with certain strictly preserved faces via Galeduality. The
simplex faces of this associated polytope form a simplicialcomplex. If we
can show that this simplicial complex cannot be embedded into the boundary
of the associated polytope, then there is no realization of the polytope that
allows for a projection preserving the given subcomplex.

Sanyal [43] uses the same approach to analyze the number of vertices of
Minkowski sums of polytopes, since Minkowski sums are projections of prod-
ucts of polytopes. The vertices of a (simple) polytopeP give rise to a simpli-
cial complex � 0. If � : P ! � (P) is a projection preserving the vertices, then
� 0 is realized in a (simplicial) sphere whose dimension depends ondim� (P).
So if the simplicial complex �0 cannot be embedded into that sphere then
there exists no realization of the polytope such that all vertices survive the
projection.

Theorem 2.4 below is a generalization of this result from vertices to arbitrary
subcomplexes, which should be preserved. The next proposition links strictly
preserved faces to the associated polytope via Gale duality.

Proposition 2.1. Let � : R

d ! R

e be the projection to the �rst e coordi-
nates of ad-polytope P given by its facet inequalities (A(e) ; A(d� e))

� x
x0

�
� 1

with A(e) 2 R

m� e, A(d� e) 2 R

m� (d� e) , x 2 R

e, and x0 2 R

d� e. If for each
facet F of P at least one vertexv 62F survives the projection then the rows
of A(d� e) are the Gale transform of a polytope.

Proof. The rows of the matrix A(d� e) are the Gale transform of a polytope
if for every row a(d� e)

i (i 2 [m]) the remaining rows ofA(d� e) n a(d� e)
i are

positively spanning. But for every facetF there exists a vertexv 62F that
survives the projection. Hence by Lemma 1.11 the truncated normals corres-
ponding to the facets containing this vertex positively span R

d� e. Thus A(d� e)

is the Gale transform of a polytope.

So if we project ad-polytope to R

e such that some of the vertices survive
the projection as described in the above proposition we obtain a polytope by
Gale duality.

De�nition 2.2 (Associated polytope). Let � be a projection of ad-dimen-
sional polytope P on m facets to R

e that preserves one vertexv 62F for
every facetF of P. Then the (m � (d � e) � 1)-dimensional polytope onm
vertices obtained via Gale transformation as described in Proposition 2.1 is
the associated polytopeA(P; � ).
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Further every face G that is preserved by the projection in the sense of
Lemma 1.11 yields an associated faceA G = [ m] nHG of the associated poly-
tope A(P; � ) since Gale duality transforms positively spanning vectors into
faces of the polytope. By Proposition 1.4 all these associated facesA G are
simplices. This yields the following subcomplex of the associated polytope.

De�nition 2.3 (Associated subcomplex). Let � be a projection of ad-dimen-
sional polytopeP on m facets to R

e that preserves one vertexv 62F for every
facet F of P, and let S be the subcomplex ofP that is preserved under pro-
jection in the sense of Lemma 1.11. Then theassociated subcomplexK(P; � )
is the simplicial complex:

K(P; � ) := f [m] n HG j G 2 Sg:

The subcomplex consists of all the facets and their faces.

Now we obtain the following theorem which links the projection of a polytope
preserving certain faces with the embedding of the associated subcomplex
into the associated polytope.

Theorem 2.4. Let � be a projection of ad-dimensional polytopeP on m
facets to R

e that preserves one vertexv 62F for every facetF of P. Then the
associated subcomplexK(P; � ) is embedded in the boundary of the associated
polytope A(P; � ) of dimensionm + e� d � 1.

Example 2.5 (Projection of the product of triangles preserving all vertices).
We will use the technique developed in this section to show that there exists
no realization of the product (� 2)2 � R

4 of two triangles � 2 such that the
projection � : R

4 ! R

2 to the plane preserves all 9 vertices.

The product of two triangles is a 4-polytope on 6 facets. Since the projection
is to R

2, the associated polytopeA((� 2)2; � ) is a 3-dimensional polytope.
Let us label the facets of the two triangles bya0; a1; a2 and a0

0; a0
1; a0

2. These
are also the labels of the vertices of the associated polytope A((� 2)2; � ).
Each vertex of the product lies on two facets corresponding to two edges of
each of the factors. Thus the associated complexK((� 2)2; � ) has an edge
for every pair (ai ; a0

j ) with i; j 2 [3]. So if there exists a projection of the
product of two triangles to the plane preserving all its vertices, then this
yields an embedding of the complete bipartite graph on 3 + 3 vertices K 3;3

into the boundary of a 3-polytope. But sinceK 3;3 is not planar there exists
no 3-polytope with K 3;3 in its boundary. This implies that there exists no
realization of (� 2)2 such that all vertices survive the projection to the plane.
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In the above example we used the non-planarity of the graphK 3;3 as a topo-
logical obstruction to show that the projection of a productof two triangles
to the plane cannot preserve all the vertices. More sophisticated obstructions
are subject of the next section.

2.1.2 Embeddability dimension and Sarkaria index

In general it is hard to decide the embeddability of a simplicial complexK into
some sphereS

d. The following notions, taken and adapted from Matou�sek's
book [34], show that in fortunate cases we can determine non trivial lower
bounds on the dimension of a sphere that the complexK can be embedded
into.

Let K � 2[m] be a (�nite) simplicial complex. Simplicial complexes onm
vertices have the nice property that they may always be embedded as a
subcomplex of the (m � 1)-simplex in R

m� 1. Topologically, this yields an
embedding of the underlying topological spacekKk of K into R

m� 1. In the
following we useK for the simplicial complex and the corresponding topolog-
ical space (usually denoted bykKk). We will look for the smallest dimension
of a sphere in whichK can be embedded.

De�nition 2.6 (Embeddability dimension). Let K � 2[m] be a simplicial
complex. The embeddability dimensione-dim(K) is the smallest integerd
such that K may be embedded into thed-sphere, i.e.K is homeomorphic to
a closed subset thed-sphere.

It is a well-known result [25, Ex. 4.8.25, Thm. 11.1.8] that the embeddability
dimension can be bounded in terms of the dimension ofK.

Proposition 2.7. Let K be a simplicial complex of dimensiondim K = `.
Then

` � e-dim(K) � 2` + 1:

To �nd lower bounds other then the dimension of the complex isnot obvious.
The methods derived in the book of Matou�sek [34, Sect. 5] establish a combi-
natorial bound for the embeddability dimension of a simplicial complex. This
approach is summarized in Section 2.1.3. We take a shortcut and rephrase
the relevant theorem in terms of the embeddability dimension.

Before we are able to state the theorem we need some more de�nitions. For a
simplicial complexK � 2[m] we denote byF (K) the set ofminimal non-faces,
i.e. the inclusion-minimal sets in 2[m] n K. The Kneser graphKG(F ) on a set
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systemF � 2[m] has the elements ofF as vertices and two verticesS; S0 2 F
share an edge if and only ifS and S0 are disjoint. Furthermore, for a graph
G we denote by� (G) the chromatic numberof G.

De�nition 2.8 (Sarkaria index). Let K be a simplicial complex onm vertices
and F = F (K) the collection of minimal non-faces. TheSarkaria indexis

indSK K := m � � (KG(F )) � 1:

Using the methods developed in [34] we are able to state a verycompact
criterion for the embeddability dimension of a simplicial complex. (This is
a reformulation of Sarkaria's Coloring/Embedding Theorem[34, Sect. 5.8]
without deleted joins.)

Theorem 2.9 (Sarkaria's index theorem). Let K be a simplicial complex.
Then

e-dim(K) � indSK K:

We use the above theorem to show the non-embeddability of a simplicial
complex via the following corollary.

Corollary 2.10 (Non-embeddability and Sarkaria index). Let K be a sim-
plicial complex. If

indSK K > d

then there exists no embedding of the complexK into the d-sphere.

In its original form in [34] the above theorem bounds from below the Z 2-index
of the deleted join of the complexK. The relation between the embeddability
dimension of a complex and theZ 2-index of the deleted join of the complexK
is given in the next section.

Example 2.11. With the technique described in this section we are able
to show that K 3;3 is not planar. The graphK 3;3 is the join D3 � D3 of the
simplicial complex with three isolated verticesD3. We label the vertices of
the two \coasts" of K 3;3 by 1; 2; 3 and 10; 20; 30 respectively. The minimal non-
faces ofK 3;3 are the edge 12,23,13 and 1020,2030,1030. Since the edges of the
one side are disjoint from the other side, the Kneser graph onthe minimal
non-faces is again aK 3;3 but with vertices labeled by the minimal non-faces
as shown in Figure 2.1. This graph has chromatic number 2 and hence the
Sarkaria index ofK 3;3 is:

indSK K 3;3 = 6 � 2 � 1 = 3:

Thus there exists no embedding ofK 3;3 into a 2-sphere, i.e. the graphK 3;3 is
not planar.
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Figure 2.1: The Kneser graph (right) on the minimal non-faces of the graph K 3;3

is isomorphic to K 3;3. The light edges are the minimal non-faces of the
graph (left).

2.1.3 Z 2-maps and non-embeddability

In this section we take a look at the methods developed in Matou�sek [34] to
show non-embeddability for certain simplicial complexes.They will lead to
a combinatorial criterion for the embeddability of a simplicial complex into a
sphere called Sarkaria's Coloring/Embedding Theorem (seeTheorem 2.15).

The idea is the following: Every embeddingf of a simplicial complexK into a
d-sphere gives rise to a mapf � 2 of another spaceK� 2

� to the d-sphere satisfying
certain properties. So if we are able to show, that such a mapf � 2 cannot
exist, then this contradicts the embeddability of the original complexK into
the d-sphere via the mapf . The tool used to show the non-existence of such
a map is the Z 2-index of K� 2

� described in the following.

First we need to introduce some basic notions: A pair (X; � ) of a topological
spaceX and a homeomorphism� : X ! X with � (x) 6= x for all x 2 X
and � 2 = idX is called a(free) Z 2-space. (Since we will only consider freeZ 2-
spaces, we will omit the attribute free.) The most prominentexample of aZ 2-
space is thed-sphere together with the antipodal mapx 7! � x. Continuous
mapsf : (X; � ) ! (Y; � ) between two Z 2-spaces withf � � = � � f are called

equivariant Z 2-maps denoted byf : X Z 2�! Y .

De�nition 2.12 ( Z 2-index). The Z 2-index of a Z 2-space (X; � ) is

ind
Z 2 X := min f d 2 N j X Z 2�! S

dg;

where S

d is the d-sphere with the usual antipodal action.

The Borsuk{Ulam Theorem tells us that there exists noZ 2-map S

d Z 2�! S

d� 1.
Hence theZ 2-index of the d-sphere isd.
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We will work with combinatorial Z 2-actions � on simplicial complexesK,
i.e. maps that act on the vertex set [n] of the complexes. These actions
are free if no simplex is �xed under the action, that is,� (F ) 6= F for all
facesF 2 K. They easily yield Z 2-actions on all the faces of the com-
plex as well as on the topological spacekKk. The canonical triangulation
of the d-sphere with a free Z 2-action is the boundary of the cross poly-
tope crd+1 = conv(f� ei j i 2 [d + 1]g) whereei is the i th unit vector in R

d+1 .
The antipodality maps the vertices of the crosspolytope onto their antipodes,
i.e. ei 7! � ei .

Since the simplicial complexes we would like to embed do not have a natural
free Z 2-action we need the following construction.

De�nition 2.13 (Deleted join). Let K be a simplicial complex. Thedeleted
join K� 2

� of K is a subcomplex of the joinK � K with the following faces:

K� 2
� := f F1 ] F2 j F1; F2 2 K; F1 \ F2 = ;g ;

whereF1 ] F2 = ( F1 � f 0g) [ (F2 � f 1g). The Z 2-action on the deleted join
is F1 ] F2 7! F2 ] F1. This is a free Z 2-action sinceF1 \ F2 = ; .

The Z 2-index of the deleted join of thed-sphere is the same as theZ 2-index
of the d-sphere. We obtain our �rst result about non-embeddabilityof a
simplicial complex.

Theorem 2.14 (Non-embeddability [34, Thm. 5.5.5]). Let K be a simplicial
complex. If

ind
Z 2 K� 2

� > d

then for every continuous mappingf : K ! S

d, the images of some two
disjoint faces ofK intersect.

So the task to show non-embeddability for a complexK amounts to �nding
lower bounds on theZ 2-index of the deleted joinK � 2

� . A combinatorial way
to �nd lower bounds on the Z 2-index is via coloring the Kneser graph of the
minimal non-faces of the complexK.

Theorem 2.15 (Sarkaria's coloring/embedding theorem). Let K be a sim-
plicial complex onn vertices,KG(F ) the Kneser graph on the minimal non-
facesF of K. Then

ind
Z 2 K� 2

� � indSK K = n � � (KG(F )) � 1:

Consequently, ifn � � (KG(F )) � 1 > d then for every continuous mapping
f : K ! S

d, the images of some two disjoint faces ofK intersect.
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Every embedding of a simplicial complexK into a d-sphere gives rise to aZ 2-
equivariant map of thedeleted joinK� 2

� to a d-sphere. Thus the embeddability
dimension ofK is at least as big as theZ 2-index of its deleted joinK� 2

� , which
yields Theorem 2.9 from Theorem 2.15.

2.1.4 Projections of skeleta and skeleton complexes

We take a closer look at projections of polytopes retaining entire skeleta of
polytopes. If a projection preserves an entire skeleton then this leads to a
subcomplex of the associated subcomplexK(P; � ), which is embedded in the
associated polytope. So we need to show that the embeddability dimension
of this subcomplex is large in order to prove the non-projectablity of entire
skeleta. The subcomplex may be de�ned in a purely combintorial way.

De�nition 2.16 (Skeleton complex). Let P be a combinatoriald-type with m
facets. For 0 � k � d, the kth skeleton complexis the simplicial com-
plex � k(P) � 2[m] with facets [m] n HG for all k-facesG � P.

Since everyk-face of ad-type P is contained in at leastd � k facets, the
dimension of thekth skeleton complex is at mostm � d + k � 1. If P is
simple then � k(P) is a pure simplicial complex of dimensionm + k � d � 1.
In [43], � 0(P) was de�ned in terms of the complement complex of the bound-
ary complex of the dual toP. Here, we abandon the restriction to simple
polytopes. The connection toK(P; � ) is given by the following observation.

Observation. If � : P ! � (P) is a projection retaining thek-skeleton then

� 0(P) � � 1(P) � � � � � � k(P) � K(P; � )

is an increasing sequence of subcomplexes.

Putting it all together we obtain a criterion for the non-projectability of the
k-skeleton of a combinatorial type of polytope.

Corollary 2.17. Let P be ad-type with m facets and for 0� k < d let � k(P)
be the kth skeleton complex ofP. If

e < e-dim(� k(P)) + d � m + 2

then there is no realization ofP such that a projection to R

e retains the
k-skeleton.
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Proof. We prove the result by contradiction. Assume thatP is a realization
of P and � : P ! � (P) is a projection retaining thek-skeleton with

e < e-dim(� k(P)) + d � m + 2

() m + e� d � 2 < e-dim(� k(P)):

Since � k(P) is a subcomplex ofK(P; � ) it is a subcomplex of the boundary of
the associated polytopeA(P; � ) by Theorem 2.4. Hence the embeddability
dimension of � k(P) is:

e-dim(� k(P)) � m + e� d � 2 < e-dim(� k(P))

which is a contradiction.

Theorem 2.9 gives a combintorial lower bound on the embeddability dimen-
sion via the Sarkaria index. Hence we are able to state a purely combinatorial
criterion for the projectability of polytope skeleta by rephrasing the above
corollary

Corollary 2.18. Let P be a d-type with m facets and for 0� k < d let
� k(P) be the kth skeleton complex ofP. If

e < indSK � k(P) + d � m + 2

then there is no realization ofP such that a projection to R

e retains the
k-skeleton.

As a plausibility check, consider the statement of Corollary 2.17 with the
bounds given in Proposition 2.7. Ife-dim(� k) attains the lower bound in
Proposition 2.7 then Corollary 2.17 implies that the dimension of the target
space has to be at leaste � k + 1. This sounds reasonable as the projection
embeds thek-skeleton into a sphere of dimensione � 1. If e-dim(� k(P))
attains the upper bound then thek-skeleton is not projectable toe-space
if e < m � d+2k +1. This implies the polyhedral counterpart of the classical
Van Kampen{Flores result:

Theorem 2.19. Let P be ad-type and let 0 � k � b d� 2
2 c. If

e � 2k + 1

then there is no realization ofP such that a projection toe-space retains the
k-skeleton.
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Proof. By a result of Gr•unbaum [24] the boundary complex of ad-polytope
is a re�nement of the boundary complex of ad-simplex � d. This implies
that the k-skeleton ofP contains a re�nement of thek-skeleton of � d. The
Van Kampen{Flores theorem (see [34]) states that fork � b d� 2

2 c the k-
skeleton of ad-simplex is not homeomorphic to a subset of a 2k-sphere.

The embeddability dimensions of the skeleton complexes depend heavily on
the combintorial structure of the polytope. But for certain dimensions of
skeleta we can determine the embeddability dimension and the Sarkaria index
of the skeleton complexes exactly.

Proposition 2.20. Let P be a d-type on m facets. Then � d(P) = � m� 1

and � d� 1(P) = @� m� 1. In particular,

I e-dim(� d(P)) = indSK � d(P) = m � 1 and
I e-dim(� d� 1(P)) = indSK � d� 1(P) = m � 2.

Proof. The �rst claim follows from the de�nition of the skeleton complex.
Thus the embeddability dimensions arem � 1 and m � 2, respectively. For
the Sarkaria index we get in the former case that the Kneser graph of the
minimal nonfaces of �d(P) has no vertices, whereas in the latter case the
graph has no edges.

2.2 Realization spaces of projected polytopes
joint with G •unter M. Ziegler

The usual approach to parametrize the realization space of asimple polytope
via its facet normals is not very useful when we try to understand the space
of realizations of its projections. We de�ne a certain subset of the vertices
that will yield parameters for the realization space of the high-dimensional
polytope as well as for the realization space of its projection. These subsets
are the subject of the next section.

2.2.1 Affine support sets

We will consider the following kind of subsets of the vertices of a combintorial
type of polytope.

De�nition 2.21 (A�ne support set) . A subsetA � V of the verticesV of a
simple d-type P is an a�ne support set if for every realization P and every
facet F of P the verticesA \ F are a�nely independent.
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An a�ne basis of d-space hasd + 1 points. Hence there exists an a�nely
independent subset of the vertices of cardinalityd+1 for each realizationP of
a combinatoriald-type. But a set of vertices may be a�nely independent for
one realization, but a�nely dependent for another, as shownin the following
example.

Example 2.22. The facets of the 4-cube are 3-cubes and every realization of
the 3-cube may occur as a facet of a 4-cube. So let us have a lookat di�erent
subsets of the vertices of the 3-cube, some of which are a�nely independent
and others that are not a�nely independent for all possible realizations of
the 3-cube. The subsets that are a�nely independent for all realizations are
candidates for a�ne support sets of the 4-cubes. We label thevertices of the
3-cube byf�g -vectors of length 3. See Section 2.2.3.

A. B. C. D.

A. The �rst set of vertices consists of the three neighbors ofthe (��� )-
vertex and the vertex (+++). These vertices are a�nely independent
for all realizations of the cube: The neighbors of the vertex(��� ) are
a�nely independent and form a triangle. The three halfspaces de�ning
the facets adjacent to the vertex (��� ) form a cone that contains the
vertex (+++) in its interior. So if the neighbors of ( ��� ) and the
vertex (+++) were a�nely dependent then the vertex (+++) wou ld lie
in the simplex spanned by the neighbors of (��� ), which cannot happen
in any realization of a cube.

B. The second set of vertices is a�nely independent for a\generic"realization
of the cube, but for the regular cube, the chosen four points are a�nely
dependent and lie on a planar quadrilateral. A perturbationof the facets
of the regular cube breaks the a�ne dependence of the chosen vertices
but does not change the combinatorial type of the polytope.

C. The third set of vertices is also a�nely independent for all realizations
by Lemma 2.23 since there exists a 
ag of faces, such that eachk-face
contains exactlyk + 1 of the vertices: The vertex subset consists of the
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vertices (��� ), ( �� +), ( � ++), and (+++). So a suitable 
ag which
assures the a�ne independence is

(��� ) � (��; ) � (�;; ) � (;;; ):

D. The fourth set consists of a vertex and its three neighbors.These points
are also a�nely independent in every realization of the cube.

As the example shows there are combinatorial criteria for a subset of vertices
to be a�nely independent in every realization of a polytope.The following
lemma captures the combinatorial criterion used in Example2.22/C.

Lemma 2.23. Let f Gkgd� 1
k=0 be a 
ag of the simpled-type P and let f vkgd

k=0
be a set of vertices such thatv0 = G0, vd 2 P n Gd� 1 and vk 2 Gk n Gk� 1

for k = 1; : : : ; d� 1. Thenf vkgd
k=0 is a�nely independent for every realization

of P.

Since every (simple) polytope has a 
ag we obtain the following immediate
corollary about the existence of an a�ne support set for a simple polytope.

Corollary 2.24. For every simpled-type P there exists an a�ne support set
of cardinality at least d + 1.

The size of an a�ne support set is bounded from above by the following
lemma.

Lemma 2.25. The cardinality of an a�ne support set A of a d-type P is
bounded from above by the number of facets ofP, that is, jAj � f d� 1(P).

Proof. Since the dimension of a facetF of a d-polytope isd� 1, the maximal
number of a�nely independent vertices in A \ F is d. But each vertex ofA
is contained in at leastd facets, sod � jAj � d � f d� 1(P).

In some fortunate cases we �nd an a�ne support set of maximal size, but
in other cases, the upper bound becomes arbitrarily bad as shown in the
following example.

Example 2.26. Let us try to construct a�ne support sets for 3-dimensional
prisms � p over p-gons. The number of facets of the prism isp + 2. For the
triangular prism � 3 (with 5 facets) there exist only a�ne support sets of size
at most 4, since every set of 5 points contains an entire quadrilateral and is
hence a�nely dependent. For the cube �4 (the prism over a quadrilateral)
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there exist a�ne support sets of cardinality 6 which are generalized in Sec-
tion 2.2.3 to higher dimensional cubes. Forp � 5 the maximal cardinality of
an a�ne support set for the prism � p is 6 because both bottom and top poly-
gon may only contain at most 3 vertices. So the gap between themaximal
size of an a�ne support set and the upper bound of Lemma 2.25 becomes
arbitrarily bad.

Figure 2.2: Maximal a�ne support sets for prisms over polygons.

We recall that the vertices of an a�ne support set must only bea�nely inde-
pendent restricted to every facet and not in the entire polytope. (Requiring
the a�ne independence of the a�ne support set in the entire polytope would
upper bound the size of the set to the dimension of the polytope plus 1.)

2.2.2 Moduli of projected polytopes

In this section we use the a�ne support sets of the previous section to �nd
a lower bound on the number of moduli of projected polytopes and their
subcomplexes. The moduli of simple polytopes are easily obtained from
their facets. But how many of these moduli are preserved under projection is
not clear. With the a�ne support sets introduced in the previous section the
modi�cations of the vertices not in direction of the projection are preserved.
So the parametrization of parts of the realization space viaan a�ne support
set provides moduli for the projected polytope as well.

The following lemma shows that small modi�cations of the vertices in an
a�ne support set of a simple polytope may be completed to a realization of
the polytope.

Lemma 2.27 (Realizations via a�ne support sets). Let P be a simpled-
type and A an a�ne support set. Then every small modi�cation of the
coordinates of the vertices contained inA of an arbitrary realization P yields
a realization ~P of the samed-type P.
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Proof. Let F1; : : : ; Fm be an arbitrary ordering of the facets. Fori = 0; : : : ; m
let Ai := A \ (

S i
j =1 Fi ) be the subset of the vertices contained in the �rsti

facets and let ~Vi be the vertices with modi�ed coordinates inAi . We start
with an arbitrary realization P = ~P0 of P. Then for i = 1; : : : ; m we construct
a polytope ~Pi from ~Pi � 1 such that all the modi�ed vertices ~Vi are vertices
of ~Pi . In the last step we obtain a realization~P = ~Pm containing all modi�ed
vertices.

For i = 0 the set A0 is empty and ~P0 obviously contains all modi�ed vertices
of A0. So assume that all the modi�ed vertices~Vi � 1 are vertices of~Pi � 1. Then
we construct ~Pi in the following way depending on the size ofFi \ A:

I If the facet Fi of ~Pi � 1 containsd vertices of the a�ne support setA then
the hyperplane supporting the new facet~Fi is uniquely determined by
these vertices.

I If a facet Fi containsk < d vertices ofA then we extend the setA \ Fi

to an a�ne basis of the facet by vertices of ~Pi � 1 in Fi n A. This a�ne
basis de�nes the new facet~Fi .

In both cases we replace the facetFi with the new (perturbed) facet ~Fi to
obtain ~Pi from ~Pi � 1. SinceP is simple this procedure yields a sequence of
realizations ~P0; : : : ; ~Pm of the same combinatorial typeP. Finally, ~P = ~Pm is
a realization ofP that contains all the modi�ed vertices of the a�ne support
set.

The realizations of the surfaces in Chapters 5 and 4 are obtained from pro-
jections of high dimensional simple polytopes toR 4 resp. R

3. The following
theorem allows us to establish a lower bound for the dimension of the real-
ization space of a generic projection of a simple polytope.

Theorem 2.28 (Moduli of projected polytopes). Let P be a realization of
the simple d-type P, A an a�ne support set and � : R

d ! R

e a generic
projection. Then the dimension of the realization space of the projected
polytope � (P) is at least e � jAj.

Proof. Let A� denote the vertices of the projected polytope� (P) correspond-
ing to the a�ne support set A. If we perturb the vertices ofA� in R

e then this
induces small modi�cations of the vertices ofA in the realization P � R

d.
By Lemma 2.27 small modi�cations of the vertices inA yield a new realiza-
tion ~P of the same combinatorial typeP. Since the projection is generic,
the projected polytopes� (P) and � ( ~P) have the same combinatorial type.
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Hence thee degrees of freedom at each vertex ofA� in R

e imply the lower
bound of e � jAj on the moduli of the projected polytope.

It is very important that we are working with generic projections of sim-
ple polytopes since generic projections are \stable under perturbation" and
vertices of simple polytopes are the intersection of exactly d facets.

Remark 2.29 (Moduli of simplicial polytopes). The realization space of
a simplicial polytope is easily parametrized via its vertices, that is, a d-
dimensional simplicial polytopeP on n vertices hasdn moduli. This may
also obtained from Theorem 2.28: A simplicial polytope onn vertices is
the generic projection of an (n � 1)-simplex. An a�ne support set of the
(n � 1)-simplex may obviously contain alln vertices, so by Theorem 2.28 the
projected simplicial polytopeP has the requireddn moduli.

Another advantage of the parametrization of the realization space of a high
dimensional polytope via a�ne support sets is that it can easily be restricted
to subcomplexes.

Theorem 2.30 (Moduli of projected subcomplexes). Let S be a subcomplex
of a simpled-type P, A an a�ne support set of P and � : R

d ! R

e a generic
projection preserving the subcomplexS. Then the realization space of the
projected subcomplex� (S) has dimension at leaste � jA \ Sj .

This result is the key to show the existence of non-trivial moduli for real-
izations of surfaces that have neither triangle faces, nor vertices of degree
three. The na•�ve estimate of Section 1.3.1 will suggest that those surfaces
will have a decreasing number of moduli if the vertex degree and polygon
size increase. Finally we would not expect to have any non-trivial moduli for
large vertex degree and large polygon size. But our approachwill show that
the realizations of the surfaces obtained in Sections 2.2.3, Section 4.3.1, and
Section 5.2 have and increasing number of moduli even thoughthe vertex
degrees and the polygon sizes increase.

2.2.3 Affine support sets of cubes and Ringel surfaces

In this section we construct two di�erent a�ne support sets for the d-dimen-
sional cube. These sets are used to derive lower bounds on thenumber of
moduli of the surfaces studied by Ringel [41]. These surfaces are contained
in the 2-skeleton of the neighborly cubical polytopes of Joswig & Ziegler [29]
as shown in [28]. Since for even dimensions the cube is just the product
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of quadrilaterals, the surfaces contained in the even dimensional cubes are
special cases of the surfaces constructed in Section 5.1.2.

The 2d facets of thed-dimensional cube consists ofd pairs of opposite facets
denoted byF �

i for i 2 [d]. Since the opposing facetsF +
i and F �

i do not inter-
sect, we may identify each non-empty faceG of the d-cube with a f + ; � ; ;g -
vector HG of length d in the following way:

(HG) i =

8
><

>:

+ if G � F +
i ;

� if G � F �
i ;

; otherwise:

The dimension of the faceG is exactly the number of; -entries in the cor-
responding vectorHG. The vertices of the cube are identi�ed withf + ; �g -
vectors without ; -entries.

We consider two di�erent subsets of the vertices of the cube which will be
proved to be a�ne support sets for thed-cube ford � 3. The �rst set consists
of the union of the neighbors of the vertex (� � � � � ) with the neighbors of
the vertex (+ � � � +):

Aneigh(d) :=
n

v 2 f�g d
�
�
� # f i : vi = + g = 1 or d � 1

o
(2.1)

The second set zigzags through the cube and has the followingcombinatorial
description:

Azigzag(d) :=
n

v 2 f�g d
�
�
� v = � (+ : : : +| {z }

k times

� : : : �| {z }
d� k times

) for k 2 [d]
o

(2.2)

Example 2.31. The subsetsAneigh(3) and Azigzag(3) of the vertices of the
3-cube are:

Aneigh(3) =
�

(+ �� );(� + � );(�� +) ;
(� ++) ;(+ � +) ; (++ � )

�
;

Azigzag(3) =
�

(��� );(�� +) ;(� ++) ;
(+++) ;(++ � ); (+ �� )

�
:

These two sets are obviously a�ne support sets, since every facet, i.e. quadri-
lateral face, of the 3-cube contains exactly 3 selected vertices. But they are
equivalent by 
ipping the sign in the middle which is a combinatorial sym-
metry of the cube. This is illustrated in Figure 2.3.

In the 4-dimensional cube the two sets are no longer equivalent since the
vertices ofAzigzag(4) form a cycle of length 8, whereas the vertices ofAneigh(4)
do not share any edge (see Figure 2.4).
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Figure 2.3: The two sets Aneigh(3) (left) and Azigzag(3) (right) are isomorphic by

ipping the vertical coordinate, that is, the second sign in the vector correspond-
ing to a vertex.

Figure 2.4: The subsetsAneigh(4) (left) and Azigzag(4) (right) of the vertices of
the 4-cube are two di�erent a�ne support sets.

For the vector descriptions this implies that there exist notwo vertices
in Aneigh(4) that di�er at exactly one position:

Aneigh(4) =
�

(+ ��� );(� + �� );(�� + � );(��� +)
(� +++) ;(+ � ++) ;(++ � +) ;(+++ � )

�
;

Azigzag(4) =
�

(���� );(��� +) ;(�� ++) ;(� +++)
(++++) ;(+++ � );(++ �� );(+ ��� )

�
:
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Both sets are a�ne support sets of the 4-cube. The facetF �
0 = ( �;;; )

contains the following subsets of the vertices:

Aneigh(4) \ F �
0 = f (� + �� ); (�� + � ); (��� +) ; (� +++) g;

Azigzag(4) \ F �
0 = f (���� ); (��� +) ; (�� ++) ; (� +++) g:

These are exactly the subsets of the vertices considered in Example 2.22/A
(Aneigh(4) \ F �

0 ) and Example 2.22/C (Azigzag(4) \ F �
0 ) and hence a�nely

independent for every realization of the 4-cube. The same istrue for all the
other facets by symmetry.

Theorem 2.32 (Maximal a�ne support sets for cubes). The setsAneigh(d)
and Azigzag(d) of vertices of thed-cube de�ned in Equation (2.1) and (2.2)
are a�ne support sets of size 2d.

Proof. The two subsetsAneigh(d) and Azigzag(d) are invariant under the fol-
lowing automorphisms:

I 
ipping all the sign entries,

(� 0; : : : ; � d� 1) 7! � (� 0; : : : ; � d� 1)

I and cyclic rotation of the vectors with a 
ip in the zigzagcase,

(� 0; : : : ; � d� 1) 7!

(
(� 1; : : : ; � d� 1; � 0) for Aneigh(d)

(� 1; : : : ; � d� 1; � � 0) for Azigzag(d).

A suitable sequence of these automorphisms maps an arbitrary facet to the
facet F �

0 = ( �; : : : ; ) and leaves the chosen vertex subsets invariant. So we
only need to verify that the setsAneigh(d) \ F �

0 and Azigzag(d) \ F �
0 are a�nely

independent for every realization of the cube.

Aneigh(d) : The vertices ofAneigh(d) \ F �
0 are thed� 1 neighbors of the vertex

(�� : : : � ) in F �
0 and the vertex (� + : : : +). The neighbors of (�� : : : � )

span a (d � 2)-simplex. The line segment connecting the vertex (�� : : : � )
with the vertex (� + : : : +) intersects this (d � 2)-simplex in its relative inte-
rior. So if (� + : : : +) would lie in the a�ne hull of the simplex then it would
be in its relative interior which is impossible. HenceAneigh(d) \ F �

0 is a�nely
independent for every realization of the cube. By combinatorial symmetry
the same holds for all other facets.
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Azigzag(d) : Consider the 
ag f Fkgd� 1
k=0 with Fd� 1 = F �

0 and

Fk = ( � : : : �| {z }
d� k times

; : : : ;| {z }
k times

):

Then F0 = ( � � � � � ) is a vertex and for k = 1; : : : ; d � 1 the following
intersection of subsequent elements of the 
ag with the setAzigzag(d) contains
exactly one vertex:

Azigzag(d) \ (Fk n Fk� 1) = f ( � � � � �| {z }
d� k times

+ � � � +| {z }
k times

)g:

It follows from Lemma 2.23 that Azigzag(d) \ F �
0 is a�nely independent for

every realization of the cube.

The surfaces studied by Ringel [41] consist of a subset of the2-faces of the
d-cube given by the following vectors:

R d :=

8
>>>>>><

>>>>>>:

; ; � � : : : � � �
� ; ; � : : : � � �
: : : : : : : : : :
: : : : : : : : : :
� � � � : : : � ; ;
; � � � : : : � � ;

Each of the rows corresponds to a family of quadrilaterals containing 2d� 2

faces. Further the surface contains all vertices and edges of the cube. So
the f -vector of the surfaceR d is 2d� 2(4; 2d; d). The surfaces ford = 4 and 5
are shown in Figure 2.5. The realizations of these surfaces obtained via
projections of d-cubes inherit the moduli of the a�ne support sets of the
cubes via Theorem 2.30 since they contain all the vertices ofthe cube.

Theorem 2.33 (Moduli of Ringel surfaces). The realizations of the Ringel
surfacesR d obtained via projections of the deformedd-cubes to R

3 have at
least 6d moduli.

For d = 3 the surface is just the boundary of the 3-cube. It has 18 moduli
corresponding to the degrees of freedom of the facets or the a�ne support
set of size 6 shown in Figure 2.3. Starting fromd = 4 the surface does not
have any degree 3 vertices any more. So the perturbation of a single normal
of a quadrilateral will immediately destroy the combinatorial structure. A
small modi�cations of a single vertex will not yield any moduli either, since
all the faces of the surfaces are quadrilaterals. This is captured in the rule of
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Figure 2.5: The Ringel surfaces ford = 4 and 5. The surfaces are embedded
in the Schlegel diagram of a 4-cube and in the neighborly cubical polytope of
dimension 4 with the graph of a 5-cube.

thumb explained in Section 1.3.1. For realizationsSR d of the Ringel surfaces
in R

3, Equation (1.1) yields the following estimate for the moduli:

M (SR d ; 3) � 2d� 2(12 � 4d + 3d) = 2 d� 2(12 � d):

Hence the number of 6d moduli achieved by Theorem 2.33 is quite astonish-
ing, since the na•�ve count would yield no non-trivial moduli at all for larged.



Chapter 3

Non-projectability of polytope skeleta
joint with Raman Sanyal

In this chapter we prove some non-projectibility results for products of poly-
topes. We �rst adapt the techniques presented in Section 2.1to the special
case of products. Then in Section 3.2 we show that certain skeleta of products
of odd and even polygons cannot be preserved by a projection.This comple-
ments the results of Ziegler [48] and Sanyal & Ziegler [44] about projections
of products ofevenpolygons. In Section 3.3 we end this chapter with a result
about projections of products of simplices. The non-projectability of skeleta
of these products will be used in Chapter 4 to show that certain families of
polyhedral surfaces contained in the wedge product cannot be realized inR

3

via projection.

3.1 Embeddability dimension of skeleton complexes of
products

In this section we have a closer look at the combinatorial structure of prod-
ucts and derive bounds on the Sarkaria index using a knapsacktype integer
program.

The faces of the product of polytopes are products of the faces of its factors
and the dimensions of the product faces are the sums of the dimensions of its
constituents. The following de�nition distinguishes the faces of the product
by their \type".

De�nition 3.1 (Face type/face complex). For i = 1; : : : ; r let Pi be combi-
natorial di -types onmi facets and letP = P1 �P 2 � � � � �P r be their product
of dimensiond = d1 + � � � + dr . For a �xed 0 � k < d the face type� k(P) of
dimensionk is the set of the following vectors:

� k(P) := f � = ( � 1; � 2; : : : ; � r ) 2 Z

n : j� j = k; 0 � � i � di for all i 2 [r ]g :

Further for � 2 � k(P) the face complex� � (P) of type � is

� � (P) := � � 1 (P1) � � � 2 (P2) � � � � � � � r (Pr ):

39
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It is clear from the de�nition of the product that every face of P belongs to
some face type and the next observation states that this partition yields a
cover of the skeleton complex.

Proposition 3.2. Let P = P1 � P 2 � � � � � P r and 0 � k < dimP. Then

� k(P) =
[

� 2 � k (P )

� � (P):

Obviously, the embeddability dimension of a complex is bounded from below
by the embeddability dimensions of arbitrary subcomplexes. This mono-
tonicity of the embeddability dimension yields our �rst bound on the em-
beddability dimension of skeleton complexes of products, since for every face
type � 2 � k(P) of a product P we have

� � (P) � � k(P) =) e-dim(� � (P)) � e-dim(� k(P)):

This observation yields another simple corollary of Theorem 2.4. It may also
be derived from Corollary 2.17.

Corollary 3.3. Let P be a product and 0� k < dimP. If there is a face
type � 2 � k(P) such that

e < e-dim(� � (P)) + d � m + 2

then there is no realization ofP such that a projection to R

e retains the
k-skeleton.

Remark 3.4. The de�nition of the face complex relies on properties of the
product that are shared by other polytope constructions such as joins and
direct sums. Therefore, the methods developed in this section can be suitably
adapted. For lack of interesting applications we refrain from developing the
methods in full generality.

The Sarkaria index will help us determine bounds on the embeddability di-
mension of the skeleton complexes of products. We use the following obser-
vation to simplify the calculation.

Proposition 3.5 (Sanyal [43]). Let K and L be simplicial complexes. Then

indSK K � L = indSK K + indSK L + 1:

Thus the Sarkaria index of a given face type� 2 � k(P) of a product P is
readily calculated from the Sarkaria indices of the factors.
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Corollary 3.6. Let P = P1 � P 2 � � � � � P r and let � 2 � k(P). Then

indSK � � (P) =
rX

i =1

indSK � � i (Pi ) + r � 1:

In the special case that we have anr -fold product P r of a combinatorial
type P, bounds on the embeddability dimension of �k(P r ) can be obtained
by solving aknapsack-typeproblem.

Proposition 3.7. Let P be a d-type and let r � 1 and 0 � k � rd � 1.
For i = 0; : : : ; d set si = indSK � i (P) and let s� be the optimal value of the
following integer program

max s0 � 0 + s1 � 1 + � � � + sd � d

s:t: 0� 0 + 1 � 1 + � � � + d � d = k
� 0 + � 1 + � � � + � d = r

� i � 0

with � 0; : : : ; � d 2 Z . Then e-dim(� k(P r )) � s� + r � 1.

Proof. Let � = ( � 1; : : : ; � r ) 2 � k(P r ) be a face type with j� j = k. For
i = 0; : : : ; d we associate non-negative numbers� i to the face type� with

� i = # f j 2 [r ] : � j = ig:

So� i counts the number of factors of dimensioni composing ak-face of face
type � of the product P r . Hence the� i satisfy

0� 0 + 1 � 1 + � � � + d � d = k
� 0 + � 1 + � � � + � d = r

� i � 0 :

Conversely, every such non-negative collection of numbers� i that satis�es
the conditions of the integer program gives rise to a valid face type. The
Sarkaria index of the face complex �� (P r ) is obtained from Corollary 3.6

indSK � � (P r ) =
rX

j =0

s� j + r � 1 =
dX

i =0

si � i + r � 1:

Hence the integer program calculates the distribution of dimensions� i such
that the Sarkaria index of a corresponding face type is maximal. Since every
face complex �� (P r ) with j� j = k is a subcomplex of the respective skeleton
complex � k(P r ) this yields the stated lower bound for the embeddability
dimension.



42 Non-projectability of polytope skeleta

3.2 Products of polygons

Let P = Dm1 �D m2 � � � � �D m r be a product ofmi -gonsDm i . In this section
we investigate the embeddability dimension of the skeletoncomplex � k(P)
for 0 � k < 2r = dimP. An interesting feature of the results to come is that
(bounds on) the embeddability will only depend on the parityof the mi . For
this reason, we �x the following notation for the product ofre even polygons
and ro odd polygons:

P = D r e
even � D r o

odd:

Furthermore, we denote byr = re + ro the total number of factors and bym
the total number of facets.

3.2.1 Skeleton complexes of polygons

The embeddability dimension of the skeleton complex �k(Dm ) of an m-gon
for k = 1; 2 is already given by Proposition 2.20. So we are left to determine
the Sarkaria index for the 0th skeleton complex.

Lemma 3.8. Let m � 3 and Dm the combinatorial type of anm-gon. The
Sarkaria bound for the 0th skeleton complex is

indSK � 0(Dm ) =
�

m � 3; if m is even, and
m � 2; if m is odd.

Proof. We show that the Kneser graph of minimal non-faces of �0(Dm ) has
chromatic number 2 and 1, respectively, depending on the parity of m. For
that let us determine the minimal non-faces of �0(Dm ): A subset � � [m] of
the edges ofDm is a non-face of �0(Dm ) if and only if every vertex of Dm is
incident to at least one edgeFi of Dm with i 2 � .

If a vertex of Dm is covered twice by� then every other minimal non-face
intersects� and thus � is an isolated vertex in the Kneser graph. If� covers
every vertex exactly once, then [m] n � is again a minimal non-face.

It follows that for odd m the Kneser graph consists of isolated vertices alone
while for evenm there is exactly one edge. Hence the chromatic number of
the Kneser graph for evenm is 2, whereas for oddm it is 1. This yields the
stated result for the Sarkaria index.

Example 3.9. As an illustration, let us consider � 0(D5) { the 0th skeleton
complex of a pentagonD5. By the above Lemma 3.8 the Sarkaria index of
the 0th skeleton complex of the pentagon is 3. Hence the complex should
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Figure 3.1: The �ve triangles of the 0th skeleton complex of a pentagon �t
together to form a M•obius strip.

not be embeddable into a 2-sphere. If the facets (edges) of the pentagon are
labeled by 1; 2; 3; 4; 5 in cyclic order then the faces of �0(D5) are the triangles
with three cyclically adjacent vertices shown in Figure 3.1. These triangles
�t together to form a M •obius strip which is not embeddable in a 2-sphere.
Thus � 0(D5) not embeddable in the 2-sphere as stated by the lemma.

The example shows that the 0th skeleton complex of anodd polygon has a
certain twist to it that obstructs the embeddability into m � 2 dimensional
space.

3.2.2 Skeleton complexes of products of polygons

We are now ready to deal with the skeleton complexes of products of polygons
using theknapsack-typeinteger program introduced in Proposition 3.7.
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Theorem 3.10. Let P = Dm1 � � � � � D m r be a product of re even and
ro odd polygons with a total of m facets andr = ro + re factors. Then
the embeddability dimension of thekth skeleton complex for 0� k � 2r
bounded from below by:

e-dim(� k(P)) � m � 1 � r +
�

k
2

�
+ min

n
0;

�
k
2

�
� re

o
:

Proof. The Sarkaria indices of thekth skeleton complexes of even and odd
polygons coincide fork = 1; 2 and di�er by one for k = 0. Similar to
Proposition 3.7 we sort the face type by dimension but this time we distin-
guish two di�erent kinds of vertices in the following way: Toevery face type
� = ( � 1; : : : ; � r ) 2 � k(P) we associate a vector� = ( � odd

0 ; � even
0 ; � 1; � 2) with

� 2 := # f i : � i = 2g (polygons)
� 1 := # f i : � i = 1g (edges)
� odd

0 := # f i : � i = 0; mi oddg (odd vertices)
� even

0 := # f i : � i = 0; mi eveng (even vertices)

Using Corollary 3.6 and the fact that� odd
0 + � even

0 + � 1 + � 2 = r , the Sarkaria
index of a face type� may be expressed in terms� in the following way:

indSK � � (P) =
rX

j =0

indSK � � i (Dm i ) + r � 1

= m � 3 � even
0 � 2 � odd

0 � 2 � 1 � � 2 + r � 1

= m � r � 1 + � 2 � � even
0 :

Now the knapsack-type integer program similar to Proposition 3.7 is

max � � even
0 + � 2

s:t: � 1 + 2 � 2 = k
� even

0 + � odd
0 + � 1 + � 2 = r

� even
0 � re

� odd
0 � ro

� even
0 ; � odd

0 ; � 1; � 2 � 0 :

Every face type � = ( � 1; : : : ; � r ) 2 � k(P) gives rise to a feasible solution
and, conversely, every feasible solution yields a face type. We eliminate the
variables � odd

0 and � 1 from the program using the two equalities and obtain
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an integer program in the variables� even
0 and � 2 only:

max � � even
0 + � 2

s:t: 0 � r � k � � even
0 + � 2 � ro

0 � k � 2� 2 � re

� even
0 ; � 2 � 0

The optimal value � � of this program is

� � = min
n �

k
2

�
; k � re

o
=

�
k
2

�
+ min

n
0;

�
k
2

�
� re

o
:

The result then follows from the fact thate-dim(� k(P)) � m � r � 1� � � .

In order to put the above result in perspective, let us calculate upper bounds
on the embeddability dimension.

Proposition 3.11. Let P = D r e
even � D r o

odd be a product of re even andro

odd polygons with a total of r factors and m facets. For 0� k < 2r the
embeddability dimension of thekth skeleton complex satis�es the following
bounds:

e-dim(� k(P)) �

8
<

:

m � r � re � 1; if k = 0
m � r � 1; if k = 1
m � 2; otherwise:

Proof. Let me and mo be the number of vertices of even and odd polygons,
respectively. The 0th skeleton complex of an evenme-gon consists of a subset
of the facets of the cyclic polytope cycme � 2(me) of dimensionme � 2 with me

vertices: Let i; i 0 2 [me] with i < i 0. Then Gale's Evenness Condition (e.g.
found in [47, Ch. 0]) tells us that the simplex� with vertices [me] n f i; i 0g is
a facet of cycme � 2(me) if and only if the cardinality of f j 2 � j i < j < i 0g
is even. Hence the 0th skeleton complex with facets [me] n f i; i + 1 modmeg
for i 2 [me] is a subcomplex of the boundary of the cyclic polytope. The 0th
skeleton complex of an oddmo-gon may be embedded in the boundary of an
(mo � 1)-dimensional simplex.

The 0th skeleton complex �0(P) of the product P is just the join of the 0th
skeleton complexes of the factors. Hence it embeds into (@cycme � 2(me)) � r e �
(@� mo � 1)� r o yielding the bound on the embeddability dimension fork = 0.

For k = 1 the skeleton complexes �1(Dme) and � 1(Dmo ) embed into the
boundaries@� me � 1 and @� mo � 1 of suitable simplices. Hence the skeleton
complex � 1(P) of the product embeds into the join (@� me � 1)� r e � (@� mo � 1)� r o

which is homeomorphic to a (m � r � 1)-sphere.
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For k � 2 the skeleton complex only embeds into@((� me � 1)� r e � (� mo � 1)� r o ),
which is the boundary of an (m� 1)-polytope, i.e. homeomorphic to a (m� 2)-
sphere.

3.2.3 Projections of products of polygons

Combining the bounds on the embeddability dimensions of theskeleton com-
plexes of Theorem 3.10 with Corollary 2.17 we obtain the following obstruc-
tions to projectability of products of polygons.

Theorem 3.12. Let P = D r e
even � D r o

odd be a product ofr = re + ro polygons
with m facets. Then for 0� k < 2r there exists no realization of the product
P in R

2r such that the projection � : R

2r ! R

e preserves thek-skeleton if

e < r + 1 +
�

k
2

�
+ min

n
0;

�
k
2

�
� re

o
:

In Sanyal & Ziegler [44] it was shown that there existe-dimensional poly-
topes with the

�
e� 2

2

�
-skeleton of ther -fold product of even polygons. For

the product of odd polygons we obtain the following obstruction to the pro-
jectability.

Corollary 3.13. Let P = D r o
odd be a product ofodd polygons, 0� k < 2ro

with m facets. If

e < r o + 1 +
�

k
2

�

then there is no realization ofP such that the projection to R

e preserves the
k-skeleton.

This corollary generalizes the classical result that the product of two triangles
(ro = 2), or more generally, the product of two odd polygons may not be
projected into the plane (e = 2) such that all vertices survive the projection.
For the product of even polygons (r = re) Theorem 3.12 yields a bound of
e < k + 1, which is just the trivial dimension bound for the k-skeleton of the
product. Another interesting case studied for the product of even polygons
in [44] is whenk = be� 2

2 c, i.e., the \neighborly" case.

Corollary 3.14. Let P = D r e
even � D r o

odd be a product ofr = re + ro polygons
and let e � 1. If ( �

3e� 2
4

�
< r for re <

�
e
4

�
,

�
e
2

�
< r o for re �

�
e
4

�

then there is no realization ofP such that the image under projection to
e-space is neighborly, i.e. the image andP have isomorphicbe� 2

2 c-skeleta.
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This corollary implies that one cannot project any realization of the product
of two odd polygons with an arbitrary number of even polygonsinto the
plane or R

3 such that all the vertices survive. Further we deduce that the
number of factorsro must not exceedd3e� 2

4 e if the projection of a product of
odd polygons toR

e with e � 4 should be neighborly.

3.3 Products of simplices

In this section we will establish bounds on the embeddability dimension of the
skeleton complexes of the product of simplices. In the spirit of the previous
section, we determine the embeddability dimension as well as the Sarkaria
index of the skeleton complex of a single simplex �rst. Then we use this
knowledge to prove tight bounds on the embeddability dimensions of face
complexes. Appealing to results from Section 2.1, this yields bounds on the
projectability of products of simplices.

3.3.1 Skeleton complexes of simplices

The key to determining the embeddability dimension and the Sarkaria index
of � k(� n� 1) will be the following observation: Thek-faces of the simplex are
intersections of exactlyn � 1� k facets. Hence the complements of the facets
de�ning a k-face consists ofk + 1 facets.

Observation. For n � 1 and 0 � k � n � 1 the kth skeleton complex
� k(� n� 1) of the (n � 1)-simplex is isomorphic to thek-skeleton of � n� 1.

Thus the skeleton complexes �k(� n� 1) are well known complexes and the
calculation of the Sarkaria indices involves theclassicalKneser graphs, which
we now recall.

Theorem 3.15 (Lov�asz [31]). For n � 1 and 1� k � n denote byKGn;k =
KG(

� [n]
k

�
) the Kneser graph on the collection of allk-sets of [n]. Then

� (KGn;k ) =

(
n � 2k + 2 if k � n+1

2

1 otherwise.

The Sarkaria index of thekth skeleton complex may easily be calculated as
follows.
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Lemma 3.16. For n � 2 let � n� 1 be an (n � 1)-simplex and let � k(� n� 1)
be the kth skeleton complex for 0� k � n � 1. Then the Sarkaria index is
the following:

indSK � k(� n� 1) =

8
<

:

2k + 1; if 0 � k � n� 3
2 ;

n � 2; if n� 3
2 < k � n � 2;

n � 1; if k = n � 1:

Proof. To calculate the Sarkaria index we need to determine the chromatic
number of the Kneser graph on the minimal non-faces of thekth skeleton
complex of the (n � 1)-simplex. By the observation above, the minimal non-
faces are all (k + 2)-subsets of [n]. Note that for k = n � 1 there are no
minimal non-faces. Fork � n � 2 the Kneser graph to be investigated is
KGn;k +2 . This yields the stated bound for 0� k � n � 2. If k = n � 1 the
Kneser graph is empty and its chromatic number is 0. So the Sarkaria index
for k = n � 1 is n � 1.

In combination with Proposition 2.7 we obtain the followingcorollary.

Corollary 3.17. Let � k = � k(� n� 1) be the kth skeleton complex of an
(n � 1)-simplex for n � 2. Then the embeddability dimension satis�es

e-dim(� k) =

8
<

:

2k + 1 if 0 � k � n� 4
2 ;

n � 2 if n� 4
2 < k � n � 2;

n � 1 otherwise.

3.3.2 Skeleton complexes of products of simplices

We follow the same path to determine the embeddability dimension as in
Section 3.2 about products of polygons: First we prove upperbounds using
Proposition 2.7, then we �nd face types of the product of simplices maximiz-
ing the Sarkaria index among all face types. Finally we combine these results
to obtain obstructions to the projectability of products of simplices.

In the following we denote by

� r
n� 1 = � n� 1 � � n� 1 � � � � � � n� 1| {z }

r

an r -fold product of (n � 1)-simplices. The next lemma establishes an upper
bound on the embeddability dimension of �k(� r

n� 1).
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Lemma 3.18. Let � k = � k(� r
n� 1) be the kth skeleton complex of ther -fold

product of (n � 1)-simplices withn � 2 and 0� k � r (n � 1). Then

e-dim(� k) �
�

2k + 2r � 1 if 0 � k � 1
2r (n � 2);

rn � 1 if 1
2r (n � 2) < k � r (n � 1)

� minf 2k + 2r � 1; rn � 1g:

Proof. For � 2 � k(� r
n� 1) we have that

dim� � (� r
n� 1) =

rX

i =1

dim� � i (� n� 1) + r � 1 =
rX

i =1

� i + r � 1 = k + r � 1:

By using the covering of Proposition 3.2 we obtain thatdim� k = k+ r � 1 and
by Proposition 2.7 we havee-dim(� k) � 2k + 2r � 1. On the other hand, the
kth skeleton complex naturally embeds into ther -fold join of (n� 1)-simplices
and thereforee-dim(� k) � r (n � 1) + r � 1 = rn � 1.

As in Section 3.2 we use the Sarkaria index to get lower boundson the
embeddability dimension. In the following technical lemmawe determine
face types of the product of simplices that maximize the Sarkaria index and
thus give the best possible lower bounds on the embeddability dimension via
face types.

Lemma 3.19. Let n � 2 and 0� k � r (n � 1). Let � � = � � (� r
n� 1) be the

face complex of � r
n� 1 of type � = ( � 1; : : : ; � r ) 2 � k(� r

n� 1). Then for n odd:

indSK � � �

8
<

:

2k + 2r � 1; if 0 � k � 1
2r (n � 3);

r (n � 1) + j � 1; if j n+1
2 � k � 1

2r (n � 3) < (j + 1) n+1
2

rn � 1; if r (n � 1) = k

And for n even:

indSK � � �

8
>><

>>:

2k + 2r � 1; if 0 � k � 1
2r (n � 4);

k + 1
2rn � 1; if 0 < k � 1

2r (n � 4) � r
r (n � 1) + j � 1; if j n

2 � k � 1
2r (n � 2) < (j + 1) n

2
rn � 1; if r (n � 1) = k

wherej = 0; : : : ; r � 1. There are face types for which the bounds are sharp.

Proof. Let � = ( � 1; : : : ; � r ) with j� j = k. From Proposition 3.5 we obtain
that the Sarkaria index is additive for joins of complexes, hence:

indSK � � (� r
n� 1) =

rX

i =1

indSK � � i (� n� 1) + r � 1:
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In the following we will describe the optimal distribution of k onto the r
factors of the skeleton complex. According to Lemma 3.16 theSarkaria index
of the skeleton complex of a single (n � 1)-simplex is monotone in� i . But
note that for 1

2(n � 4) � � i � n � 2 it is constant. We will treat two cases
depending on the parity ofn.

For n odd: The Sarkaria index isn � 2 for 1
2(n � 3) � � i � n � 2. Hence

for 0 � k � 1
2r (n � 3) all distributions � with � i � 1

2(n � 3) for i = 0; : : : ; r
yield the same bound on the Sarkaria index of �� (� r

n� 1). Suppose� 0 is
a distribution with � 0

0 > 1
2(n � 3). Then indSK � � (� r

n� 1) > indSK � � 0(� r
n� 1)

since redistributing the surplus� 0
0� 1

2(n� 3) onto some� i < 1
2(n� 3) increases

the Sarkaria index.

If k = 1
2r (n � 3) + j n+1

2 + k0 then the best distribution is obtained by the
following:

� i =

8
><

>:

n � 1 if i = 1; : : : ; j ;
1
2(n � 3) if i = j + 1; : : : ; r � 1 ;
1
2(n � 3) + k0 if i = r:

For n even: In the even dimensional case Lemma 3.16 yields the following
Sarkaria index for the simplex:

indSK � k(� n� 1) =

8
<

:

2k + 1 if 0 � k � 1
2(n � 4),

n � 2 if 1
2(n � 2) � k � n � 2

n � 1 if k = n � 1.

Note that, in contrast to the odd dimensional case, the indexincreases only
by 1 between the �rst (0 � k � 1

2(n � 4)) and the second case (1
2(n � 2) �

k � n � 2). This leads to the extra case for the indexindSK � � (� r
n� 1) if n is

even. The optimal distributions are obtained as follows:

I If 0 � k � 1
2r (n � 4) then any distribution with � i � 1

2(n � 4) yields a
Sarkaria index of 2k + 2r � 1.

I If k = 1
2r (n � 4) + k0 with 1 � k0 � r then the optimal distribution is:

� i =

(
1
2(n � 2) if i = 1; : : : ; k0

1
2(n � 4) otherwise:

I If k = 1
2r (n � 2) + j ( n

2 ) + k0 with j = 0; : : : ; r � 1 and k0 2 [n
2 � 1] then

� with

� i =

8
><

>:

n � 1 if i = 1; : : : ; j ;
1
2(n � 2) if i = j + 1; : : : ; r � 1 ;
1
2(n � 2) + k0 if i = r:
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To see that these distribution are really optimal, one can check that any
redistribution does not increase the Sarkaria bound.

In the above lemma we investigated the Sarkaria index for di�erent face
types of the product of simplices. Since any decomposition� of k yields a
subcomplex � � (� r

n� 1) of the kth skeleton complex �k(� r
n� 1), Lemma 3.19

yields a lower bound on the embeddability dimension of thekth skeleton
complex. After a little calculation and appropriate rounding we unify the
odd and even cases to obtain the following theorem.

Theorem 3.20. Let n � 2, r � 1 and 0� k � r (n � 1). The embeddability
dimension of thekth skeleton complex �k(� r

n� 1) of the r -fold product of
simplices satis�es the following inequalities:

e-dim(� k(� r
n� 1)) �

8
>><

>>:

2r + 2k � 1 if 0 � k � r bn� 3
2 c

1
2rn + k � 1 if r bn� 3

2 c< k � rbn� 2
2 c

r (n � 1) + j � 1 if j bn+1
2 c � k � rbn� 2

2 c< (j + 1) bn+1
2 c

rn � 1 if k = r (n � 1);

with j = 0; : : : ; r � 1.

The second case in the above theorem is empty ifn is odd. We combine
Lemma 3.18 and Theorem 3.20 to obtain the embeddability dimension of the
skeleton complex of the product of simplices for certain parameters.

Corollary 3.21. Let n � 2, r � 1 and 0� k � rbn� 3
2 c. The embeddability

dimension of thekth skeleton complex �k(� r
n� 1) of the r -fold product of

simplices is
e-dim(� k(� r

n� 1)) = 2 r + 2k � 1:

3.3.3 Projections of products of simplices

We use the bounds on the embeddability dimension established in the previ-
ous section to determine whether or not a certain skeleton may be preserved
under projection.

Theorem 3.22 (Non-projectability of skeleta of products of simplices). For
n � 2 and r � 1 there exists no realization of ther -fold product � r

n� 1 of
(n � 1)-simplices such that the projection fromR

r (n� 1) to R

e preserves the
k-skeleton if

e <

8
>><

>>:

r + 2k + 1 if 0 � k � r bn� 3
2 c

1
2r (n � 2) + k + 1 if r bn� 3

2 c < k � rbn� 2
2 c

r (n � 2) + j + 1 if j bn+1
2 c � k � rbn� 2

2 c < (j + 1) bn+1
2 c

r (n � 1) + 1 if k = r (n � 1):



52 Non-projectability of polytope skeleta

Proof. By Corollary 3.3 we get the following bound on the dimensione pro-
jected onto:

e < e-dim(� k(� r
n� 1)) + r (n � 1) � rn + 2 = e-dim(� k(� r

n� 1)) � r + 2:

We obtain the stated result by inserting the bounds of Theorem 3.20 into
this inequality.

For r = 1 Theorem 3.22 yields bounds on the realizability of thek-skeleton
of the (n � 1)-simplex, i.e. there exists no projection of the (2k + 2)-simplex
to R

(2k+1) which preserves thek-skeleton. This is exactly the Van Kampen{
Flores Theorem. In this sense, Theorem 3.22 is a generalization of the clas-
sical polyhedral Van Kampen{Flores Theorem from simplicesto products of
simplices. Furthermore, the above theorem gives yet another proof of Corol-
lary 3.13 concerning the projection of products of 2-simplices (triangles).



Chapter 4

Polyhedral surfaces in wedge products
joint with G •unter M. Ziegler

In this chapter we discuss a family of surfaces that is contained in a new family
of polytopes. The new polytopes are \wedge products." They are dual to the
wreath products of Joswig & Lutz [27]. They may be obtained byiterating
the generalized wedge construction described in Section 4.1.1, which is a
special kind of subdirect product, as introduced by McMullen [35]. The new
surfaces are constructed as subcomplexes of the 2-skeleta of wedge products.
We may deform the wedge products containing the surfaces in away that the
surfaces survive the projection toR

4 and R

3 for certain parameters. Using
the techniques introduced in Section 2.2, we obtain lower bounds on the
number of moduli for these realizations. Furthermore, we observe that the
dual surface is contained in the 2-skeleton of the dual 4-polytope, if the
prism over the primal surface is contained in the primal 4-polytope. So by
projecting the prism over the surface to the boundary of a 4-polytope we
obtain realizations of the dual surfaces inR

3 as well. For other parameters
we use the techniques of Section 2.1 to show that we are not able to obtain
realizations of these surfaces via projections of a wedge products.

4.1 Wedge products

We begin this section with the construction of the generalized wedge. As
the name suggests, this construction generalizes the wedgeconstruction for
polytopes which was used, e.g. by Fritzsche & Holt [21], to study the Hirsch
conjecture. We de�ne the generalized wedge of two polytopesin terms of
an inequality system, which merges the inequality systems of the two con-
stituents. We also interpret the generalized wedge as a degenerate deformed
product and determine faces that are a�nely equivalent to the two poly-
topes involved in the construction. The wedge product is also de�ned by its
inequality description but may also be obtained as an iterated generalized
wedge.

53
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Figure 4.1: The classical wedge over a pentagon.

4.1.1 Generalized wedges

Let P be a d-dimensional polytope in R

d with m facets, given by its facet
description Ax � 1 , with A 2 R

m� d, x = ( x0; : : : ; xd� 1)t . Let F be the facet
of P de�ned by the hyperplanea0x = 1. The classicalwedgeover the poly-
tope P at F is constructed as follows: EmbedP � f 0g in R

d+1 and construct
the cylinder P � R � R

d+1 . Then cut the cylinder with two distinct hyper-
planes throughF � f 0g such that both cuts are bounded. These hyperplanes
divide the cylinder into one bounded and two unbounded components. The
bounded part is thewedge. This construction can be performed in terms of
the inequality system

wedgeF (P) :=
n �

x
xd

�
2 R

d+1
�
�
�

�
A0

a0 � 1

� �
x
xd

�
�

�
1

1

� o
;

where A0 is the matrix A with the row a0 removed. The two hyperplanes
that cut the cylinder are a0x + xd = 1 and a0x � xd = 1. They may be
constructed by combining the equationa0x = 1 that de�nes the facet F with
the inequality description � xd � 1 of the interval [� 1; +1] in xd-direction.

Deletion of the last coordinates yields a projection wedgeF (P) ! P: Fourier-
Motzkin elimination of xd (that is, addition of the two inequalities involv-
ing xd) recoversa0x � 1 as an inequality that is valid, but not facet-de�ning
for wedgeF (P).
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For the projection wedgeF (P) ! P the �ber above every point of P is an
interval I , except that it is a single point f�g above every point ofF . This
might be indicated by

(I; f�g ) �! wedgeF (P) �! (P; F):

For our purposes we need the following more general construction.

De�nition 4.1 (Generalized WedgeP 2 F Q). Let P be ad-polytope in R

d

with m facets given by the inequality systemAx � 1 , and let Q be a d0-
polytope in R

d0
with m0 facets given byBy � 1 . Let G be the face ofP

de�ned by the hyperplanecx = 1.

The generalized wedgeP 2 G Q of P and Q at G is the (d + d0)-dimensional
polytope de�ned by

P 2 G Q :=
n �

x
y

�
2 R

d+ d0
�
�
�

�
A0

C B

� �
x
y

�
�

�
1

1

� o
; (4.1)

whereC = 1 c is the m0� d matrix all of whose rows are equal toc, and A0 is
the matrix A if G is not a facets andA0 is the matrix A without the row a0

if G is a facet de�ned bya0x = 1.

The generalized wedgeP 2 G Q is a (d+ d0)-dimensional polytope withm+ m0

or m + m0� 1 facets depending on the dimension of the faceG. The classical
wedge wedgeF (P) may be viewed as the generalized wedgeP 2 F [� 1; 1],
where F is a facet of P. The generalized wedgeP 2 G Q comes with a
projection to P similar to the projection of the classical wedge described
above.

Proposition 4.2. If P and Q are polytopes of dimensiond resp.d0, then the
generalized wedge is a (d + d0)-polytope P 2 G Q. It comes with a projection
to P (to the �rst d coordinates) such that the �ber above every point ofP
is an a�ne copy of Q, except that it is a single point f�g above every point
of G. That is,

(Q; f�g ) �! P 2 G Q �! (P; G):

Proof. First we show that the projection maps toP. If G is not a facet ofP,
then this is obvious, since all facet inequalities ofP also de�ne facets of the
generalized wedge.

If G is a facet of P de�ned by the inequality a0x � 1 then C = 1 a0 in
the inequality system (4.1) of the generalized wedge. We need to show that
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Figure 4.2: The generalized wedge of a pentagon and an interval at a vertex.

this inequality is valid (but not facet-de�ning) for the generalized wedge as
well: SinceQ is bounded, its facet-normals (the rows ofB) are positively-
dependent, so there is a positive row-vector� satisfying �B = 0 and � 1 = 1;
thus summing the inequalities in the systemCx + By � 1 with coe�cients
given by � yields

a0x = �Cx + �By � � 1 = 1

since�C = � ( 1 a0) = ( � 1 )a0 = a0.

Now given any point x 2 P, the �ber above x is given by the inequality
systemBy � 1 � Cx. For x 2 G we haveCx = 1 , and By � 0 describes a
point. For x 2 P n G we haveCx < 1 , and By � 1 � Cx describes a copy
of Q that has been scaled by a factor of 1� cx. This is schematically shown
in Figure 4.3.

Remark 4.3. The subdirect product construction introduced when studying
projectively unique polytopes by McMullen [35] subsumes the generalized
wedgeP 2 G Q as the special case (P; G) 
 (Q; ; ).

Remark 4.4. The generalized wedge may be interpreted as a limit case
(degeneration) of a deformed product in the sense of Amenta and Ziegler [2]:
If we consider an inequalitycx � 1 + " for small " > 0 instead of the
inequality cx � 1 de�ning the face, then this inequality is strictly satis�ed
by all x 2 P. Further an inequality system similar to Equation (4.1) in
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G

Q

Q

Q Q

P

P

Figure 4.3: A schematic drawing of the generalized wedgeP 2 G Q. It is a
degeneration of the productP � Q of two polytopes and contains many copies of
both constituents.

De�nition 4.1 de�nes a deformed product:
n �

x
y

�
2 R

d+ d0
�
�
�

�
A

1
1+ " C B

� �
x
y

�
�

�
1

1

� o
;

where C is the m0 � d matrix with all rows equal to c. If " ! 0 then
the face G � Q of the product P � Q degenerates to a lower dimensional
faceG � f 0g, and we obtain the generalized wedge (see Figure 4.4).

The following example illustrates the relation between theproduct, the de-
formed product and the generalized wedge.

Example 4.5 (From product to generalized wedge). To construct the gen-
eralized wedge of a pentagon D5 and a triangle � 2 we need an inequality
description of the two polytopes:

D5 =
� �

x1
x2

�
2 R

2
�
�

0

@

1 0
0 1

� 1 0
0 � 1

� 1 � 1

1

A
�

x1
x2

�
� 1

	
;

� 2 =
� �

y1
y2

�
2 R

2
�
�

�
1 0
0 1

� 1 � 1

� �
y1
y2

�
� 1

	
:

We now choose the edgee5 given by the inequality � x1 � x2 � 1 as the base
facet of the generalized wedge. So the generalized wedge D5 2 e5 � 2 has the
following inequality description:

D5 2 e5 � 2 =
�

 
x1
x2
y1
y2

!

2 R

4
�
�

0

B
B
B
@

1 0 0 0
0 1 0 0

� 1 0 0 0
0 � 1 0 0

� 1 � 1 1 0
� 1 � 1 0 1
� 1 � 1 � 1 � 1

1

C
C
C
A

 
x1
x2
y1
y2

!

� 1

	
:
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Figure 4.4: Schlegel diagrams showing the degeneration of a product to agener-
alized wedge: The orthogonal product of pentagon and triangle (left), a deformed
product of pentagon and triangle (middle), and the generalized wedge of pentagon
and triangle (right).

The �rst two columns of the matrix contain the normals of the pentagon,
where the normal of the edgee5 is tripled. The lower part of the second
two columns contains exactly the normals of the triangle. InFigure 4.4 we
show the process of how an orthogonal product degenerates via a deformed
product to a generalized wedge.

The facet normals of the three steps in the degeneration for 0< � < 1 from
the product D5 � � 2 via the deformed product D5 e� � 2 to the generalized
wedge D5 2 � 2 are the following:

D5 � � 2 D5 e� � 2 D5 2 � 2
0

B
B
B
B
@

1 0 0 0
0 1 0 0

� 1 0 0 0
0 � 1 0 0

� 1 � 1 0 0
0 0 1 0
0 0 0 1
0 0 � 1 � 1

1

C
C
C
C
A

0

B
B
B
B
@

1 0 0 0
0 1 0 0

� 1 0 0 0
0 � 1 0 0

� 1 � 1 0 0
� � � � 1 0
� � � � 0 1
� � � � � 1 � 1

1

C
C
C
C
A

0

B
B
B
@

1 0 0 0
0 1 0 0

� 1 0 0 0
0 � 1 0 0

� 1 � 1 1 0
� 1 � 1 0 1
� 1 � 1 � 1 � 1

1

C
C
C
A

For the boundary cases of� we obtain the orthogonal product for� = 0
and the generalized wedge for� = 1. Note that the inequality de�ning the
edgee5 is redundant and no longer de�nes a facet of the generalized wedge,
but only an edge.

Using the degeneration of the deformed product to a generalized wedge or a
little linear algebra we obtain the vertices of the generalized wedge.

Lemma 4.6 (Vertices of the generalized wedgeP 2 G Q). Let P 2 G Q be the
generalized wedge ofP and Q at G, where P has n vertices andQ has n0

vertices, and letH = f x 2 R

d : cx = 1g be a hyperplane de�ning the faceG
with n vertices. ThenP 2 G Q has (n � n)n0+ n vertices. These belong to
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two families

uk` =

( � vk
0

�
for vk 2 G; 0 � k < n;

� vk
(1� cvk )w`

�
for vk =2 G; 0 � k < n; 0 � ` < n 0;

wherevk is a vertex ofP and w` is a vertex ofQ.

With the above lemma or again using the degeneration of the deformed prod-
uct we can determine the combinatorial types of the facets ofthe generalized
wedge.

Lemma 4.7 (Facets of the generalized wedgeP 2 G Q). The inequalities
de�ning the generalized wedgeP 2 G Q as given by De�nition 4.1 are of two
di�erent kinds: (i) ai x = 1 for i 2 [m] resp. i 2 [m] n f 0g if G is a facet
de�ned by a0x � 1 and (ii) cx + bj y = 1 for j 2 [m0].

(i) Let ai x = 1 de�ne the facet Fi 6= G of P. Then ai x = 1 de�nes a facet
of the generalized wedge combinatorially equivalent to

(a) the product Fi � Q if Fi \ G = ; , and

(b) the generalized wedgeFi 2 (F i \ G) Q if Fi \ G 6= ; .

(ii) Let bj y = 1 de�ne the facet Fj of Q. Then a0x + bj y = 1 de�nes a facet
combinatorially equivalent to the generalized wedgeP 2 G Fj .

The generalized wedgeP2 GQ contains many faces that are a�nely equivalent
to the \base" P. These are characterized in the following proposition.

Proposition 4.8 (P-faces ofP 2 G Q). Let P 2 G Q be the generalized wedge
of P and Q at G de�ned by the inequality G = P \ f x 2 R

d j cx = 1g.
For an arbitrary vertex w of Q the convex hull of the vertices

� vk
(1� cvk )w

�

for k = 0; : : : ; n � 1 is a face that is a�nely equivalent to P.

Proof. The vertex w 2 Q is described byBy = 1 , whereB is an invertible
square matrix, andBy � 1 is a subsystem ofBy � 1 . The corresponding
subsystemCx + By � 1 de�nes a faceGw of P 2 G Q, since it is a valid
subsystem. This system is tight for the point

�
0

w

�
that lies on the boundary

of P 2 G Q. For any x 2 P we get a unique solutiony for Cx + By = 1 ,
which depends a�nely onx. Hencex 7! (x; y) yields an a�ne equivalence be-
tweenP and the faceGw of P2 GQ that maps the verticesvk of P to

� vk
(1� cvk )w

�

of Gw .
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Figure 4.5: The Schlegel diagram of the generalized wedge of a 5-gon and a
triangle displays the properties proved in this section: (1) It has a triangle face
for every vertex of the pentagon not on the base edge (Proposition 4.2). (2) It
has a pentagon face for every vertex of the triangle (Proposition 4.8). (3) It is a
simple polytope (Corollary 4.9).

In rare cases the generalized wedge of two polytopes is simple. To characterize
the simple wedge products we simply count the facets at each vertex.

Corollary 4.9 (Simple generalized wedges). The generalized wedgeP 2 G Q
of P and Q at G is simple if and only if

I P is a point and Q is simple (trivial case) or
I P is simple andQ is a simplex.

Proof. If P is a point then the inequality system (4.1) of De�nition 4.1 is
exactly the inequality description of Q, that is, P 2 G Q = Q. Hence the
generalized wedge of a point with a simple polytope is simpleif and only if Q
is simple.

If the dimension of P is at least 1 we proceed as follows. The generalized
wedge is a simple polytope if and only if the number of facets incident to
every vertex is d + d0. Every vertex of P satis�es at least d � 1 of the
inequalitiesai x � 1 with equality and every vertexw of Q satis�es at leastd0

of the inequalitiesbj x � 1 with equality. We will distinguish two kinds of
vertices:

(1) Let
� v

0

�
be a vertex ofP 2 G Q where v is a vertex ofP on the faceG

de�ned by cx = 1. Then v satis�es at leastd inequalities of typeai x � 1
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with equality. But maybe one of the inequalitiesa0x = 1 is redundant
if cx = 1 de�nes a facet. The vertex

� v
0

�
also satis�es allm0 inequalities

of type cx+ bj y � 1 with equality. Hence
� v

0

�
satis�es at leastd� 1+ m0of

the inequalities de�ning the generalized wedge with equality. Sincem0 is
at leastd0+1, the vertex

� v
0

�
lies in exactlyd+ d0 facets of the generalized

wedge if and only ifv lies in exactly d of the facets ofP (one of which
is G) and Q has exactlyd0+ 1 facets. In other words, the vertex

� v
0

�
is

simple if and only if v is simple in P, Q is a simplex andG is a facet
of P.

(2) Let
� v

(1� cv)w

�
be a vertex ofP 2 G Q wherev is a vertex ofP not contained

in the faceG and w a vertex ofQ. Sincev is a vertex ofP it satis�es at
leastd inequalities of typeai x � 1 for i = 0; : : : ; m� 1 with equality, non
of which is redundant. Sincev is not on G, cv < 1, and hence

� v
(1� cv)w

�

satis�es at leastd0 of the inequalities of typecx + bj y � 1 with equality.
Thus the vertices of this type are simple if and only ifv is a simple
vertex of P and Q is simple.

Taking into account both types of vertices yields the lemma.

4.1.2 Wedge products

The wedge product of two polytopesP and Q may be obtained by iterating
the generalized wedge construction for all facet de�ning inequalitiesai x = 1
of P. This is made explicit in the following de�nition.

De�nition 4.10 (Wedge productP 2 Q). Let P be ad-polytope in R

d given
by Ax � 1 with m facets de�ned by ai x � 1 for i 2 [m] and let Q be a
d0-polytope in R

d0
given by By � 1 with m0 facets that are given bybj y � 1

for j 2 [m0]. For i 2 [m] denote by A i the (m0 � d)-matrix 1 ai with rows
equal to ai . The wedge productP 2 Q is de�ned by the following system of
inequalities:

n

0

B
B
B
B
B
@

x
y0

y1
...

ym� 1

1

C
C
C
C
C
A

2 R

d+ md0
�
�
�

0

B
B
B
@

A0 B
A1 B
...

. . .
Am� 1 B

1

C
C
C
A

0

B
B
B
B
B
@

x
y0

y1
...

ym� 1

1

C
C
C
C
C
A

�

0

B
B
B
@

1

1

...
1

1

C
C
C
A

o
: (4.2)

We denote the hyperplanesai x + bj yi = 1 de�ning the facets of the wedge
product by hi;j with ( i; j ) 2 [m] � [m0].
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Remark 4.11. Comparing the inequality description of the wedge product
to the vertex description of the wreath products of Joswig & Lutz [27], we
observe that wedge product and wreath product are dual constructions. In
other words, if P and Q are polytopes andP � and Q� their duals, then the
wedge productP 2 Q is the dual of the wreath productQ� oP � .

According to Proposition 4.2 the generalized wedgeP 2 G Q comes with a nat-
ural projection onto P whose �bers are a�ne copies of the polytopeQ. In the
wedge product we have a similar structure proved by analogous techniques.

Proposition 4.12 (Qm -faces ofP 2 Q). The wedge productP 2 Q of P
and Q is a (d + md0)-dimensional polytope with mm0 facets hi;j indexed
by i 2 [m] and j 2 [m0]. It comes with a linear projection P 2 Q ! P
(to the �rst d coordinates). The �ber above every interior point ofP is a
product Qm , while the i th factor in the �ber degenerates to a point above
every point of P that is contained in the i th facet of P.

In a \�ber bundle" interpretation, the situation might be de noted as

(Q; f�g )m �! P 2 Q �! (P; f Fi gi ):

This picture has an analogy to MacPherson's topological description of the
moment mapT (P) ! P for a toric variety, as presented in [20] and in [32,
Sect. 2.8].

We now give a purely combinatorial description of the faces of the wedge
product. Each faceG of the wedge productP 2 Q is determined by a subset
of the facetsHG = f (i; j ) 2 [m] � [m0] j G � hi;j g. Ordering this subset by
the �rst index i , the faces may be identi�ed with a vector (H0; : : : ; Hm� 1)
with H i � [m0] in the following way:

j 2 H i () F lies onhi;j : (4.3)

In this correspondence, the facets of the wedge correspond to the mm0\unit
coordinate vectors" with one entry 1 and all other coordinates equal to 0.
The vertices of a simple polytopeP correspond to vectors withdim(P) ones
and zeroes otherwise. With this notation we now describe thevertex facet
incidences of the wedge product. It follows from iterating the generalized
wedge construction or by duality from the description of thewreath products
of Joswig & Lutz [27].
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Theorem 4.13. Let P 2 Q be the wedge product of polytopesP and Q with
m resp. m0 facets. Then (H0; : : : ; Hm� 1) with H i � [m0] corresponds to a
vertex of P 2 Q if and only if:

I f i 2 [m] j H i = [ m0]g � [m] corresponds to a vertex ofP, and
I H i 6= [ m0] corresponds to a vertex ofQ.

The previous theorem is a purely combinatorial result and allows us to de�ne
the wedge product of combinatorial types: LetP and Q be combinatorial
types of polytopes. Thewedge productP 2 Q is the polytope obtained from
the vertex-facet-incidences of Theorem 4.13.

Certain faces in a wedge productP 2 Q that are a�nely equivalent to P will
be particularly interesting to us.

Proposition 4.14 (P-faces ofP 2 Q). Let (H0; : : : ; Hm� 1) with H i � [m0]
correspond to a faceF of the wedge productP 2 Q. If the intersection of the
facetsbj y � 1 (j 2 H i ) is a vertex wi of Q for all i 2 [m], then F is a�nely
equivalent to P.

Proof. Every H i gives rise to a submatrixB i = ( bj ) j 2 H i of B , such that the
vertex wi is the unique solution ofB i yi = 1 . The corresponding subsystem
of the inequality system ofP 2 Q is:

0

B
B
B
@

A0 B 0

A1 B 1
...

. . .
Am� 1 B m� 1

1

C
C
C
A

0

B
B
B
B
B
@

x
y0

y1
...

ym� 1

1

C
C
C
C
C
A

�

0

B
B
B
@

1

1

...
1

1

C
C
C
A

:

It de�nes a face of the wedge product, since it is satis�ed with equality
at the point ( 0 ; w0; : : : ; wm� 1)t on the boundary of P 2 Q. Analogous to
the proof of Proposition 4.8, every pointx 2 P corresponds to a unique
point (x; y0; : : : ; ym� 1) on F where eachyi is the unique solution of the sub-
systemB i yi = 1 � A i x. SoF is a�nely equivalent to P.

Using either duality and [27, Cor. 2.4], or Corollary 4.9, weobtain the fol-
lowing characterization of simple wedge products.

Corollary 4.15. The wedge productP 2 Q of two polytopes P and Q is
simple if and only if

I P is a point and Q is simple (trivial case) or
I P is simple andQ is a simplex.
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4.2 The polyhedral surfaces Sp;2q

In this section we study a particularly interesting polytope, the wedge prod-
uct Wp;q� 1 of a p-gon with a (q� 1)-simplex. We use the general results of the
previous section and observe that this wedge product is a simple polytope
with many p-gon faces. Thesep-gon faces will be used to construct a regular
polyhedral surface of typef p;2qg in the 2-skeleton ofWp;q� 1.

4.2.1 Wedge product of p-gon and (q � 1)-simplex

The wedge product of ap-gonDp and a (q� 1)-simplex � q� 1 will be denoted
by

Wp;q� 1 := Dp 2 � q� 1 :

This is a (2+p(q� 1))-dimensional polytope withpqfacets. By Corollary 4.15
it is simple.

Let us �rst �x some notation. We assume that the facets (edges) of Dp

are labeled in cyclic order, that is, ifi; i 0 2 [p] are indices of edges ofDp,
then they intersect in a vertex of thep-gon if and only if i 0 � i � 1 mod p.
For j 2 [q] we denote byj the set complement [q]n f j g of j in [q]. A vertex of
the (q� 1)-simplex � q� 1 is the intersection of anyq� 1 facets of the simplex,
hence forj 2 [q] the intersection

T
j 02 j Fj 0 of the facetsFj 0 (j 0 2 j ) of the

simplex is a vertex. So Theorem 4.13 specializes as follows.

Corollary 4.16 (Vertices of wedge productWp;q� 1). Let Wp;q� 1 be the wedge
product of p-gon and (q � 1)-simplex. Then the vertices of the wedge prod-
uct Wp;q� 1 correspond to the vectors (H0; : : : ; Hp� 1) with

(H0; : : : ; Hp� 1) =

(
(j 0; : : : ; j i � 1; [q]; [q]; j i +2 ; : : : ; j p� 1); or

([q]; j 1; j 2; : : : : : : : : : ; j p� 3; j p� 2; [q])
(4.4)

with j i 2 [q] and j i = [ q] n f j i g. In other words, each vector that corresponds
to a vertex has two cyclically-adjacent [q] entries while all other entries are
subsets of [q] with q � 1 elements. The number of vertices ispqp� 2.

For the construction of the surface in the next section we areinterested in
the p-gon faces ofWp;q� 1 that we obtain from Proposition 4.14.

Corollary 4.17 (p-gon faces of the wedge productWp;q� 1). The faces of
the wedge productWp;q� 1 of p-gon and (q� 1)-simplex corresponding to the
vectors

(H0; : : : ; Hp� 1) = ( j 0; : : : ; j p� 1);

where j i 2 [q] and j i = [ q] n f j i g are p-gons. The number of suchp-gons
in Wp;q� 1 is qp.
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The following example illustrates the incidences of thep-gons at a vertex in
the above notation.

Example 4.18 (Vertices and 5-gons ofW5;2). Let us consider the wedge
product W5;2 of a pentagonD5 and a triangle � 2 to get used to the vector
notation for the faces. The wedge productW5;2 has dimension 12 and 15
facets. As described in Corollary 4.16, the vertices ofW5;2 correspond to the
vectors (H1; H2; H3; H4; H5) with two cyclically adjacent H i 0 = H i 0+1 = [3]
and H i = j i for i 62 fi 0; i0 + 1g:

(H1; H2; H3; H4; H5) =

8
>>>><

>>>>:

([3];[3]; j 3 ; j 4 ; j 5 )
( j 1 ;[3];[3]; j 4 ; j 5 )
( j 1 ; j 2 ;[3];[3]; j 5 )
( j 1 ; j 2 ; j 3 ;[3];[3])
([3]; j 2 ; j 3 ; j 4 ;[3])

:

Each of the �ve families of vertices of the wedge productW5;2 contains 33

vertices which makes a total of 5� 33 = 135 vertices obtained from the 5
families of vertices by choosing thej i 's. Further each of the vertices is the
intersection of 2� 3 + 3 � 2 = 12 facets, that is,W5;2 is a simple polytope.

There are 35 = 243 pentagons in the 2-skeleton each corresponding to a vector
(j 1; j 2; j 3; j 4; j 5). Each vertex is adjacent to 32 = 9 of the pentagons. If we
look at the pentagon vertex �gure of the vertex ([3]; [3]; 3; 3; 3), that is, we
intersect the pentagons adjacent to a vertex with a little sphere, then the 9
pentagons form a complete bipartite graphK 3;3 on (3 + 3) vertices. Each
vertex of the K 3;3 corresponds to an edge of the form ([3]n f j 1g; [3]; 3; 3; 3)
resp. ([3]; [3] n f j 2g; 3; 3; 3), with j 1 2 [3] resp. j 2 2 [3]. The 9 pentagons
with vector representation ([3]n f j 1g; [3]n f j 2g; 3; 3; 3) with j 1; j 2 2 [3] are the
edges ofK 3;3 (see Figure 4.6).

The task of the next section is to choose an appropriate subset of the p-gons
of the wedge productWp;q� 1 that forms a surface. It is not di�cult to �nd a
set of p-gons that forms a 2-ball at each vertex, but the problem is toselect
the p-gons such that they �t together globally to form a polyhedral surface.

4.2.2 Combinatorial construction

In this section we describe a combinatorially regular surface of typef p;2qg,
that is, a surface composed ofp-gon faces, whose vertices have uniform de-
gree 2q, and with a combinatorial automorphism group that acts transitively
on its 
ags. It will be a subcomplex formed by somep-gons of the wedge
product Wp;q� 1 = Dp 2 � q� 1 of p-gon and (q � 1)-simplex de�ned in the
previous Section 4.2.1.
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(1; [3])

(2; [3])

(3; [3])

([3]; 1)

([3]; 2)

([3]; 3)

(1; 1)

(1; 2)

(1; 3)

([3]; [3])

Figure 4.6: The pentagon vertex �gure of the wedge productW5;2 of pentagon
and 2-simplex at the vertex ([3]; [3]; 3; 3; 3). The labels only contain the �rst two
entries of the vector since the last three are always the same. The vertices of the
graph correspond to edges and the edges to 5-gons of the polytope.

To construct the surface we have to select certainp-gon faces of the wedge
product. By Corollary 4.17 we know that thep-gon faces ofWp;q� 1 correspond
to vectors (j 0; : : : ; j p� 1) with j i = [ q] n f j i g.

De�nition 4.19 (Polytopal subcomplex Sp;2q of Wp;q� 1). For p � 3 and
q � 2, the subcomplexSp;2q is de�ned by the p-gon faces of the wedge prod-
uct Wp;q� 1 that correspond to the following set of vectors:

Sp;2q =
n

( j 0; : : : ; j p� 1 )
�
�
�

p� 1X

i =0

j i � 0 or 1modq
o

:

The subcomplex consists of all thesep-gons, their edges and vertices.

Let us start with an easy observation on the faces contained in the subcom-
plex Sp;2q.

Lemma 4.20 (Vertices and edges ofSp;2q). The subcomplexSp;2q contains
all the vertices ofWp;q� 1. It contains all edges corresponding to vectors with
exactly one [q] entry, that is, all edges contained in at least onep-gon. Thus
the f -vector of Sp;2q is given by (f 0; f 1; f 2) = ( p; pq;2q)qp� 2.

In the following we will prove that the polytopal complexSp;2q is a regular
surface. We start by proving the regularity.
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Proposition 4.21 (Regularity of the polytopal complex Sp;2q). The poly-
topal complexSp;2q is regular, that is, the combinatorial automorphism group
acts transitively on its 
ags.

Proof. We use four special combinatorial automorphisms of the subcomplex
to show that the 
ag F0 : ([q]; [q]; 0; : : : ; 0) � ([q]; 0; 0; : : : ; 0) � (0; 0; 0; : : : ; 0)
may be mapped onto any other 
ag. Acting on (index vectors of)vertices,
they may be described as follows:

F : ( i 0; i 1; i 2; : : : ; i p� 1 ) 7�! ( i p� 1; : : : ; i 2; i 1; i 0) (Flip)

P : ( i 0; i 1; i 2; : : : ; i p� 1 ) 7�! ( q � i 0 + 1; q � i 1; : : : ; q � i p� 1 ) (Parity)

R : ( i 0; i 1; i 2; : : : ; i p� 1 ) 7�! ( i 0 + 1; i 1 � 1; i 2; : : : ; i p� 1 ) (Rotate)

S : ( i 0; i 1; i 2; : : : ; i p� 1 ) 7�! ( i 1; i 2; : : : ; i p� 1; i 0 ) (Shift)

All four maps act on the vectors representing the faces of thesubcom-
plex Sp;2q. The map P changes the parity of thep-gon, S shifts the vector
cyclically, F reverses the order of the vector, andR rotates around a vertex
preserving parity. Hence by applying an appropriate combination of F, S,
and P we may map an arbitrary 
ag to a 
ag of the type

F = ( [ q]; [q]; j 2; : : : ; j p� 1 ) � ( [q]; j 1; j 2; : : : ; j p� 1 ) � ( j 0; j 1; j 2; : : : ; j p� 1 ):

with
P

j i � 0 modq. The two mapsS and R do not change the parity of the
p-gon. If we now apply the following sequence ofS and R to the 
ag F0 we
obtain the 
ag F :

F = ( S(SRsp� 2 )(SRsp� 3 ) � � � (SRs1 )(SRs0 ))( F0)

where s` =
P `

i =0 j i . Each of the SR pairs adjusts one of the entries of the

ag, and the entire sequence mapsF0 to F .

Remark 4.22. The symmetry groupAut(Sp;2q) of the surfaceSp;2q is a sub-
group of the symmetry group [p;2q] of the regular tiling of type f p;2qg, that
is, the regular tiling with p-gon faces and uniform vertex degree 2q. (De-
pending on the parametersp and q these tilings are Euclidean, spherical, or
hyperbolic.) The groupAut(Sp;2q) is generated by \combinatorial re
ections"
at the lines bounding a fundamental triangle of the barycentric subdivision
of the surface. The subgroupGp;2q;r � [p;2q] studied by Coxeter [16] also
contains the groupAut(Sp;2q) for suitable parameterr .

We are now able to prove the following theorem on the structure of our
selected subcomplex.
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(0; 0)

(0; 1)

(3; 1)

(3; 2)(2; 2)

(2; 3)

(1; 3)

(1; 0)

Figure 4.7: The p-gons incident to the vertex ([q]; [q]; 0; 0; 0) of Sp;2q form a
2-ball. In this case p = 5 and q = 4 and the pentagons are labeled by the �rst
two entries of the vector representation.

Theorem 4.23 (Properties of Sp;2q). The subcomplexSp;2q of the wedge
product Wp;q� 1 = Dp 2 � q� 1 of a p-gon and a (q � 1)-simplex is a closed
connected orientable regular 2-manifold of typef p;2qg with f -vector

f (Sp;2q) = ( p; pq;2q)qp� 2

and genus 1 +1
2qp� 2(pq� p � 2q).

Proof. We start by proving that Sp;2q is a manifold, that is, that the p-
gons form a 2-ball at every vertex. By Proposition 4.21 all the vertices are
equivalent, so it su�ces to consider the vertexv = ([ q]; [q]; 0; : : : ; 0). The
p-gons adjacent to the vertexv correspond to the vectors

( j 0; j 1; 0; : : : ; 0) with j 0 + j 1 � 0; 1 modq:

Starting from the p-gon (0; 0; 0; : : : ; 0) we obtain all the otherp-gons adjacent
to v if we alternately increase the �rst componentj 0 or decrease the second
componentj 1 as shown in Figure 4.7. The 2q edges joining thep-gons cor-
respond to the vectors ([q]; j 1; 0; : : : ; 0) or ( j 0; [q]; 0; : : : ; 0) with j 0; j 1 2 [q].
Thus the p-gons around each vertex form a 2-ball andSp;2q is a manifold with
uniform vertex degree 2q.

We proceed by showing that the manifold is connected by constructing a
sequence ofp-gons connecting two arbitraryp-gons. Consider two arbitrary
p-gonsF = ( j 0; j 1; j 2; : : : ; j p� 1) and G = ( j 0

0; j 0
1; j 0

2; : : : ; j 0
p� 1). Then there ex-

ists a sequence ofp-gons in the star of the vertexv0 = ([ q]; [q]; j 2; : : : ; j p� 1)
connectingF to a p-gon F1 = ( j 0

0; j 00
1 ; j 2; : : : ; j p� 1). For k = 1; : : : ; p � 2 we

continue around the verticesvk = ( j 0
1; : : : ; j 0

k� 1; [q]; [q]; j k+2 ; : : : ; j p� 1) to ob-
tain Fk = ( j 0

1; : : : ; j 0
k ; j 00

k+1 ; j k+2 ; : : : ; j p� 1) with the �rst k components equal
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to those of G. Then either Fp� 1 = G or they share the common edge
(j 0

0; : : : ; j 0
p� 2; [q]). Hence we have shown so far thatSp;2q is a closed connected

equivelar 2-manifold of typef p;2qg without boundary.

The surfaceSp;2q consists of two families ofp-gons (j 0; : : : ; j p� 1), distinguished
by j 0 + � � � + j p� 1 modq. We assign an orientation to the edges of thep-gons
as follows

([q]; j 1; j 2; : : : ; j p� 1) ! (j 0; [q]; j 2; : : : ; j p� 1) ! (j 0; j 1; [q]; : : : ; j p� 1) ! : : :

if j 0 + � � � + j p� 1 � 0 modq, and

([q]; j 1; j 2; : : : ; j p� 1)  (j 0; [q]; j 2; : : : ; j p� 1)  (j 0; j 1; [q]; : : : ; j p� 1)  : : :

if j 0 + � � � + j p� 1 � 1 modq. In Figure 4.8 this is illustrated for p = 5. Since
every edge is contained in onep-gon with sum � 0 and one with sum� 1
this yields a consistent orientation for the surface.

As Sp;2q is an orientable manifold we calculate the genus of the surface from
the f -vector given in Lemma 4.20 via the Euler characteristic:

g = 1 �
1
2

� (Sp;2q) = 1 +
1
2

((q � 1)p � 2q)qp� 2:

For p = 3 we obtain a regular triangulated surfaceS3;2q of type f 3; 2qg with
f -vector (3q;3q2; 2q2) in the wedge productW3;q� 1. The genus of the surface
is 1 + 1

2q(q� 3) and thus quadratic in the number of vertices. Unfortunately,
the wedge product of a triangle and a (q � 1)-simplex is a polytope of di-
mension 3q� 1 with 3q facets, hence a (3q� 1)-simplex. So our construction
does not provide an \interesting" realization of the surface. The surfaceS3;2q

is well known and occurs already in Coxeter [15] calledf 3; 2qj; 3g. For q = 2
the surface is the octahedron and forq = 3 Dyck's Regular Map. For Dyck's
regular map there exist two realizations inR

3, one by Bokowski [7] and a
more symmetric one by Brehm [11].

For q = 2 the surface Sp;4 is the surface of typef p;4g constructed by Mc-
Mullen, Schulz and Wills [37, Sect. 4]. In their paper they construct a
realization of the surface directly inR

3. Their construction also provides two
additional parametersm and n arising from the re
ections around anm � n-
torus (see Section 5.1.1 for the dual construction). Our surfaces coincide with
the surfaces of McMullen, Schulz & Wills form = 2 and n = 2.

So our surface generalizes two interesting families of surfaces. As we will see,
for some parameters it also provides a new way of realizing the surface in the
boundary complex of a 4-polytope and by orthogonal projection in R

3.
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([q]; j 1; j 2; j 3; j 4) ( j 0; [q]; j 2; j 3; j 4)

(j 0; j 1; [q]; j 3; j 4)

(j 0; j 1; j 2; [q]; j 4)

(j 0; j 1; j 2; j 3; [q])

( j 0 ; j 1 ; j 2 ; j 3 ; j 4 )

P
j k � 0

([q]; j 1; j 2; j 3; j 4) (j 0; [q]; j 2; j 3; j 4)

(j 0; j 1; [q]; j 3; j 4)

(j 0; j 1; j 2; [q]; j 4)

(j 0; j 1; j 2; j 3; [q])

( j 0 ; j 1 ; j 2 ; j 3 ; j 4 )

P
j k � 1

Figure 4.8: The orientation of the p-gons in the surfaceSp;2q, for p = 5.

In contrast to simplicial complexes, which may always be realized in a high-
dimensional simplex, there is no fool-proof strategy for realizing general poly-
topal complexes. For abstract non-simplicial polyhedral 2-manifolds in gen-
eral not even a realization inR

N for large N is possible. For example, equiv-
elar surfaces of typef p;2q+ 1g are not realizable in general:

Proposition 4.24 (Betke and Gritzmann [4]). Let S � R

N be an equivelar
polyhedral 2-manifold of typef p;2q+ 1g with q � 1 in R

d. Then

2(2q+ 1) � p + 1:

If realized in someR

N , a polyhedral surface can be embedded intoR

5 via
an arbitrary general-position projection. Combining thisobservation with
Theorem 4.23 we get the following corollary.

Corollary 4.25. The regular surfacesSp;2q of Theorem 4.23 (p � 3, q � 2)
can be realized inR

5.
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4.3 Realizing the surfaces Sp;4 and S�
p;4.

In the following we provide a construction for the surfacesSp;4 and S�
p;4 in R

3

via projection. We construct a realization ofWp;1 that allows for a projection
of the surface into the boundary of a 4-dimensional polytope. A particular
property of the embedding will be that all the faces of the surface lie on
the \lower hull" of the polytope. In this way, we obtain the surface by an
orthogonal projection to R

3 and we do not need to take the Schlegel diagram.
Using the new method introduced in Section 2.2, we prove a non-trivial lower
bound for the number of moduli of the surfacesSp;4. The dual surfaceS�

p;4

is constructed via a projection of the productWp;1 � I of the wedge product
with an interval I .

4.3.1 Projection of the surface to R

4 and to R

3

We are now ready to state our main result about the projections of the
surfaces contained in the wedge products ofp-gons and intervals.

Theorem 4.26. The wedge productWp;1 = Dp 2 � 1 of a p-gon and a 1-
simplex of dimension 2 +p has a realization in R

2+ p such that all the faces
corresponding to the surfaceSp;4 � W p;1 are preserved by the projection to
the �rst four resp. three coordinates.

This realizesSp;4 as a subcomplex of a polytope boundary inR 4, and as an
embedded polyhedral surface inR 3.

Proof. We proceed in two steps. In the �rst step we construct a wedge
product of a p-gon with a 1-simplex and describe a suitable deformation. In
the second step we use the Projection Lemma 1.13 to show that the projection
of the deformed wedge product to the �rst four coordinates preserves all the
p-gons of the surfaceSp;4. Furthermore, all the faces of the projected surface
lie on the lower hull of the projected polytope and hence the surface may be
realized by an orthogonal projection to the �rst four/three coordinates.

Let the p-gon Dp be given by Dp = f x 2 R

2 j ai x � 1; i 2 [p]g with facets in
cyclic order. Let � 1 = f y 2 R j � "y � 1g be a 1-simplex for a small" > 0.
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Then by De�nition 4.10 the inequality description of the wedge productWp;1

is:
0

B
B
B
B
B
B
B
@

a0 � "
a1 � "
a2 � "
...

. . .
ap� 2 � "
ap� 1 � "

1

C
C
C
C
C
C
C
A

0

B
B
B
B
B
@

x
y0

y1
...

yp� 1

1

C
C
C
C
C
A

�

0

B
B
B
B
B
B
B
@

1

1

1
...

1

1

C
C
C
C
C
C
C
A

:

Each of the rows in the matrix corresponds to two facets { one for each sign.
Since Wp;1 is a simple polytope we may perturb the facet normals of the
wedge product without changing the combinatorial structure. So forM > 0
large enough we obtain a realization ofWp;1 of the form

0

B
B
B
B
B
B
B
@

a0 � " � 1
M � 1

M 2 � � � � 1
M p� 2 � 1

M p� 1

a1 � " 1
M

a2 � " 1
M

...
. . . . . .

ap� 2 � " 1
M

ap� 1 � "

1

C
C
C
C
C
C
C
A

0

B
B
B
B
B
@

x
y0

y1
...

yp� 1

1

C
C
C
C
C
A

�

0

B
B
B
B
B
B
B
@

1

1

1
...

1

1

C
C
C
C
C
C
C
A

:

We rescale the inequalities of the wedge product and replacethe variables
by multiplying the i th pair of rows for i = 0; : : : ; p � 1 with M p� 1� i and
setting y0

i = M p� 1� i yi to get

0

B
B
B
B
B
B
B
@

M p� 1a0 � " � 1 � 1 � � � � 1 � 1
M p� 2a1 � " 1
M p� 3a2 � " 1

...
. . . . . .

Map� 2 � " 1
ap� 1 � "

1

C
C
C
C
C
C
C
A

0

B
B
B
B
B
@

x
y0

0
y0

1
...

y0
p� 1

1

C
C
C
C
C
A

�

0

B
B
B
B
B
B
B
@

M p� 1

M p� 2

M p� 3

...

1

1

C
C
C
C
C
C
C
A

:

The above modi�cations do not change the combinatorial structure: scaling
the inequalities does not change the realization, and the change of variables
is just a scaling of the coordinate axes. According to De�nition 4.19, the
surfaceSp;4 contains the followingp-gon faces ofWp;1:

Sp;4 =
n

(j 0; : : : ; j p� 1) 2 [2]p
�
�

p� 1X

i =0

j i � 0; 1 mod2
o

:
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Since [2] = f 0; 1g, the surfaceSp;4 contains all the \special" p-gons ofWp;1

speci�ed by Corollary 4.17. Each of thep-gons is obtained by intersect-
ing p facets with one facet chosen from each pair of rows, that is, the p-
gon (j 0; : : : ; j p� 1) corresponds to a choice of signs ((� 1)j 0 ; : : : ; (� 1)j p� 1 ) in the
above matrix. So the normals to the facets containing thep-gon (j 0; : : : ; j p� 1)
are:

0

B
B
B
B
B
B
B
@

M p� 1a0 (� 1)j 0 " � 1 � 1 � � � � 1 � 1
M p� 2a1 (� 1)j 1 " 1
M p� 3a2 (� 1)j 3 " 1

...
. . . . . .

Map� 2 (� 1)j p� 2 " 1
ap� 1 (� 1)j p� 1 "

1

C
C
C
C
C
C
C
A

(4.5)

By Lemma 1.11 ap-gon survives the projection to the �rst four coordinates
if the last p � 2 columns of the matrix are positively spanning. Since"
is very small and the conditions of the projection lemma are stable under
perturbation, the last p � 2 columns are positively spanning independent of
the choice of signs (� 1)j i . Consequently all thep-gons survive the projection
to the �rst four coordinates.

This deformed realization of the wedge product has the additional property
that all the p-gon faces of the surface have a face normal that has a negative
fourth (y1) coordinate as required in Lemma 1.13: The normal cone of a
p-gon face is spanned by the normals of the facets containing the p-gon given
by the matrix in Equation (4.5). Since the � 1 in the y1 coordinate of the
�rst row dominates the y1 coordinates of the other normals, the normal cone
of the projected p-gon contains a vector� = ( � x ; � y) 2 R

2+ p with � yj = 0
for j = 2; : : : ; p � 1 and negative� y1 < 0. Hence thep-gons of the surface lie
on the lower hull of the projected polytope.

Thus we get a coordinatization of the surface by orthogonal projection to the
�rst three coordinates without the need of a Schlegel projection.

The construction of the surfaces via the projections of the deformed wedge
products yields very \skinny" realizations for largep. A realization of the
surfaceS5;4 of genus 5 is shown in Figure 4.9: Its 32 pentagon faces are ar-
ranged symmetrically to a horizontal plane. They come in 8 families of 4
pentagons. The 4 families above the horizontal plane are arranged as indi-
cated by Figure 4.9 (right).
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Figure 4.9: The surfaceS5;4 consists of 32 pentagons on 40 vertices.

4.3.2 Moduli of the projected surfaces

For p � 4, the surfacesSp;4 do neither contain vertices of degree three, nor
triangle faces. So we cannot perform any local perturbations of the vertices
or the face normals without changing the combinatorial structure. Following
the approach of Section 1.3.1, the na•�ve estimate for the number of moduli
of a realizationS of the surfaceSp;2q in R

3 is:

M (S;3) � 2p� 2(3p � 4p + 12) = 2 p� 2(12 � p):

Hence for largep we would not expect that realizations of the surfacesSp;2q

have any non-trivial moduli. But as the surfaces are the projections of high-
dimensional simple polytopes, we may use the moduli of the simple wedge
product Wp;1 to obtain moduli for the surfaces according to Theorem 2.30.
So to obtain a lower bound on the dimension of the realizationspace of
the surfacesSp;4 in R

3, we need to determine an a�ne support set in the
corresponding wedge productWp;1. The maximal size of an a�ne support A
is:

dimWp;1 + 1 = p + 3 � j Aj � 2p = f p+1 (Wp;1)

by Corollary 2.24 and Lemma 2.25. Unfortunately, we have notbeen able to
prove the existence of an a�ne support set of size 2p for this wedge product
yet. But we may use the general approach as described in Corollary 2.24.
This yields the following lower bound on the number of modulifor the real-
izations of the surfacesSp;4 in R

3 obtained from Theorem 4.26.

Theorem 4.27 (Moduli of Sp;4). The realizations of the surfacesSp;4 in R

3

obtained via projections of the wedge productsWp;1 have at least 3(p + 3)
moduli.
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The above theorem states that the number of moduli grows linearly with the
size of the polygonsp, whereas the na•�ve count suggests that the number of
moduli decreases with the size of the polygons. This shows either that our
realizations of the surfaces are very speci�c compared to arbitrary realizations
or that there must be many incidence theorems hidden in the combinatorial
structure of the surface.

The maximal number of moduli for our realizations of the wedge product
surfaces obtainable from Theorem 2.30 is 6p since the wedge productWp;1

has 2p facets. One candidate for an a�ne support set which would yield
the desired number of moduli is described in the following question. The
set is motivated by the a�ne support set Aneigh(p) of the p-cube discussed
in Section 2.2.3. Thep-cube is the �ber of an interior point of the polygon
with respect to the canonical projection of the wedge product Wp;1 onto the
polygon (see Proposition 4.2). Maybe one can also use the fact that the wedge
product is a degenerate deformed product to prove the existence or even the
non-existence of an a�ne support set of size 2p for the wedge productWp;1.

Question 4.28. Let Wp;1 be the wedge product ofp-gon and 1-simplex
for p � 3. Consider the subsetA consisting of the vertices corresponding
to the following vectors:

A :=

8
>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>:

([2];[2]; 1 ;: : :; 0 ; 0 ; 0 )
([2];[2]; 0 ;: : :; 1 ; 1 ; 1 )
( 0 ;[2];[2];: : :; 0 ; 0 ; 0 )
( 1 ;[2];[2];: : :; 1 ; 1 ; 1 )
( : ; : ; : ;: : :; : ; : ; : )
( 0 ; 0 ; 0 ;: : :;[2];[2]; 1 )
( 1 ; 1 ; 1 ;: : :;[2];[2]; 0 )
( 1 ; 0 ; 0 ;: : :; 0 ;[2];[2])
( 0 ; 1 ; 1 ;: : :; 1 ;[2];[2])
([2]; 1 ; 0 ;: : :; 0 ; 0 ;[2])
([2]; 0 ; 1 ;: : :; 1 ; 1 ;[2])

9
>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>;

:

Is A an a�ne support for the wedge product Wp;1?

4.3.3 Surface duality and polytope duality

In Section 4.3.1 we obtained a realization of the surfaceSp;4 as a subcomplex
of a polytope boundary in R

4, and thus as an embedded polyhedral surface
in R

3. Now our ambition is to derive a realization of the dual surface S�
p;4

from the primal one. This is not automatic: For this the dimension 4 is
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Figure 4.10: The face lattice of a polytope (left) and its dual (right). Th e poset
of the surface is a subposet of the face lattice of the polytope (left) containing
elements of dimensions 0, 1 and 2. The face lattice of the dualpolytope contains
a subposet corresponding to the dual surface, but the faces are of co-dimensions
0, 1, and 2.

crucial, and we also need that not only the primal surfaceSp;4, but also
the \prism" Sp;4 � I over the primal surface embeds into a 4-polytope as a
subcomplex.

(Indeed, a surface embedded as a subcomplex in the boundary of a d-poly-
tope P exhibits a collection of faces of dimensions 0, 1, and 2. Thiscorres-
ponds to faces of dimensionsd � 1, d � 2 and d � 3 in the boundary of the
dual polytope P � (see Figure 4.10). These do not form a subcomplex unless
the dimension isd = 3; for larger d this is a collection of high-dimensional
faces that just have the inclusion relations dictated by theface poset ofS�

p;4.)

For the following, the prism over a cell complex or polyhedral complex �
refers to the product � � I with an interval I = [0; 1], equipped with the
obvious cellular structure that comes from the cell decompositions of � (as
given) and of I (with two vertices and one edge). In particular, if � is a
polytope (with the canonical face structure), then � � I is the prism over �
in the classical sense of polytope theory.

Theorem 4.29. The prism Wp;1 � I over the wedge productWp;1 has a
realization such that the prism over the surfaceSp;4� I survives the projection
to R

4 resp. R

3.

Furthermore, the dual of the projected 4-polytope containsthe dual sur-
faceS�

p;4 as a subcomplex, thus by constructing a Schlegel diagram we obtain
a realization of the surfaceS�

p;4 in R

3.

Proof. The proof follows the same line as the proof of Theorem 4.26. For
small positive 0< � � 1 we construct the productWp;1 � I of an orthogonal
wedge product with an interval f z 2 R : � �z � 1g which has the following
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inequality description:
0

B
B
B
B
B
B
B
B
B
@

a0 � "
a1 � "
a2 � "
...

. . .
ap� 2 � "
ap� 1 � "

� �

1

C
C
C
C
C
C
C
C
C
A

0

B
B
B
B
B
B
B
@

x
y0

y1
...

yp� 1

z

1

C
C
C
C
C
C
C
A

�

0

B
B
B
B
B
B
B
B
B
@

1
1
1
...
1
1
1

1

C
C
C
C
C
C
C
C
C
A

:

As in Theorem 4.26 we will project onto the �rst 4 coordinatesindicated by
the vertical line in the next matrix. We perform a suitable deformation and
obtain a deformed polytope combinatorially equivalent toWp;1 � I :

0

B
B
B
B
B
B
B
B
B
@

M pa0 � " � 1 � 1 � 1 � 1 � 1 � 1
M p� 1a1 � " 1
M p� 2a2 � " 1

...
. . . . . .

M 2ap� 2 � " 1
M 1ap� 1 � " 1

0 � �

1

C
C
C
C
C
C
C
C
C
A

0

B
B
B
B
B
B
B
@

x
y0

0
y0

1
...

y0
p� 1

z

1

C
C
C
C
C
C
C
A

�

0

B
B
B
B
B
B
B
B
B
@

M p

M p� 1

M p� 2

...
M 2

M 1

1

1

C
C
C
C
C
C
C
C
C
A

:

The matrix has the same structure as the one used in Theorem 4.26 except
for the 0 in the last row of the �rst column. The prism Sp;4 � I over the
surface is a union of prisms overp-gons, where each prism is identi�ed with
the corresponding vector (j 0; : : : ; j p� 1) of the p-gon face in the surfaceSp;4.
The normals of the facets containing a prescribedp-gon prism are:
0

B
B
B
B
B
B
B
@

M pa0 (� 1)j 0 " � 1 � 1 � 1 � 1 � 1 � 1
M p� 1a1 (� 1)j 1 " 1
M p� 2a2 (� 1)j 2 " 1

...
. . . . . .

M 2ap� 2 (� 1)j p� 2" 1
M 1ap� 1 (� 1)j p� 1 " 1

1

C
C
C
C
C
C
C
A

As in the previous proof, the lastp� 2 columns of these vectors are positively
spanning because they are positively spanning for" = 0 and the given con�g-
uration is only a perturbation since" is very small. Further the � 1 in the y1

coordinate of the �rst row dominates and yields a normal withnegative y1

coordinate for the prisms over thep-gons. So the prism over the surface
survives the projection to a 4-dimensional polytope and lies on its lower hull
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using Lemma 1.13. This way we obtain a realization of the prism over the
surface in R

3 by orthogonal projection.

Looking at the face lattice of the projected polytope we observe that it con-
tains three copies of the face lattice of the surfaceSp;4 { the top and the
bottom copy and another copy raised by one dimension corresponding to the
prism faces connecting top and bottom copy shown in Figure 4.11 (left). The
face lattice of the dual polytope contains three copies of the face lattice of
the dual surface. One of those copies based at the vertices corresponds to
the dual surface contained in the 2-skeleton of the dual polytope.

Figure 4.11: The face lattice of a 4-polytope containing the face poset ofthe
prism over the surfaceSp;4 (left). The face lattice of the dual polytope contains
the face poset of dual surface (right).

4.4 Topological obstructions

In this section we show that for other parametersp and q the technique
used in this chapter to obtain realizations of the surfacesSp;2q does not work.
Using the combinatorial structure of the surface we may use aresult about the
non-projectability of the product of simplices from Section 3.3.3 to show the
non-projectability of some of the surfaces contained in thewedge products.

Theorem 4.30 (Non-projectability of wedge product surfaces). There is no
realization of the wedge productWp;q� 1, with p � 3 and q � 4, such that
all the faces corresponding to the surfaceSp;2q are strictly preserved by the
projection � : R

2+ p(q� 1) ! R

e for e < p + 1.

Proof. The regular surface contained in the wedge product consistsof the
following p-gons:

Sp;2q =
n

( j 0; : : : ; j p� 1 )
�
�
�

p� 1X

i =0

j i � 0; 1 modq
o

:
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We prove the theorem by contradiction. So assume that there exists a
realization of Wp;q� 1 such that the surfaceSp;2q is strictly preserved by
the projection. According to Theorem 2.4 the associated simplicial com-
plex K(Wp;q� 1; � ) of the strictly preserved faces is embedded in a sphere of
dimension:

pq� (p(q � 1) + 2) + e� 2 = p + e � 4:

Since the polygons of the wedge product surfaceSp;2q are strictly preserved
by the projection � the simplicial complexK(Wp;q� 1; � ) contains a subcom-
plex � corresponding to the polygons ofSp;2q. This subcomplex � consists of
all (p� 1)-simplices (j 0; : : : ; j p� 1) in the join ( Dq)� p with

P p� 1
i =0 j i � 0; 1 modq,

where Dq is the simplicial complex onq disjoint vertices. To analyze the
projectability of the wedge product surface we �rst remove the asymmetry
from � by only considering the �rst p � 1 simplices in the wedge product:

� 0 = f (j 0; : : : ; j p� 2) : j i 2 [q]g:

This is exactly the 0th skeleton complex �0(� p� 1
q� 1) of the (p � 1)-fold prod-

uct of (q � 1)-simplices. By Corollary 3.21 the embeddability dimension
of � 0(� p� 1

q� 1) is 2p � 3. Hence the embeddability dimension ofK(Wp;q� 1; � ) is
at least 2p� 3 because �0(�

p� 1
q� 1) = � 0 � � � K(Wp;q� 1; � ). Thus if e < p + 1

we obtain:
p + e� 4 < 2p � 3:

This is a contradiction to the embeddability ofK(Wp;q� 1; � ) into an (p+ e� 4)-
dimensional sphere. So there exists no realization ofWp;q� 1 such that the
surfaceSp;2q is strictly preserved by the projection to R

e.

The above theorem does not claim that there is no realizationof the sur-
facesSp;2q for p � 4 and q � 3 in R

3 at all. It only proves that our technique
of embedding the surface in the wedge product and then projecting it to the
lower hull of a 4-polytope will not yield a proper realization. It would hence
be interesting to �nd other simple polytopes containing thesurfaces or to
�nd realizations directly in R

3. For q = 3 we obtain the triangulated sur-
facesS3;2q studied by Coxeter [15]. Unfortunately we can neither construct
wedge productsW3;q� 1 such that the surfaces survive the projection toR

4

nor prove the non-projectability.





Chapter 5

Polyhedral surfaces in products of
polygons

The surfaces of McMullen, Schulz & Wills [37] are of particular interest,
because they have an \unusually large genus" compared with the number of
vertices. Further they can be realized inR

3 with planar convex quadrilaterals
without self-intersection. The construction of McMullen,Schulz & Wills is
done entirely in R

3 by building a \corner" of the surface and then re
ecting
it around a torus as sketched in Section 5.1.1.

We take a di�erent approach and describe two families of surfaces primarily
as subcomplexes of high-dimensional polytopes. They appear in the 2-skeleta
of the (deformed) products of polygons. For a suitable deformed realization
of the product we show that these subcomplexes are strictly preserved under
a projection to R

4, resp. R

3. One family of surfaces, given in Section 5.1.2,
is a generalization of the surfaces constructed by McMullen, Schulz & Wills.
The other family, constructed in Section 5.1.3, contains all the \polygon"
faces of the product of polygons, that is, all the faces of theproduct that are
products of one polygon with vertices of the other factors. These surfaces
have arbitrarily large vertex degree and an average polygonsize arbitrarily
close to 8. A natural variation of Wills' question concerning the existence
of equivelar surfaces of typef p; qg for p > 4 and q > 4 is: Can polyhedral
surfaces with average vertex degree and average polygon size larger than 4
be embedded inR

3? Our quad-polygon surfaces of Section 5.1.3 provide such
polyhedral surfaces. Since we are able to construct a large a�ne support set
for the product of polygons, we obtain a large lower bound on the number
of moduli for our realizations of the surfaces in Section 5.2.2. Moreover, in
Section 5.2.3, we use polytope duality to obtain realizations of the duals of
the surfaces.

81
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Before we start with the combinatorial description of the surfaces, let us �x
some notation for the facets of the product of polygons. Let D2p be a 2p-gon
given by the inequality systemAx � 1 whereA 2 R

2p� 2 and x 2 R

2. Then
the inequality description of the product (D2p)r � R

2r is

0

B
B
B
@

A
A

.. .
A

1

C
C
C
A

0

B
B
B
@

x0

x1
...

xr � 1

1

C
C
C
A

�

0

B
B
B
@

1

1

...
1

1

C
C
C
A

:

with x i 2 R

2 and rowsaj x i � 1 for i 2 [r ] and j 2 [2p]. We denote the facet
de�ned by the inequality aj x i � 1 by hi;j .

5.1 Hamiltonian surfaces

Hamiltonian surfacesare polyhedral surfaces in the 2-skeleton of a polytope
which contain the entire graph. They are higher dimensionalanalogs of
Hamiltonian cycles in the graph of a polytope, which are connected 1-mani-
folds without boundary containing all the vertices. (A general de�nition
of k-Hamiltonian m-manifold is given in Ewald et al. [19].) The products
of polygons contain two such families of polyhedral surfaces, which will be
described in the following. The family described in Section5.1.2 includes the
equivelar surfaces of typef 4; qg of McMullen, Schulz & Wills [37], reviewed in
Section 5.1.1. The surfaces given in Section 5.1.3 are not equivelar any more
but of high \complexity"since they use all the \polygon" faces of the product.
Both surfaces are de�ned in a purely combinatorial way as subcomplexes of
the 2-skeleton of the product of polygons.

To construct the surfaces we introduce some notation for the2-skeleton of
the product of even polygons. All index calculations are performed mod-
ulo 2p resp. the size of the polygon in the following. We start with asingle
2p-gon D2p, whose vertices are labeled with (j; j + 1) or ( j; j � 1) where the
�rst component j 2 [2p] is even (and hencej + 1 resp. j � 1 is odd). The
edge from (j; j � 1) to (j; j +1) is labeled by (j; ; ) and the edge from (j; j +1)
to (j +2; j +1) is labeled by (; ; j +1). The polygon itself is denoted by (; ; ; ).
See Figure 5.1.
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(0; 1)

(2; 1)

(2; 3)

(4; 3)

(4; 5)

(6; 5)

(6; 7)

(0; 7)

(0; ; )(; ; 1)

(2; ; )

(; ; 3)

(4; ; ) ( ; ; 5)

(6; ; )

(; ; 7)

(; ; ; )

Figure 5.1: The non-empty faces of an 8-gon are denoted by vectors (j; j 0) with
j 2 f 0; 2; 4; 6g [ f;g and j 0 2 f 1; 3; 5; 7g [ f;g .

Summarizing, we identify the non-empty faces of an even 2p-gon with the
following vectors:

D2p = f (j; ; ) : j 2 [2p] eveng (even edges)

[ f (; ; j ) : j 2 [2p] odd g (odd edges)

[ f (j; j 0) : j; j 0 2 [2p]; j even,j 0 odd, j 0 = j � 1 g (vertices)

[ f (; ; ; )g (polygon)

(5.1)

All the faces of the r -fold product (D2p)r of even polygons are products
of non-empty faces of its factors. Hence they may be identi�ed with vec-
tors (j 0; j 0

0; j 1; j 0
1; : : : ; j r � 1; j 0

r � 1) where each (j i ; j 0
i ) is a non-empty face of the

2p-gon in the i th factor. This is exactly the representation of the faces of
the product as intersection of facets: The facets of the product of poly-
gons (D2p)r are denoted byhi;j with i 2 [r ] and j 2 [2p]. Then the vec-
tor ( j 0; j 0

0; j 1; j 0
1; : : : ; j r � 1; j 0

r � 1) represents the face (D2p)r \ (
T

i 2 [r ] hi;j i \ hi;j 0
i
)

(where hi; ; = R

2r ).

The vertices of the product correspond to vectors with no; -entry, that is,
vectors (j 0; j 0

0; j 1; j 0
1; : : : ; j r � 1; j 0

r � 1) with j i 2 [2p] even andj 0
i = j i � 1 2 [2p]

odd. The edges are products of one edge andr � 1 vertices and are identi�ed
with vectors with one ; -entry and againj i 2 [2p] even andj 0

i = j i � 1 2 [2p]
odd. A 2-face of the product (D2p)r is either a 2p-gon or a quadrilateral.
Both 2-faces correspond to vectors with two; -entries: If the ; -entries belong
to one factor then the face is a 2p-gon, if the ; -entries belong to distinct
factors the face is a quadrilateral.
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5.1.1 MSW surfaces

In this section we review the construction of McMullen, Schulz & Wills [37] for
equivelar surfaces of typef 4; qg, which we callMSW surfacesfor short. These
surfaces are included in the family of surfaces considered by Coxeter [15]
in terms of their symmetry groups|the group f 4; 2mj4m� 1g is the sym-
metry group of the generalized MSW surfaces constructed in Section 5.1.2.
Ringel [41] considered three problems concerning cubes andidenti�ed the
Hamiltonian surface with symmetry groupf 4; mg in the 2-skeleton of the
cube. Since the even-dimensional cube is just the product ofquadrilat-
erals, that is, even polygons, these surfaces are a subclassof the surfaces
constructed in Section 5.1.2 as well. Using geometric intuition McMullen,
Schulz & Wills [37] were able to construct realizations of the MSW sur-
faces in R

3 that include the surfaces of Ringel, but are not as general as
Coxeter's. Their construction starts with a \corner" of the surface. This cor-
ner is sheared such that it may be re
ected around a 2p1 � 2p2 torus building
a two parameter family of surfaces. Forp1 = p2 = 2 the MSW surfaces are
exactly the surfaces considered by Ringel. An example forp1 = p2 = 4 of
the construction of McMullen, Schulz & Wills is described inthe following
example.

Example 5.1. We start with a corner consisting of two vertices, one edge,
and 5 rays at each vertex. The rays and edges are connected by half- and
quarter-planes, which are bounded by two rays resp. two raysand one edge.

In this case, the constructed corner �ts nicely into an (8� 8)-torus. After
a re
ection around one of the meridian curves the blue half-planes close to
form quadrilaterals, and the green and red quarter-planes �t together to build
half-planes.
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By re
ecting the above part of the surface around the other meridian of
the torus, all the remaining green and red half-planes form quadrilaterals.
So the this MSW surface consists of 64 corners which are re
ected around
an (8 � 8)-torus.

This surface is exactly the generalized MSW surface in the product of two
8-gons, as constructed in the following section.
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5.1.2 Generalized MSW surfaces

In this section we generalize the MSW surfaces by de�ning a certain subcom-
plex of the product of even polygons and showing that the subcomplex is an
orientable surface. The projection is postponed to Section5.2. We start by
describing a certain subcomplex of the 2-skeleton of the product (D2p)r of
even polygons. Since we want to construct a surface of typef 4; 2rg the sub-
complex consists of quadrilateral faces only. Each quadrilateral corresponds
to a vector (j 0; j 0

0; j 1; j 0
1; : : : ; j r � 1; j 0

r � 1) with

I j i ; j 0
i 2 [2p] [ f;g ,

I j i even andj 0
i = j i � 1 odd, and

I exactly two ; -entries which must not be in the same factor.

Each vertex of the product corresponds to a vector without; -entries and
each edge is identi�ed with a vector with exactly one; -entry. To illustrate
the notation consider the following example.

Example 5.2. The faces of the product of three octagons (D8)3 correspond
to vectors (j 0; j 0

0; j 1; j 0
1; j 2; j 0

2) with j 0; j 1; j 2 2 f 0; 2; 4; 6; ;g and j 0
0; j 0

1; j 0
2 2

f 1; 3; 5; 7; ;g . In preparation of Theorem 5.5 we have a look at the following
set of faces:

Q4(8) ;6 =

8
>>>>>><

>>>>>>:

( ; ; j 0
0 ; ; ; j 0

1 ; j 2; j 0
2)

(j 0; j 0
0 ; ; ; j 0

1 ; ; ; j 0
2)

(j 0; ; ; j 1; j 0
1 ; ; ; j 0

2)
(j 0; ; ; j 1; ; ; j 2; j 0

2)
(j 0; j 0

0 ; j 1; ; ; j 2; ; )
( ; ; j 0

0 ; j 1; j 0
1 ; j 2; ; )

9
>>>>>>=

>>>>>>;

Every vector of this set corresponds to 128 quadrilateral faces: In each factor
of the product we choose either an even edge (j i ; ; ), an odd edge (; ; j 0

i ),
or a vertex (j i ; j 0

i ) to obtain a quadrilateral of each family. Since for each
even/odd edge we have four possibilities and there are eightvertices in each
factor we get 128 quadrilaterals per family.

Every edge of (D8)3 corresponds to a vector with exactly one; -entry and
is contained in exactly two quadrilaterals belonging to twodi�erent fami-
lies. This makes the subcomplexQ4(8) ;6 a closed pseudo-manifold with 768
quadrilaterals, 1536 edges, and 512 vertices.

The quadrilaterals incident to the vertex (0; 1; 4; 3; 0; 7) are given in Fig-
ure 5.2. These quadrilaterals �t together to form a two dimensional ball.
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8
>>>><

>>>>:

( ; ; 1 ; ; ; 3 ; 0; 7 )
( 0; 1 ; ; ; 3 ; ; ; 7 )
( 0; ; ; 4; 3 ; ; ; 7 )
( 0; ; ; 4; ; ; 0; 7 )
( 0; 1 ; 4; ; ; 0; ; )
( ; ; 1 ; 4; 3 ; 0; ; )

9
>>>>=

>>>>;

(; ; 1; ; ; 3; 0; 7)

(0; 1; ; ; 3; ; ; 7)

(0; ; ; 4; 3; ; ; 7)

(0; ; ; 4; ; ; 0; 7)

(0; 1; 4; ; ; 0; ; )

(; ; 1; 4; 3; 0; ; )

Figure 5.2: The vertex star of the vertex (0; 1; 4; 3; 0; 7) in the subcomplex
Q4(8) ;6 � (D8)3. The combinatorial representation of the quadrilaterals adjacent
to the vertex (left). The six quadrilaterals form a 2-dimensional ball (right).

This is true for any vertex of the product and henceQ4(8) ;6 is a Hamiltonian
2-manifold.

Based on the previous example we de�ne a subcomplex of the quadrilaterals
of the product of even polygons.

De�nition 5.3 (Generalized MSW surface). The generalized MSW surfaceis
the subcomplexQ4(2p);2r of the product (D2p)r of r even 2p-gons generated by
the quadrilaterals that correspond to the vectors (j 0; j 0

0; j 1; j 0
1; : : : ; j r � 1; j 0

r � 1)
with exactly two ; -entries at the following positions:

1. two consecutive even edges, i.e.j i = j i +1 = ; with i = 0; : : : ; r � 2, or
2. an odd edge of the �rst factor and an even edge of the last factor, i.e.

j 0
0 = ; and j r � 1 = ; , or

3. two consecutive odd edges, i.e.j 0
i = j 0

i +1 = ; with i = 0; : : : ; r � 2, or
4. an even edge of the �rst factor and an odd edge of the last factor, i.e.

j 0 = ; and j 0
r � 1 = ; .

We collect some easy facts of the subcomplexQ4(2p);2r in the next lemma.

Lemma 5.4. The subcomplexQ4(2p);2r of the product (D2p)r of even 2p-
gonsD2p is a closed connected 2-dimensional pseudomanifold containing all
the vertices and edges of the product. Itsf -vector is ((2p)r ; r (2p)r ; 1

2r (2p)r ).

Proof. Each edge of the product (D2p)r corresponds to a vector with exactly
one ; -entry. From the description of Q4(2p);2r we easily see that every edge
of the product is contained in exactly two quadrilaterals. So Q4(2p);2r is a
closed 2-dimensional pseudomanifold containing allr (2p)r edges of the prod-
uct. It is connected because the graph of the polytope (D2p)r is connected.
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(j 0 ; j 0
0 ; j 1 ; j 0

1 ; : : : ; ; ; j 0
r � 2 ; ; ; j 0

r � 1 )

(j 0 ; ; ; j 1 ; j 0
1 ; : : : ; j r � 2 ; j 0

r � 2 ; ; ; j 0
r � 1 )

(j 0 ; ; ; j 1 ; ; ; : : : ; j r � 2 ; j 0
r � 2 ; j r � 1 ; j 0

r � 1 )

(; ; j 0
0 ; ; ; j 0

1 ; : : : ; j r � 2 ; j 0
r � 2 ; j r � 1 ; j 0

r � 1 )

(; ; j 0
0 ; j 1 ; j 0

1 ; : : : ; j r � 2 ; j 0
r � 2 ; j r � 1 ; ; )

(j 0 ; j 0
0 ; j 1 ; j 0

1 ; : : : ; j r � 2 ; ; ; j r � 1 ; ; ) � � �

� � �

Figure 5.3: The star of a vertex (j 0; j 0
0; j 1; j 0

1; : : : ; j r � 1; j 0
r � 1) of the com-

plex Q4(2p) ;2r . The faces at the top are the quadrilaterals that are products
of even edges. The faces at the bottom are products of odd edges. The left and
the right quadrilateral correspond to the products of an even and an odd edge.

Further, Q4(2p);2r contains all (2p)r vertices of the product, since every vertex
is contained in some edge. Finally, each of the 2r families of quadrilater-
als given in De�nition 5.3 containsp2(2p)r � 2 quadrilaterals yielding a total
number of 1

2r (2p)r quadrilaterals in Q4(2p);2r .

Theorem 5.5. The subcomplexQ4(2p);2r of the product (D2p)r of r � 2 even
2p-gons is an equivelar surface of typef 4; 2rg with f -vector

f (Q4(2p);2r ) = 1
2(2p)r (2; 2r; r )

and genus 1 +1
4(r � 2)(2p)r .

Proof. By Lemma 5.4 we obtain thatQ4(2p);2r is a closed connected 2-dimen-
sional pseudomanifold. All the faces ofQ4(2p);2r are quadrilaterals because
they are products of two edges. Since a vertex of the product is the product
of vertices and each vertex is contained in exactly two edgesin each factor,
every vertex has degree 2r . So the complex is equivelar of typef 4; 2rg.

To prove that the given complex is a 2-manifold we show that the star of every
vertex is a 2-dimensional ball. Consider an arbitrary vertex v corresponding
to the vector (j 0; j 0

0; j 1; j 0
1; : : : ; j r � 1; j 0

r � 1) with j i 2 [2p] even andj 0
i 2 [2p] odd.

The quadrilaterals adjacent to the vertexv are arranged as in Figure 5.3,
so Q4(2p);2r is a 2-manifold.

It remains to prove that Q4(2p);2r is orientable, which is not di�cult but a
little technical. We assign an orientation to each quadrilateral and show that
it is consistent, that is, every edge is oriented in oppositedirections by the
two adjacent quadrilaterals.
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+

(� ; � )

� 1

(� ; +) � 1 (+; +)

+1

(+; � )
+1

�

(� ; � )

+1

(� ; +) +1 (+; +)

� 1

(+; � )
� 1

Figure 5.4: The orientation of the quadrilaterals of the surface Q4(2p) ;2r . The
sign of the quadrilateral determines its orientation. Each vertex of the quadrilat-
eral is the product of two vertices v = ( j i ; j 0

i ) and w = ( j k ; j 0
k ) where i and k are

cyclically adjacent. They are labeled with their sign (� (v); � (w)). The edges are
labeled with +1 if the orientation coincides with the canonical orientation and
� 1 if not.

We consider the following map on the vertices (j i ; j 0
i ) of the polygons:

� (j i ; j 0
i ) =

(
+1 if j 0

i � j i + 1 modp

� 1 if j 0
i � j i � 1 modp:

Every edge (j i ; ; ) resp. (; ; j 0
i ) is adjacent to a positive vertex (j i ; j i + 1) resp.

(j 0
i � 1; j 0

i ) and a negative vertex (j i ; j i � 1) resp. (j 0
i + 1; j 0

i ) and thus has a
canonical orientation from the negative to the positive vertex as follows:

+(j i ; j i + 1)

(j i ; ; )

(j i ; j i � 1)
�

+(j 0
i � 1; j 0

i )

(; ; j 0
i )

(j 0
i + 1; j 0

i )
�

Each quadrilateral is the product of two edges of cyclicallyadjacent factors
and r � 2 vertices. We extend the map� to the quadrilaterals by taking
the product of the signs of ther � 2 vertices. In Figure 5.4 we de�ne the
orientation of the quadrilaterals according to their sign.The vertices of the
quadrilaterals are denoted only by their signs. The edges are labeled with
a +1 if the orientation of the edge induced by the orientationof the quadrilat-
eral coincides with the canonical orientation of the edge, and � 1 otherwise.
We are now ready to prove the orientability of the surface. Consider the
following edge:

e = ( j 0; j 0
0; : : : ; j i � 1; j 0

i � 1; j i ; ; ; j i +1 ; j 0
i +1 ; : : : ; j r � 1; j 0

r � 1):

The two adjacent quadrilaterals are:

Q = ( j 0; j 0
0; : : : ; j i � 1; ; ; j i ; ; ; j i +1 ; j 0

i +1 ; : : : ; j r � 1; j 0
r � 1) and

Q0 = ( j 0; j 0
0; : : : ; j i � 1; j 0

i � 1; j i ; ; ; j i +1 ; ; ; : : : ; j r � 1; j 0
r � 1)
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In the case wherei = 0 or i = r � 1 we have to take the cyclically adjacent
factors, but the calculations remain the same. De�ne� i � 1 = � (j i � 1; j 0

i � 1)
and � i +1 = � (j i +1 ; j 0

i +1 ). Now we read the orientation ofe o� Figure 5.4 and
obtain:

1. the edgee is � (Q) � � i � 1 oriented in Q, and
2. the edgee is � � (Q0) � � i +1 oriented in Q0.

If � i � 1 = � i +1 then the quadrilaterals Q and Q0 adjacent to e have the
same orientation and thus� (Q) � � i � 1 = � (� � (Q0) � � i +1 ). So the edge has
opposite direction inQ and Q0. If � i � 1 6= � i +1 then Q and Q0 have di�erent
orientations and thus � (Q) � � i � 1 = � (� � (Q0) � � i +1 ) as well. This proves
that the orientation de�ned via the extension of the vertex signs onto the
quadrilaterals is an orientation of the surfaceQ4(2p);2r .

For orientable surfaces we have the equality� (Q4(2p);2r ) = 2 � 2g(Q4(2p);2r )
relating the Euler characteristic� and the genusg. Taking the f -vector from
Lemma 5.4 we obtaing(Q4(2p);2r ) = 1 + 1

4(2p)r (r � 2).

Remark 5.6. Our construction can easily be generalized to obtain surfaces
contained in the product

Q
D2pi � I k of arbitrary even polygonsD2pi and

intervals I . The intervals allow us to construct surfaces with odd vertex
degree. The MSW surfaces correspond to the surfaces in the 2-skeleton of
the product D2p1 �D 2p2 � I k of a 2p1-gonD2p1 , a 2p2-gonD2p2 and k intervals.

Proposition 5.7. The automorphism group of the subcomplexQ4(2p);2r of
the product of r even 2p-gons (D2p)r acts transitively on the 
ags, that
is, Q4(2p);2r is a regular polyhedral surface.

Proof. We will show that every 
ag of the surface may be mapped to one
particularly simple 
ag by a certain sequence of a set of combinatorial auto-
morphisms. Our basis 
ag is the following.

F0 : (0; 1; 0; 1;: : : ; 0; 1) � (0; ; ; 0; 1;: : : ; 0; 1) � (0; ; ; 0; ; ; 0; 1;: : : ; 0; 1):

The automorphisms of the surface act on the vectors representing the vertices,
edges and quadrilaterals simultaneously. Let us consider the following two
maps:

F : (j 0; j 0
0; : : : ; j r � 1; j 0

r � 1) 7! (j r � 1; j 0
r � 1; : : : ; j 1; j 0

1; j 0; j 0
0) (Flip)

S : (j 0; j 0
0; : : : ; j r � 1; j 0

r � 1) 7! (1 � j 0
r � 1; 1 � j r � 1; j 0; j 0

0; : : : ; j r � 2; j 0
r � 2) (Shift)

The two maps are obviously automorphisms of the vertices, edges and quadri-
laterals of the product (D2p)r . But they are also automorphisms of the sur-
faceQ4(2p);2r : Since the surface contains all vertices and edges we only need
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to verify that the quadrilaterals of the surface are invariant under F and S.
But the two maps are exactly constructed in such a way that they map the
four families of quadrilaterals contained in the surface (see De�nition 5.3)
onto each other.

By applying a suitable number of shiftsSand a 
ip F if needed to an arbitrary

ag we obtain a 
ag F of the form:

F : (j 0; j 0
0; j 1; j 0

1; : : : ; j r � 1; j 0
r � 1)

� (j 0; ; ; j 1; j 0
1; : : : ; j r � 1; j 0

r � 1)

� (j 0; ; ; j 1; ; ; : : : ; j r � 1; j 0
r � 1):

The automorphisms of each of the factorsD2p of the product induce auto-
morphisms on the surface as well given by the following maps:

Ei : (: : : ; j i ; j 0
i ; : : : ) 7! (: : : ; � j i ; � j 0

i ; : : : ) (Exchange)

Ri : (: : : ; j i ; j 0
i ; : : : ) 7! (: : : ; j i + 2; j 0

i + 2; : : : ) (Rotate)

All other entries of the vectors are constant. Since each of the Ei and Ri

allows to map an arbitrary pair (j i ; j 0
i ) onto the pair (0; 1) we are able to map

the 
ag F to the 
ag F0. Thus the group of automorphisms acts transitively
on the 
ags of the surface.

5.1.3 Quad-polygon surfaces

In this section we describe another surface contained in ther -fold prod-
uct (D2p)r of even 2p-gons. It is no longer equivelar but contains all 2p-gon
faces of the product and thus all the vertices and the entire graph.

De�nition 5.8 (Quad-polygon surfaceQP f 4;2pg;2r ). The facets of the poly-
hedral surfaceQP f 4;2pg;2r contained in the 2-skeleton of ther -fold prod-
uct (D2p)r of even 2p-gons are given by the vectors (j 0; j 0

0; j 1; j 0
1; : : : ; j r � 1; j 0

r � 1)
with exactly two ; -entries at cyclically adjacent positions.

Let us get used to the structure of the surface by the following simple exam-
ple.

Example 5.9. Consider the product of two 8-gons (D8)2. Then the polyhe-
dral surfaceQP f 4;8g;4 contains the following polygons:

QP f 4;8g;2 =

8
>><

>>:

( ; ; ; ; j 1; j 0
1)

(j 0; ; ; ; ; j 0
1)

(j 0; j 0
0 ; ; ; ; )

( ; ; j 0
0 ; j 1; ; )

9
>>=

>>;
:
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Figure 5.5: The Hamiltonian surface QP f 4;8g;4 contained in the Schlegel dia-
gram of the product of two 8-gons. The three picture show the di�erent com-
ponents of the surface: the 8-gons and the quadrilaterals (left), and the surface
(right). The di�erent families of 8-gons and quadrilateral s are displayed in dif-
ferent colors.

The �rst and the third row each correspond to a family of eight8-gons, that
is, the product of a vertex of the one factor with the entire 8-gon of the other
factor. The second and the fourth row each correspond to 16 quadrilateral
faces, that is, the product of two edges, one from each factor. Each vector
with exactly one ; -entry is an edge of the product and is contained in exactly
two quadrilaterals belonging to two di�erent families. As we will show in
Theorem 5.11, the 8-gons and the quadrilaterals around one vertex form a
2-dimensional ball. ThusQP f 4;8g;4 is a two dimensional manifold contained
in the 2-skeleton of (D8)2. A picture of the surface in the Schlegel diagram
of the product is shown in Figure 5.5.

We collect some simple facts about the subcomplexQP f 4;2pg;2r in the follow-
ing lemma.

Lemma 5.10. The subcomplexQP f 4;2pg;2r of the product (D2p)r is a closed
connected 2-dimensional pseudomanifold containing all vertices and edges of
the product.

Proof. An edge of the product (D2p)r corresponds to a vector with exactly one
; -entry. Since the 2-faces of the complex are given by vectorswith exactly
two cyclically adjacent ; -entries, every edge of the polytope is contained
in exactly two faces ofQP f 4;2pg;2r . As the graph of the product (D2p)r is
connected, we obtain thatQP f 4;2pg;2r is a closed connected 2-dimensional
pseudomanifold. The complexQP f 4;2pg;2r contains all the vertices of (D2p)r

because every vertex is contained in an edge and the complex contains all
the edges.



5.1 Hamiltonian surfaces 93

(; ; ; ; j 1 ; j 0
1 ; j 2 ; j 0

2 ; j 3 ; j 0
3 )

(j 0 ; ; ; ; ; j 0
1 ; j 2 ; j 0

2 ; j 3 ; j 0
3 )

(j 0 ; j 0
0 ; ; ; ; ; j 2 ; j 0

2 ; j 3 ; j 0
3 )

(j 0 ; j 0
0 ; j 1 ; ; ; ; ; j 0

2 ; j 3 ; j 0
3 )

(j 0 ; j 0
0 ; j 1 ; j 0

1 ; ; ; ; ; j 3 ; j 0
3 )

(j 0 ; j 0
0 ; j 1 ; j 0

1 ; j 2 ; ; ; ; ; j 0
3 )

(j 0 ; j 0
0 ; j 1 ; j 0

1 ; j 2 ; j 0
2 ; ; ; ; )

(; ; j 0
0 ; j 1 ; j 0

1 ; j 2 ; j 0
2 ; j 3 ; ; )

Figure 5.6: The vertex star of a vertex (j 0; j 0
0; : : : ; j r � 1; j 0

r � 1) in the com-
plex QP f 4;2pg;r is a 2-ball consisting of r quadrilaterals and r 2p-gons. The
quadrilaterals and 2p-gons alternate around the vertex. The �gure shows the
caser = 4.

Theorem 5.11. The subcomplexQP f 4;2pg;2r of the r -fold product (D2p)r of
even 2p-gons is an orientable polyhedral surface inR 2r with f -vector:

f (QP f 4;2pg;2r ) = 1
2(2p)r � 1(4p;4pr; pr + 2r )

and genus 1 +1
4(2p)r � 1(3pr � 4p � 2r ). This surface isHamiltonian in the

sense that it contains all vertices and all edges (and all the2p-gon faces)
of (D2p)r .

Proof. As the combinatorial description of the complexQP f 4;2pg;2r is similar
to the description of the surfaceQ4(2p);2r , the proof is also similar to the
proof of Theorem 5.5. By Lemma 5.10 we obtain thatQP f 4;2pg;2r is a closed
connected 2-dimensional pseudomanifold. Further, Figure5.6 shows that
the star of every vertex is a 2-dimensional ball, henceQP f 4;2pg;2r is a 2-
dimensional manifold. The orientation is assigned to the polygons as in
the proof of Theorem 5.5 by taking the product of the signs of the vertices
involved, that is, for the 2p-gons we take the product ofr � 1 vertex signs,
for the quadrilaterals of r � 2 vertex signs. An easy calculation then yields
the orientability of the surfaceQP f 4;2pg;r .

To complete the theorem we need to calculate thef -vector (f 0; f 1; f 2) of
the surface. The surface contains all vertices and edges of the product and
thus f 0 = (2 p)r and f 1 = r (2p)r . Further, the combinatorial description
implies that the surface contains allr (2p)r � 1 2p-gon faces andrp2(2p)r � 2

quadrilaterals of the product. Sof 2 = r (2p)r � 1 + 1
4r (2p)r .
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5.2 Realizing the surfaces in R

3

In this section we prove that there exist realizations of theproducts of even
polygons such that the two surfaces described in Sections 5.1.2 and 5.1.3 sur-
vive the projection to the upper hull of a 4-polytope and hence by orthogonal
projection to R

3. We construct particular deformed realizations of the prod-
ucts with the prescribed projection properties similar to the constructions of
Ziegler [48] and Sanyal & Ziegler [44]. In Section 5.2.2 we construct an a�ne
support set for the products of polygons. This a�ne support set yields a
lower bound on the number of moduli for the projected surfaces. Finally, we
follow the same path as in Section 4.3.3 to realize the duals of all the surfaces
in R

3 as well.

5.2.1 Projection of the surface to R

4 and to R

3

To be able to prove our projection results, we work with a veryspecial geo-
metric realization of the 2p-gon: Let " � 1, aj = ( � j ; 1� � 2

j ) on the parabola
y = 1 � x2 with � j = "

2( p� 1� j
p� 1 ) for j = 0; : : : ; 2p � 2 and a2p� 1 = (0 ; � 1).

Since theai are in convex position and their convex hull contains0 in its in-
terior, the inequality systemaj

� x
y

�
� 1 for j 2 [2p] describes a convex 2p-gon.

By scaling the inequalities for oddj by " we obtain the following inequality
description for our 2p-gon:

D_�
2p :=

n�
x
y

�
2 R

2
�
�
�

0

B
B
B
B
B
B
B
B
B
B
B
B
B
@

"
2 1 � " 2

4
" 2

2 ( p� 2
p� 1) " � " 3

4 ( p� 2
p� 1)2

...
...

"
2( p� 1� j

p� 1 ) 1 � " 2

4 ( p� 1� j
p� 1 )2

" 2

2 ( p� j � 2
p� 1 ) " � " 3

4 ( p� j � 2
p� 1 )2

...
...

� "
2 1 � " 2

4
0 � "

1

C
C
C
C
C
C
C
C
C
C
C
C
C
A

�
x
y

�
�

0

B
B
B
B
B
B
B
B
B
B
B
B
B
@

1
"
...
1
"
...
1
"

1

C
C
C
C
C
C
C
C
C
C
C
C
C
A

o
(5.2)

As " is small, the normals of the odd edges are perturbed (0; 0) vectors with
entries of orders ("2; ") and the normals to the even edges are perturbed (0; 1)
vectors with entries of orders ("; 1 � "2) as shown in Figure 5.7. The advan-
tage of this realization of an even polygon is that every vertex lies on the
intersection of two edges whose normals are a perturbation of the (0; 0) and
the (0; 1) vector, respectively. In the following we will disregardthe exact
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x = � "
2 x = "

2

a0

a1

a2

a3

a4

a5

a0
a1

a2

a3

a4

a5

Figure 5.7: The normals of the special hexagon D_�6 are perturbations of the
vector (0; 0) and (0; 1) (left). The resulting hexagon is very skinny, depending on
the size of" (right).

coordinates and denote the normal of odd and even edges by (� ; � ) and (� ; 1),
respectively. This is very useful in the proofs of the next two theorems.

Theorem 5.12 (Realization of Q4(2p);2r ). There exists a realization of ther -
fold product of even polygons (D2p)r such that the surfaceQ4(2p);2r survives
the projection to the upper hull of a 4-polytope. Hence the surface may be
projected orthogonally to R

3.

Proof. The proof proceeds as follows: We start with a short discussion of the
Gale transform of the pyramid over a properly labeled (2r � 1)-gon. Then we
merge this Gale transform with ther -fold orthogonal product of our special
2p-gon D_�

2p to obtain a deformed product of polygons. Finally, the positive
dependences of the Gale transform of the pyramid (that is, the faces of the
pyramid) yield strictly preserved faces of the product under the projection
to R

4. These faces in particular contain the quadrilaterals thatform the
surfaceQ4(2p);2r .

Let us start with the Gale transform of pyr(D2r � 1) with the apex labeled
by 2r � 1 and the vertices of the base labeled cyclically by increasing odd
numbers 1; 3; : : : ; 2r � 3 followed by increasing even numbers 0; 2; : : : ; 2r � 2
as shown in Figure 5.8. Since the vertices 0, 1, 2, and 2r � 1 are a�nely
independent, the vectorsg3; : : : ; g2r � 2 of the Gale transform are linearly inde-
pendent by Proposition 1.4. Hence we may assume, that the Gale transform
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9

0

2

4

6 8 1

3

5

7

Figure 5.8: Labeling of the pyramid over a (2r � 1)-gon need for the realization
of the surfaceQ4(2p) ;2r via projection of deformed product (exampler = 5).

of pyr(D2r � 1), which contains 2r vectors of dimension 2r � 4, looks as follows:

Gt =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

g0

g1

g2

1
1

1
1

.. .
1

0 0 0 0 � � � 0

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

The last 0-row corresponds to the apex of the pyramid. Since this is the
Gale transform of the pyramid it comes with certain positivedependences.
In particular, the edges of the polytope yield positive spanning subsets which
will correspond to the quadrilaterals of the surfaceQ4(2p);2r .
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The r -fold product of our particular realization of the 2p-gon D_�
2p has the

following inequality description:

(D_�
2p)r =

n
(x j )r � 1

j =0 2 R

2r
�
�
�

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

A

A

A
. . .

A

A

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

0

B
B
B
B
B
B
B
B
B
@

x0

x1

x2
...

xr � 2

xr � 1

1

C
C
C
C
C
C
C
C
C
A

�

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

b

b

...

b

b

b

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

o

where the matricesA 2 R

2p� 2 contain the normals of our 2p-gon realization
and b 2 R

2p the corresponding right-hand sides as given in Equation (5.2).
The vertical line indicates that we are going to project ontothe �rst 4 coor-
dinates.

Since the even resp. odd edges of our special realization of the 2p-gon are
almost equal, that is, the normals to the even resp. odd edgesare perturba-
tions of the (0; 0) resp. (0; 1) vector, we use the following notation for the
left-hand side of the inequality description:

0

B
B
B
B
B
B
B
B
B
B
B
B
B
@

� 1
� �

� 1
� �

� 1
� �

. . .
� 1
� �

1

C
C
C
C
C
C
C
C
C
C
C
C
C
A

with
� 1
� �

�

" 1

"2 "

" 1

"2 "
...

...

" 1

"2 "

:
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Since the product of polygons is a simple polytope, a small perturbation of its
facet normals will not change the combinatorial type. So ifM is a very large
number such that 1

M � " , then the following is still an inequality description
of a product of polygons:

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

� 1 1
M g0

� � 1
M g1

� 1 g2

� � 1
M

� 1

� � 1
M
. . . . . .

� 1

� � 1
M

� 1

� �

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

0

B
B
B
B
B
B
B
@

x0

x1
...

xr � 3

xr � 2

xr � 1

1

C
C
C
C
C
C
C
A

�

0

B
B
B
B
B
B
B
@

b
b
...
b
b
b

1

C
C
C
C
C
C
C
A

where the gi are componentwise scaled vectors of the Gale transformG of
the pyramid pyr(D2p� 1) in the following way:

g0 := ( 1
M 2 ; 1

M 2 ; 1
M 3 ; 1

M 3 ; : : : ; 1
M r � 1 ; 1

M r � 1 ) � g0

g1 := ( 1
M 2 ; 1

M 2 ; 1
M 3 ; 1

M 3 ; : : : ; 1
M r � 1 ; 1

M r � 1 ) � g1

g2 := ( 1
M ; 1

M ; 1
M 2 ; 1

M 2 ; : : : ; 1
M r � 2 ; 1

M r � 2 ) � g2

where � denotes the componentswise multiplication of two vectors,that
is, (v � w) i = vi � wi . All the following modi�cations are applied to the
normals of the facets of the product corresponding to the even and the odd
edges of the factors D_�2p in the same way. We scale the inequalities of thej th
factor with M r � 1� j for j = 0; : : : ; r � 1 and replace the coordinatesx j 2 R

2

with x0
j = M r � 1� j x j . This way we obtain the following inequality system for
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a deformed product of polygons:

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

� 1 1 g0

� � 1 g1

� 1 g2

� � 1

� 1

� � 1
. . . . . .

� 1

� � 1

� 1

� �

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

0

B
B
B
B
B
B
B
B
B
@

x0
0

x0
1

x0
2
...

x0
r � 2

x0
r � 1

1

C
C
C
C
C
C
C
C
C
A

�

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

M r � 1

M r � 1"

M r � 2

M r � 2"

M r � 3

M r � 3"
...

M

M"

1

"

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

:

Each row of the above system corresponds top odd resp. even edges of the
factors. Let us denote the last 2r � 4 columns of the \condensed"matrix with
� -entries by ~G, that is, ~G has one row for the even and one row for the odd
edges of each factor and is a 2r � (2r � 4) matrix.

We need to verify that the quadrilaterals contained in the surfaceQ4(2p);2r are
strictly preserved by the projection to the �rst 4 coordinates. By Lemma 1.11
a quadrilateral Q is strictly preserved if the corresponding truncated facet
normals are positively spanning. The quadrilaterals ofQ4(2p);2r come in four
families corresponding to the following vectors:

1. (j 0; j 0
0; : : : ; j i � 1; j 0

i � 1; ; ; j 0
i ; ; ; j 0

i +1 ; j i +2 ; j 0
i +2 ; : : : ; j r � 1; j 0

r � 1) for i 2 [r ]
2. (j 0; ; ; j 1; j 0

1; : : : ; j r � 2; j 0
r � 2; ; ; j 0

r � 1)
3. (j 0; j 0

0; : : : ; j i � 1; j 0
i � 1; j i ; ; ; j i +1 ; ; ; j i +2 ; j 0

i +2 ; : : : ; j r � 1; j 0
r � 1) for i 2 [r ]

4. (; ; j 0
0; j 1; j 0

1; : : : ; j r � 2; j 0
r � 2; j r � 1; ; )

Each of the j i resp. j 0
i corresponds to an even resp. odd facet of thei th

factor. Hence the truncated normals of the facets containing a quadrilateral
are the rows of ~G with the rows corresponding to the; -entries removed. The
corresponding rows of the matrixGt are positively spanning sinceG is the
Gale transform of the pyramid pyr(D2r � 1) with our carefully chosen labeling
of the vertices. But ~G is just a perturbation of the matrix Gt and positively
spanning vector con�gurations are stable under perturbation. Hence the
chosen rows of~G are also positively spanning and all the quadrilaterals of
the surface survive the projection.
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Figure 5.9: Labeling of the pyramid over a (2r � 1)-gon (r = 5) needed for the
realization of the surfaceQP f 4;2pg;2r via projection of a deformed product.

Further the quadrilaterals all project to the upper hull of the projected poly-
tope with respect to the fourth coordinate since the 1 of the �rst three rows
dominate the direction of normals of the projected quadrilaterals. Thus an
orthogonal projection to the �rst three coordinates yieldsa realization of the
surface in R

3.

Theorem 5.13 (Realization of QP f 4;2pg;2r ). There exists a realization of
the r -fold product of even polygons (D2p)r such that the surfaceQP f 4;2pg;2r

survives the projection to the upper hull of a 4-polytope. Hence the surface
may be projected orthogonally toR

3.

Proof. The proof is very similar to the proof of the previous theorem. We
only have to label the vertices of the pyramid over an (2r � 1)-gon di�erently
as shown in Figure 5.9. This induces di�erent positive dependences in the
Gale transform and implies that all the quadrilaterals and all the 2p-gons of
the surfaceQP f 4;2pg;2r survive the projection to R

4, resp. R

3.

The above theorem provides realizations of the surfacesQP f 4;2pg;2r in R

3.
These surfaces have constant vertex degree 2r . The 2-faces of these surfaces
consist of r (2p)r � 1 2p-gons andrp2(2p)r � 2 quadrilaterals. So the average
polygon size is:

2p � r (2p)r � 1 + 4 � rp2(2p)r � 2

r (2p)r � 1 + rp2(2p)r � 2
=

2r (2p)r

1
2r (2p)r � 1(2 + p)

=
8p

p + 2
:
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Brehm & Wills [13, Sect. 4.2] raised the question whether equivelar polyhe-
dral surfaces of typef p; qg with p � 5 andq � 5 existed in R

3. This question
relates to the following corollary since we obtain polyhedral surfaces inR

3

with vertex degree and average polygon size at least 5.

Corollary 5.14 (f p; qg-surface in R

3). The surfacesQP f 4;2pg;2r have average
polygon size� poly = 8p

p+2 and obviously (average) vertex degree� vert = 2r .

In particular, for p � 4 and r � 3, both � vert and � poly are at least 5 and
Theorem 5.13 shows the existence of surfaces with� vert � 5 and � poly � 5
in R

3.

5.2.2 Moduli of the projected surfaces

We use the methods developed in Section 2.2 to obtain a lower bound on
the moduli of the surfaces constructed in Sections 5.1.2 and5.1.3. As all
the surfaces described in this chapter contain all the vertices of the product
of polygons, we need to �nd a large a�ne support set of the product of
polygons (D2p)r .

The vertices of the product (D2p)r are products of vertices of the factors
and are hence identi�ed with the vectors (j 0; j 0

0; : : : ; j r � 1; j 0
r � 1). For i 2 [r ]

consider the following vertices:

vi;j :=

8
>>><

>>>:

(j; j + 1; : : : ; j; j + 1| {z }
i factors

; j; j � 1;: : : ; j; j � 1| {z }
r � i factors

) if j 2 [2p] even,

(j + 1; j ; : : : ; j + 1; j| {z }
i factors

; j � 1; j ; : : : ; j � 1; j| {z }
r � i factors

) if j 2 [2p] odd,

where the calculations are made modulo 2p. These vertices form a subset of
the vertices of size 2pr of the product, denoted by:

Ar
2p := f vi;j j i 2 [r ]; j 2 [2p]g: (5.3)

For r = 1 the set A1
2p contains all the vertices of the polygon. An example of

the caser = 2 is illustrated in the following example.

Example 5.15. In this example we investigate the setA2
6 which is a subset

of the vertices of the product of two 6-gons. The verticesvi;j contained inA2
6

are the following:

inj 0 1 2 3 4 5
0 (0; 5; 0; 5) (0; 1; 0; 1) (2; 1; 2; 1) (2; 3; 2; 3) (4; 3; 4; 3) (4; 5; 4; 5)
1 (0; 1; 0; 5) (2; 1; 0; 1) (2; 3; 2; 1) (4; 3; 2; 3) (4; 5; 4; 3) (0; 5; 4; 5)
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Figure 5.10: The vertices of the subsetA2
6 in the product of two hexagons. The

(6 � 6)-grid on the left is a schematic picture of the torus (identify top & bottom,
and left & right) contained in the boundary of the product. Th e Schlegel diagram
of the product is shown on the right. Both images show the zigzag of the selected
vertices around the torus.

These vertices form a zigzag on the (6� 6)-torus contained in the boundary
of the product D6 � D 6 shown in Figure 5.10. The vertices contained in the
facet F = (2 ; ; ; ; ; ; ) are:

F \ A2
6 = f (2; 1; 0; 1); (2; 1; 2; 1); (2; 3; 2; 1); (2; 3; 2; 3)g:

Now the 
ag (2; 3; 2; 3) � (2; 3; 2; ; ) � (2; ; ; 2; ; ) � (2; ; ; ; ; ; ) \cuts o�" one
vertex after the other and thus the vertices inF \ A2

6 are a�nely independent
for every realization. It follows from the symmetry that theselected vertices
in every facet are a�nely independent for every realizationof the product.
HenceA2

6 is an a�ne support set of the product (D6)2.

Theorem 5.16 (A�ne support set for products of polygons). The subsetAr
2p

of the vertices of ther -fold product (D2p)r of 2p-gons is an a�ne support set
of size 2pr.

Proof. We use a 
ag to show that the setAr
2p is an a�ne support set. By

the combinatorial symmetry of the product and the setAr
2p we only need to

consider the vertices contained in the facetF := h0;2 = (2 ; ; ; ; ; ; ; : : : ; ; ; ; ).
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The vertices ofAr
2p in this facet are:

Ar
2p \ F =

n
(j 0; j 0

0; : : : ; j r � 1; j 0
r � 1) 2 Ar

2p

�
�
� j 0 = 2

o

=
n

(2; 1; 2; 1;: : : ; 2; 1| {z }
i

; 0; 1;: : : ; 0; 1| {z }
r � i

) for i = 1; : : : ; r
o

[
n

(2; 3; 2; 3;: : : ; 2; 3| {z }
i

; 2; 1;: : : ; 2; 1| {z }
r � i

) for i = 1; : : : ; r
o

:

The 
ag which shows that Ar
2p is an a�ne support set is constructed from

the vertex (2; 3;: : : ; 2; 3) by intersecting the facets de�ning this vertex in the
proper order: We start with the facet G2r � 1 := (2 ; ; ; ; ; ; ; : : : ; ; ; ; ). Then
we add the even entries of the vector to the intersection suchthat the
faceG2r � 1� ` is the intersection of the faceG2r � ` \ h`;2, that is, for ` = 1; : : : ; r :

G2r � ` := (2 ; ; ; : : : ; 2; ;| {z }
` factors

; ; ; ; ; : : : ; ; ; ;| {z }
r � ` factors

):

Then we start to intersect with the odd faces of the factors and obtain the
following faces for̀ = r + 1; : : : ; 2r :

G2r � ` := (2 ; 3;: : : ; 2; 3| {z }
` � r factors

; 2; ; ; : : : ; 2; ;| {z }
2r � ` factors

):

The sequence (Gk)2r � 1
k=0 obviously forms a 
ag. Finally, eachGk contains

exactly k+1 of the vertices inAr
2p\ F and henceAr

2p\ F is a�nely independent
for every realization of the product.

The size of an a�ne support set is bounded by the number of facets, as shown
in Lemma 2.25. The number of facets of ther -fold product (D2p)r of 2p-gons
is 2pr. Hence the a�ne support setAr

2p de�ned in Equation (5.3) is maximal
and parametrizes the entire realization space of the product.

Remark 5.17. We can construct a similar a�ne support setAr
2p+1 for prod-

ucts of odd polygons as well. But as this chapter deals with the construction
of surfaces in the boundary of the projection of products of even polygons,
we omit this simple generalization.

We are now ready to apply Theorem 2.30 to the quadrilateral surfaceQ4(2p);2r

of Section 5.1.2 and the surfaceQP f 4;2pg;2r of Section 5.1.3. Since both sur-
faces contain all the vertices of the product of polygons we obtain the follow-
ing corollary.
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Corollary 5.18 (Moduli of Q4(2p);2r and QP f 4;2pg;2r ). The realizations of
the surfacesQ4(2p);2r resp.QP f 4;2pg;2r in R

3 obtained from the projections of
r -fold products (D2p)r of 2p-gons have at least 6pr moduli.

For r = 2 the surfaceQ4(2p);4 is the standard quadrangulation of a 2p � 2p-
torus. This torus has no triangular faces or faces with only degree three
vertices, hence there are no trivial moduli. For larger parameters p and r
all the surfaces of the familiesQ4(2p);2r and QP f 4;2pg;2r have no triangular
faces and only vertices of degree 2r . This is re
ected in the na•�ve estimates
obtained from Equation (1.1) in Section 1.3.1. For arbitrary realizationsSQ

resp. SQP of the surfacesQ4(2p);2r resp. QP f 4;2pg;2r in R

3 we obtain the fol-
lowing na•�ve estimates on the number of moduli:

M (SQ ; 3) �
1
2

(2p)r (6 � 4r + 3r )

=
1
2

(2p)r (6 � r );

M (SQP ; 3) �
1
2

(2p)r � 1(12p � 8pr + 3( rp + 2r ))

=
1
2

(2p)r � 1(12p + 6r � 5pr)

from their f -vectors given in Lemma 5.4 resp. Theorem 5.11. So similar to
the wedge product surfaces in Section 4.3.2 this reveals a huge discrepancy
between the lower bounds on the moduli of the above Corollary5.18 and the
estimate by rule of thumb.

5.2.3 Realization of the dual surfaces

In Section 4.3.3 we established a relation between the duality of surfaces
and the duality of 4-polytopes: If a 4-polytopeP contains the prism over
a surfaceS in its boundary, then the dual polytope P � contains the dual
surfaceS� as a subcomplex of its 2-skeleton.

So to obtain realizations of the polyhedral surfacesQ�
4(2p);2r and QP �

f 4;2pg;2r ,
we need to construct 4-polytopes containing the prisms overthe respective
primal surfaces. In the following we construct these 4-polytopes as projec-
tions of suitable deformed products of 2p-gons with an interval I .

Theorem 5.19. There exists a realization of the product (D2p)r � I of 2p-
gons with an interval I in R

2r +1 such that the prism Q4(2p);2r � I over the
surface survives the projection to the boundary of a 4-polytopeP.

Furthermore, the dual surfaceQ�
4(2p);2r is a subcomplex of the 2-skeleton of

the dual polytope P � and may be realized inR

3 by Schlegel projection.
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Figure 5.11: Labeling of the pyramid over a 2r -gon needed for the realization
of the prism over the surfaceQ4(2p) ;2r � I via a projection of a deformed product
(example r = 4).

Proof. We mimic the proof of Theorem 5.12. We start with the orthogonal
product of the special 2p-gons. We attach the intervalI = f x 2 R j � �x � 1g
for small positive� to obtain a polytope of combinatorial type (D2p)r � I . We
deform this product using the Gale transform of the pyramid over a 2r -gon
labeled as in Figure 5.11 to obtain the following facet normals:
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B
@

� 1 1 g0

� � 1 g1

� 1 g2

� � 1

� 1
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. . . . . .
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� �
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Then the triangles of the pyramid provide the positive dependences that
make sure that the prisms of the product of the surface with aninterval
survive the projection to R

4.
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Remark 5.20. The construction of Theorem 5.19 can easily be generalized
to products

Q
D2pi � I of arbitrary even polygons with an interval. So the

above result �nally allows us to obtain realizations for polyhedral surfaces
including all the combinatorial types of surfaces of typef 4; pg and their duals
of type f q;4g constructed in McMullen, Schulz & Wills [37].

As in the previous section, we only need to relabel the vertices of the pyramid
used in the proof to obtain the analogous result for the dualsof the quad-
polygon surfaceQP f 4;2pg;2r .

Theorem 5.21. There exists a realization of the product (D2p)r � I of 2p-
gons with an interval I in R

2r +1 such that the prism QP f 4;2pg;2r � I over the
surface survives the projection to the boundary of a 4-polytopeP.

Furthermore, the dual surfaceQP �
f 4;2pg;2r is a subcomplex of the 2-skeleton

of the dual polytopeP � and can be realized inR

3 by Schlegel projection.



Chapter 6

Zonotopes with large 2D-cuts
joint with Nikolaus Witte and G •unter M. Ziegler

published in Discrete and Computational Geometry(online �rst)

Zonotopes, the Minkowski sums of �nitely many line segments, may also be
de�ned as the images of cubes under a�ne maps, while their duals can be
described as the central sections of cross polytopes. So, asking for images of
zonotopes under projections, or for central sections of their duals doesn't give
anything new: We get again zonotopes, resp. duals of zonotopes. The combi-
natorics of zonotopes and their duals is well understood (see e.g. Ziegler [47]):
The face lattice of a dual zonotope may be identi�ed with thatof a real hy-
perplane arrangement.

However, surprising e�ects arise as soon as one asks forsectionsof zonotopes,
resp.projections of their duals. Such questions arise in a variety of contexts.

Figure 6.1: Eppstein's Ukrainian easter egg, and its dual. The 2D-cut, resp.
shadow boundary, of size 
(n2) are marked.

For example, the\Ukrainian Easter eggs"as displayed by Eppstein in his won-
derful \Geometry Junkyard" [18] are 3-dimensional zonotopes with n zones
that have a 2-dimensional section with 
(n2) vertices; see also Figure 6.1.
For \typical" 3-dimensional zonotopes withn zones one expects only a linear

107
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number of vertices in any section, so the Ukrainian Easter eggs are surprising
objects. Moreover, such a zonotope has at most 2

� n
2

�
= O(n2) faces, so any

2-dimensional section is a polygon with at mostO(n2) edges/vertices, which
shows that for dimensiond = 3 the quadratic behavior is optimal.

Eppstein's presentation of his model draws on work by Bern, Eppstein et
al. [3], where also complexity questions are asked. (Let us note that it takes a
closer look to interpret the picture given by Eppstein correctly: It is \clipped",
and a close-up view shows that the vertical \chains of vertices" hide lines of
diamonds; see Figure 6.2.)

Figure 6.2: Close-up view of an Ukrainian Easter egg.

It is natural to ask for high-dimensional versions of the Easter eggs.

Problem 6.1. What is the maximal number of vertices for a 2-dimensional
central section of ad-dimensional zonotope withn zones?

For d = 2 the answer is trivially 2n = �( n), while for d = 3 it is of order
�( n2), as seen above. We answer this question optimally for all �xed d � 2.

Theorem 6.2. For everyd � 2 the maximal complexity (number of vertices)
for a central 2D-cut of ad-dimensional zonotopeZ with n zones is �(nd� 1).

The upper bound for this theorem is quite obvious: Ad-dimensional zonotope
with n zones has at most 2

� n
d� 1

�
facets, thus any central 2D-section has at

most 2
� n

d� 1

�
= O(nd� 1) edges.

To obtain lower bound constructions, it is advisable to lookat the dual
version of the problem.
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Problem 6.3 (Koltun [46, Problem 3]). What is the maximal number of
vertices for a 2-dimensional a�ne image (a \ 2D-shadow") of ad-dimensional
dual zonotope withn zones?

Indeed, this question arose independently: It was posed by Vladlen Koltun
based on the investigation of his \arrangement method" for linear program-
ming (see [30]), which turned out to be equivalent to a Phase I procedure
for the \usual" simplex algorithm (Hazan & Megiddo [26]). Our construction
in Section 6.2 shows that the \shadow vertex" pivot rule is exponential in
worst-case for the arrangement method.

Indeed, a quick approach to Problem 6.3 is to use known results about large
projections of polytopes. Indeed, ifZ is a d-zonotope withn zones, then the
polar dual Z � of the zonotopeZ has the combinatorics of an arrangement
of n hyperplanes in R

d. The facets ofZ � are (d � 1)-dimensional polytopes
with at most n facets | and indeed every (d � 1)-dimensional polytope
with at most n facets arises this way. It is known that such polytopes have
exponentially large 2D-shadows, which in the old days was badnews for the
\shadow vertex" version of the simplex algorithm [23] [39].Lifted to the dual
d-zonotopeZ � , this also becomes relevant for Koltun's arrangement method;
in Section 6.2 we brie
y present this, and derive the 
(n(d� 1)=2) lower bound.

However, what we are really heading for is an optimal result,dual to Theo-
rem 6.2. It will be proved in Section 6.3, the main part of thispaper.

Theorem 6.2 � . For every d � 2 the maximal complexity (number of ver-
tices) for a 2D-shadow of the dual of ad-dimensional zonotopeZ � with n
zones is�( nd� 1).

Acknowledgments. We are grateful to Vladlen Koltun for his inspiration
for this paper. Our investigations were greatly helped by use of thepolymake
system by Gawrilow & Joswig [22]. In particular, we have built polymake
models that were also used to produce the main �gures in this paper.

6.1 Arrangements and zonotopes

Let A 2 R

m� d be a matrix. We assume thatA has full (column) rank d, that
no row is a multiple of another one, and none is a multiple of the �rst unit-
vector (1; 0; : : : ; 0). We refer to [6, Chap. 2] or [47, Lect. 7] for more detailed
expositions of real hyperplane arrangements, the associated zonotopes, and
their duals.
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6.1.1 Hyperplane arrangements

The matrix A determines an essentiallinear hyperplane arrangementbA = bA A

in R

d, whosem hyperplanes are

bH j =
�

x 2 R

d : aj x = 0
	

for j = 1; : : : ; m

corresponding to the rowsaj of A, and ana�ne hyperplane arrangementA =
A A in R

d� 1, whose hyperplanes are

H j =
�

x 2 R

d� 1 : aj
� 1

x

�
= 0

	
for j = 1; : : : ; m:

Given A, we obtain A from bA by intersection with the hyperplanex0 = 1
in R

d, a step known asdehomogenization; similarly, we obtain bA from A by
homogenization.

The points x 2 R

d and hence the faces ofbA (and by intersection also the
faces ofA ) have a canonical encoding bysign vectors� (x) 2 f +1; 0; � 1gm ,
via the map sA : x 7! (signa1x; : : : ; signam x). In the following we use the
shorthand notation f + ; 0; �g for the set of signs. The sign vector system
sA ( R

d) � f + ; 0; �g m generated this way is theoriented matroid [6] of bA .

The sign vectors� 2 sA ( R

d) \ f + ; �g m in this system (i.e., without zeroes)
correspond to theregions (d-dimensional cells) of the arrangementbA . For a
non-empty low-dimensional cellF the sign vectors of the regions containingF
are precisely those sign vectors insA ( R

d) which may be obtained from� (F )
by replacing each \0" by either \+" or \ � ".

6.1.2 Zonotopes and their duals

The matrix A also yields a zonotopeZ = ZA , as

Z =
n mX

i =1

� i ai : � i 2 [� 1; +1] for i = 1; : : : ; m
o

:

(In this set-up, Z lives in the vector space (R

d)� of row vectors, while the
dual zonotopeZ � considered below consists of column vectors.)

The dual zonotopeZ � = Z �
A may be described as

Z � =
n

x 2 R

d :
mX

i =1

jai xj � 1
o

: (6.1)
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The domains of linearity of the functionf A : R

d ! R , x 7!
P m

i =1 jai xj are the
regions of the hyperplane arrangementbA . Their intersections yield the faces
of bA , and these may be identi�ed with the cones spanned by the proper faces
of Z � . Thus the proper faces ofZ � (and, by duality, the non-empty faces
of Z ) are identi�ed with sign vectors in f + ; 0; �g m : These are the same sign
vectors as we got for the arrangementbA . (See Figure 6.4 on the left for a
3-zonotope and the corresponding linear arrangement.)

Expanding the absolute values in Equation (6.1) yields a system of 2m in-
equalities describingZ � . However, a non-redundant facet description ofZ �

can be obtained fromA and the combinatorics of bA by considering the in-
equalities� (F )Ax � 1 for all sign vectors� (F ) of maximal cellsF of bA :

Z � =
�

x 2 R

d : �Ax � 1 for all � 2 sA ( R

d) \ f + ; �g m
	

:

To determine the faces that survive the projection to the �rst k coordinates
we need to �nd the normals of the facets adjacent to a given face. But since
the faces of the dual zonotope correspond to faces of the arrangement bA they
are easily obtained from the following lemma.

Lemma 6.4. Let Z � be ad-dimensional dual zonotope corresponding to the
linear arrangement bA given by the matrix A, and let F � Z � a be non-
empty face. Then the normals of the facets containingF are the linear
combinations �A of the rows ofA for all sign vectors� 2 sA ( R

d) obtained
from � (F ) by replacing each \0" by either \+" or \ � ".

So the information needed to verify that a face of a dual zonotope is pre-
served by a projection to the �rst k coordinates may be obtained from the
combinatorial structure of the arrangement bA and the matrix A.

6.2 Dual zonotopes with 2D-shadows of size 

�
n(d� 1)=2

�

In this section we present an exponential (yet not optimal) lower bound for
the maximal size of 2D-shadows of dual zonotopes. It is merelya combination
of known results about polytopes and their projections. Forsimplicity, we
restrict to the case of odd dimensiond.

Theorem 6.5. Let d � 3 be odd andn an even multiple of d� 1
2 . Then there

is a d-dimensional dual zonotopeZ � � R

d with n zones and a projection

� : R

d ! R

2 such that the image� (Z � ) has at least
�

2n
d� 1

� d� 1
2 vertices.
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Here is a rough sketch of the construction.

(1) According to Amenta & Ziegler [2, Theorem 5.2] there are (d � 1)-
polytopes with n facets and exponentially many vertices such that the
projection � 2 : R

d� 1 ! R

2 to the �rst two coordinates preserves all the
vertices and thus yields a \large" polygon.

(2) We construct a d-dimensional dual zonotopeZ � with n zones that has
such a (d � 1)-polytope as a facetF .

(3) The extension of� 2 to a projection

� 3 : R � R

d� 1 ! R

3; (x0; x) 7! (x0; � 2(x))

mapsZ � to a centrally symmetric 3-polytopeP with a large polygon as
a facet. P has a projection to R

2 that preserves many vertices.

In the following we give a few details to enhance this sketch.

Some details for (1): Here is the exact result by Amenta & Ziegler, which
sums up previous constructions by Goldfarb [23] and Murty [39]

Theorem 6.6 (Amenta & Ziegler [2]). Let d be odd andn an even multiple

of d� 1
2 . Then there is a (d� 1)-polytopeF � R

d� 1 with n facets and
�

2n
d� 1

� d� 1
2

vertices such that the projection� 2 : R

d� 1 ! R

2 to the �rst two coordinates
preserves all vertices ofF . The polytope F is combinatorially equivalent to
a

�
d� 1

2

�
-fold product of

�
2n

d� 1

�
-gons.

Explicit matrix descriptions of deformed products ofn-gons with \large" 4-
dimensional projections are given in Ziegler [48] and Sanyal & Ziegler [44]
These can easily be adapted (indeed, simpli�ed) to yield explicit coordinates
for the polytopes of Theorem 6.6.

Some details for (2): We have to construct a dual zonotopeZ � with F as
a facet.

Lemma 6.7. Given a (d � 1)-polytope F with n facets, there is ad-dimen-
sional dual zonotopeZ � with n zones that has a facet a�nely equivalent
to F .

Proof. Let f x 2 R

d� 1 : Ax � bg be an inequality description ofF , and let
(� bi ; ai ) denote the i th row of the matrix ( � b; A) 2 R

n� d.

The n hyperplanesH i = f x 2 R

d : (� bi ; ai )x = 0g yield a linear arrange-
ment of n hyperplanes inR

d, which may also be viewed as a fan (polyhedral
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Figure 6.3: Shadow boundary of a centrally symmetric 3-polytope, on theright
displayed as its Schlegel diagram.

complex of cones). According to [47, Cor. 7.18] the fan is polytopal, and the
dual Z � of the zonotopeZ generated by the vectors (� bi ; ai ) spans the fan.

The resulting dual zonotopeZ � has a facet that isprojectively equivalentto F ;
however, the construction does not yet yield a facet that is a�nely equivalent
to F . In order to get this, we constructZ � such that the hyperplane spanned
by F is x0 = 1. This is equivalent to constructing Z such that the vertexvF

corresponding toF is e0. Therefore we have to normalize the inequality
description ofF such that

nX

i =1

(� bi ; ai ) = (1 ; 0; : : : ; 0):

The row vectors ofA positively span R

d� 1 and are linearly dependent, hence
there is a linear combination of the row vectors ofA with coe�cients � i > 0,
i = 1; : : : ; n, which sums to 0. Thus if we multiply the i th facet-de�ning
inequality for F , corresponding to the row vector (� bi ; ai ), by

� � i
nP

j =1
� j bj

;

then we obtain the desired normalization ofA and b.

Some details for (3): The following simple lemma provides the last part
of our proof; it is illustrated in Figure 6.3.

Lemma 6.8. Let P be a centrally symmetric 3-dimensional polytope and
let G � P be a k-gon facet. Then there exists a projection� G : R

3 ! R

2

such that � G(P) is a polygon with at leastk vertices.
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Proof. SinceP is centrally symmetric, there exists a copyG0 of G as a facet
of P opposite and parallel toG. Consider a projection� parallel to G (and
to G0) but otherwise generic and letnG be the normal vector of the plane
de�ning G. If we perturb � by adding � "n G, " > 0, to the projection
direction of � , parts of @Gand @G0 appear on the shadow boundary. SinceP
is centrally symmetric, the parts of@Gand @G0 appearing on the shadow
boundary are the same. Therefore perturbing� either by +"n G or by � "n G

yields a projection� G such that � G(P) is a polygon with at leastk vertices.

6.3 Dual zonotopes with 2D-shadows of size 

�
nd� 1

�

In this section we prove our main result, Theorem 6.2� , in the following
version.

Theorem 6.9. For any d � 2 there is ad-dimensional dual zonotopeZ �

on n(d � 1) zones which has a 2D-shadow with 
(nd� 1) vertices.

We de�ne a dual zonotopeZ � and examine its crucial properties. These are
then summarized in Theorem 6.12, which in particular implies Theorem 6.9.
Figure 6.4 displays a 3-dimensional example, Figure 6.7 a 4-dimensional ex-
ample of our construction.

6.3.1 Geometric intuition

Before starting with the formalism for the proof, which will be rather al-
gebraic, here is a geometric intuition for an inductive construction of Z � =
Z �

d � R

d, a d-dimensional zonotope onn(d � 1) zones with a 2D-shadow of
size 
( nd� 1) when projected to the �rst two coordinates. For d = 2 any
centrally-symmetric 2n-gon (i.e., a 2-dimensional zonotope withn zones)
provides such a dual zonotopeZ �

2 . The corresponding a�ne hyperplane ar-
rangementA 2 � R

1 consists ofn distinct points.

We derive a hyperplane arrangementA 0
3 � R

2 from A 2 by �rst consider-
ing A 2 � R , and then \tilting" the hyperplanes in A 2 � R . The hyperplanes
in A 2 � R are ordered with respect to their intersections with thex1-axis.
The hyperplanes inA 2 � R are tilted alternatingly in x2-direction as in Fig-
ure 6.5 (left): Each black vertex ofA 2 corresponds to a north-east line and
each white vertex becomes a north-west line of the arrangement A 0

3. For
each vertex in the 2D-shadow ofZ �

2 we obtain an edge in the 2D-shadow of
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Figure 6.4: A dual 3-zonotope with quadratic 2D-shadow, on the left with the
corresponding linear arrangement and on the right with its 2D-shadow.

the dual 3-zonotopeZ �
3

0 corresponding toA 0
3. Now A 3 � R

2 is constructed
from A 0

3 by adding a set ofn parallel hyperplanes toA 0
3, all of them close

to the x1-axis, and each intersecting each edge of the 2D-shadow ofZ �
3

0; see
Figure 6.5 (right).

A 2

A 0
3

H 3

Figure 6.5: Constructing the arrangement A 0
3 from A 2 (left) and A 3 from A 0

3
(right).

For generald, let H d � A d be the subarrangement of then parallel hyper-
planes added toA 0

d in order to obtain A d. Then A 0
d � R

d� 1 is constructed
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from A d� 1 � R by tilting the hyperplanes H d� 1 � R , this time with respect to
their intersections with the xd� 2-axis. The correspondingd-dimensional dual
zonotopeZ �

d
0 has 
( nd� 2) edges in its 2D-shadow and each of these 
(nd� 2)

edges is subdividedn times by the hyperplanes inH d when constructingA d,
respectivelyZ �

d . See Figure 6.6 for an illustration of the arrangementA 0
4.

Figure 6.6: The a�ne arrangement A 4 consists of three families of planes: The
�rst family A 0

3 � R forms a coarse vertical grid; the second family (derived from
H 3 � R by tilting) forms a �ner grid running from left to right; the l ast family H 4

contains the parallel horizontal planes.

6.3.2 The algebraic construction.

For k � 1, n = 4k + 1, and d � 2 we de�ne

b = ( k � i )0� i � 2k =

0

B
@

k
...

� k

1

C
A 2 R

2k+1 and

b0 =
�

i � k +
1
2

�

0� i � 2k� 1

=

0

B
@

� k + 1
2

...
k � 1

2

1

C
A 2 R

2k :

Let 0 ; 1 2 R

` denote vectors with all entries equal to 0, respectively 1, of
suitable size. For convenience we index the columns of matrices from 0 to
d � 1 and the coordinates accordingly byx0; : : : ; xd� 1. Let " i > 0, and for
1 � i � d � 1 let A i 2 R

n� d be the matrix with " i

� b
b0

�
as its 0-th column
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vector,
�

1

� 1

�
as its i th column vector,

�
1

1

�
as its (i + 1)-st column vector, and

zeroes otherwise. In the casei = d � 1 there is no (i + 1)-st column of Ad

and the �nal
�

1

1

�
-column is omitted:

A i =
�

0 1 � � � i � 1 i i +1 i +2 � � � d� 1

" i b 0 � � � 0 1 1 0 � � � 0

" i b0
0 � � � 0 � 1 1 0 � � � 0

�
2 R

(4k+1) � d:

The linear arrangement bA given by the ((d � 1)n � d)-matrix A whose hori-
zontal blocks are the (scaled) matrices� 1A1; : : : ; � d� 1Ad� 1 for � i > 0 de�nes
a dual zonotope by the construction of Section 6.1.2. Since the parameters� i

do not change the arrangementbA , any choice of the� i yields the same com-
binatorial type of dual zonotope, but possibly di�erent realizations. The
choice of the" i however may (and for su�ciently large values will) change
the combinatorics of bA and hence the combinatorics of the corresponding
dual zonotope. For the purpose of constructingZ � we set � = 1

n+1 , and
" i = � i = � i � 1. This choice for" i ensures that the \interesting" part of the
next family of hyperplanes nicely �ts into the previous family. Compare Fig-
ure 6.5 (right): The interesting zig-zag part of familyA i is contained by the
interval " i [� k � 1

4 ; k + 1
4] in x i -direction and by " i [� 1

4 ; 1
4 ] in x i +1 -direction;

since" i +1 = 1
n+1 " i we obtain " i +1 (k + 1

4) < " i
1
4 and the zig-zags nicely �t into

each other. For these parameters we obtain

A =

0

B
B
B
@

A1

�A 2
...

� d� 2Ad� 1

1

C
C
C
A

=

0

B
B
B
B
B
B
B
B
B
B
B
@

b 1 1

b0 � 1 1

� 2b � 1 � 1

� 2b0 � � 1 � 1

...
. . .

� 2(d� 2)b � d� 2
1

� 2(d� 2)b0 � � d� 2
1

1

C
C
C
C
C
C
C
C
C
C
C
A

: (6.2)

This matrix has size (d� 1)(4k+1) � d = n(d� 1)� d. The dual zonotopeZ � =
Z �

A has (d � 1)n zones and isd-dimensional sinceA has rank d. According
to Section 6.1.1, any pointx 2 R

d is labeled in bA by a sign vector� (x) =
(� 1; � 1

0; � 2; � 2
0; : : : ; � d� 1; � d� 1

0) with � i 2 f + ; 0; �g 2k+1 and � i
0 2 f + ; 0; �g 2k .

The following Lemma 6.10 selectsnd� 1 vertices of the corresponding a�ne
arrangementA .
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Lemma 6.10. Let H j 1 , H j 2 , . . . , H j d� 1 be hyperplanes inA , where eachH j i

is given by some rowaj i of A i , which is indexed byj i 2 f 1; : : : ; ng. Then the
d � 1 hyperplanesH j 1 , H j 2 , . . . , H j d� 1 intersect in a vertex ofA with sign
vector (� 1; � 1

0; � 2; � 2
0; : : : ; � d� 1; � d� 1

0) 2 f + ; 0; �g n(d� 1) with 0 at position j i

of the form

(� i ; � i
0) =

(
(+ � � � + 0 � � � � � ; � � � � � + � � � +) with sum 0 or

(+ � � � + � � � � � ; � � � � � 0 + � � � +) with sum 0
(6.3)

for eachi = 1; 2; : : : ; d� 1. Conversely, each of these sign vectors corresponds
to a vertex v of the arrangement. In particular,v is a generic vertex, i.e.,v
lies on exactlyd � 1 hyperplanes.

Proof. The intersectionv = H j 1 \ H j 2 \ � � � \ H j d� 1 is indeed a vertex since the
matrix minor ( aj i ;` ) i;` =1 ;:::;d� 1 has full rank. We solve the systemA0

� 1
v

�
= 0

to obtain v, whereA0 = ( aj i ) i =1 ;:::;d� 1. As we will see, the entire sign vector
of the vertex v is determined by its \0" entries whose positions are given by
the j i . Hence every sign vector agreeing with Equation (6.3) determines a
set of hyperplanesH j i and thus a vertexv of the arrangement.

To compute the position ofv with respect to the other hyperplanes we take
a closer look at a blockA i of the matrix that describes our arrangement. For
an arbitrary point x 2 R

d with x0 = 1 we obtain

A i x =
�

� i � 1b 1 1

� i � 1b0 � 1 1

�
0

@
1
x i

x i +1

1

A :

This is equivalent to the 2-dimensional(!) a�ne arrangement shown in Fig-
ure 6.5 on the left. We will show that ifx lies on one of the hyperplanes and
if jx i +1 j < 1

4 � i � 1, then x satis�es the required sign pattern (6.3).

We start with an even simpler observation: Ifx0 lies on one of the hyper-
planes and hasx0

i +1 = 0 (so in e�ect we are looking at a 1-dimensional a�ne
hyperplane arrangement), then there are:

I 2k \positive" row vectors aj of A i with aj x0 > 0,

I 2k \negative" row vectors aj of A i with aj x0 < 0, and

I one \zero" row vector corresponding to the hyperplanex0 lies on.

The order of the rows ofA i is such that the signs match the sign pat-
tern of (� i ; � i

0) in (6.3). Since the values in� i � 1b and � i � 1b0 di�er by
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at least 1
2 � i � 1 we have in factaj x0 � 1

2 � i � 1 for \positive" row vectors and
aj x0 � � 1

2 � i � 1 for the \negative" row vectors of A i . Hence we have

jaj x0j � 1
2 � i � 1:

If we now consider a pointx with jx i +1 j < 1
4 � i � 1 on the same hyperplane

as x0, then jx i
0 � x i j = jx i +1 j < 1

4 � i � 1. For the row vectorsaj with aj x0 6= 0
we obtain:

jaj xj � j aj x0j � j aj (x � x0)j

� 1
2 � i � 1 � (jx i � x i

0j + jx i +1 � x i +1
0j)

> 1
2 � i � 1 � 1

4 � i � 1 � 1
4 � i � 1 = 0:

Hence the sign pattern ofx is the same as the sign pattern ofx0.

To conclude the proof we show that the required upper boundjvi +1 j < 1
4 � i � 1

holds for the coordinates of the selected vertexv. For all i 0 = 1; 2; : : : ; d � 2
the inequality aj i 0

� 1
v

�
= 0 directly yields the bound jvi 0j � k� i 0� 1 + jvi 0+1 j.

Further aj d� 1

� 1
v

�
= 0 implies jvd� 1j � k� d� 2 and thus recursively

jvi +1 j � k� i + jvi +2 j � k� i + k� i +1 + jvi +3 j

� � � � � k� i + k� i +1 + � � � + jvd� 1j � k
d� 2X

l= i

� l < k� i
1X

l=0

� l

=
k� i

1 � �
=

k
4k + 1

� i � 1 <
1
4

� i � 1:

The selected vertices of Lemma 6.10 correspond to certain vertices of the
dual zonotopeZ � associated to the arrangementA . Rather than proving
that these vertices ofZ � survive the projection to the �rst two coordinates,
we consider the edges corresponding to the sign vectors obtained from Equa-
tion (6.3) by replacing the \0" in ( � d� 1; � 0

d� 1) by either a \+" or a \ � ", and
their negatives, which correspond to the antipodal edges.

Lemma 6.11. Let S be the set of sign vectors� (� 1; � 1
0; : : : ; � d� 1; � d� 1

0) of
the form

(� i ; � i
0) =

(
(+ � � � + 0 � � � � � ; � � � � � + � � � +) with sum 0 or

(+ � � � + � � � � � ; � � � � � 0 + � � � +) with sum 0

for 1 � i � d � 2 and

(� d� 1; � d� 1
0) = (+ � � � + � � � � � ; � � � � � + � � � +) with sum � 1:

Then the sign vectors inS correspond to 2nd� 2(n + 1) edges ofZ � , all of
which survive the projection to the �rst two coordinates.
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Proof. The sign vectors ofS indeed correspond to edges ofZ � since they
are obtained from sign vectors of non-degenerate(!) vertices by substituting
one \0" by a \+" or a \ � ".

Further there are 2nd� 2(n +1) edges of the speci�ed type: Firstly there aren
choices where to place the \0" in (� i ; � i

0) for each i = 1; : : : ; d � 2, which
accounts for the factornd� 2. Let p be the number of \+"-signs in � d� 1. Thus
there are 2k + 2 choices forp, and for each choice ofp there are two choices
for � d� 1

0, except forp = 0 and p = 2k +1 with just one choice for� d� 1
0. This

amounts to 2(2k + 2) � 2 = n + 1 choices for (� d� 1; � d� 1
0). The factor of 2 is

due to the central symmetry.

Let e be an edge with sign vector� (e) 2 S. In order to apply Lemma 1.11 we
need to determine the normals to the facets containinge. So letF be a facet
containinge. The sign vector� (F ) is obtained from� (e) by replacing each\0"
in � (e) by either \+" or \ � "; see Lemma 6.4. For brevity we encodeF by a
vector � (F ) 2 f + ; �g d� 2 corresponding to the choices for \+" or \� " made.
Conversely, there is a facetF� containing e for each vector� 2 f + ; �g d� 2,
sincee is non-degenerate.

The supporting hyperplane forF is a(F )x = 1 with a(F ) = � (F )A being a
linear combination of the rows ofA. We compute thei th component ofa(F )
for i = 2; 3; : : : ; d � 1:

a(F ) i = ( � (F )A) i = (( � i � 1; � 0
i � 1)A i � 1) i + (( � i ; � 0

i )A i ) i

= � i � 2(� i � 1; � 0
i � 1)

�
1

1

�
+ � i � 1(� i ; � 0

i )
�

1

� 1

�

Since we replace the zero of (� i � 1; � 0
i � 1) by � (F ) i � 1 in order to obtain � (F )

from � (e) we have (� i � 1; � 0
i � 1)

�
1

1

�
= � (F ) i � 1. Since

�
�(� i ; � 0

i )
�

1

� 1

� �
� is at most n

it follows that

I a(F ) i � � i � 2 � n� i � 1 = � i � 1 > 0 holds for � (F ) i � 1 = + and

I a(F ) i � � � i � 2 + n� i � 1 = � � i � 1 < 0 holds for � (F ) i � 1 = � .

In other words, we have fori = 2; 3; : : : ; d � 1:

signa(F ) i = � (F ) i (6.4)

It remains to show that the last d � 2 coordinates of the 2d� 2 normals of the
facets containinge, that is, the facets F� for all � 2 f + ; �g d� 2, span R

d� 2.
But Equation (6.4) implies that each of the orthants of R

d� 2 contains one
of the (truncated) normal vectors (a(F� ) i ) i =2 ;:::;d� 1. Hence the (truncated)
normals of all facets containinge positively span R

d� 2 and e survives the
projection to the �rst two coordinates by Lemma 1.11.
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This completes the construction and analysis ofZ � . Scrutinizing the sign
vectors of the edges speci�ed in Lemma 6.11 one can further show that these
edges actually form a closed polygon inZ � . Thus this closed polygon is the
shadow boundary ofZ � (under projection to the �rst two coordinates) and its
projection is a 2nd� 2(n +1)-gon. This yields the precise size of the projection
of Z � . The reader is invited to localize the edges corresponding to the closed
polygon from Lemma 6.11 and the vertices from Lemma 6.10 in Figures 6.5
and 6.6.

The following Theorem 6.12 summarizes the construction ofZ � and its prop-
erties. Our main result as stated in Theorem 6.9 follows. Figure 6.4 displays
a 3-dimensional example, Figure 6.7 a 4-dimensional example.

Figure 6.7: Two di�erent projections of a dual 4-zonotope with cubic 2D-
shadow. On the left the projection to the �rst two and last coo rdinate (clipped in
vertical direction) and on the right the projection to the �r st three coordinates.

Theorem 6.12. Let k and d � 2 be positive integers, and letn = 4k+1. The
dual d-zonotopeZ � = Z �

A corresponding to the matrixA from Equation (6.2)
has (d� 1)n zones and its projection to the �rst two coordinates has (at least)
2nd� 1 + 2nd� 2 vertices.

Remark 6.13. As observed in Amenta & Ziegler [1, Sect. 5.2] any result
about the complexity lower bound for projections to the plane (2D-shadows)
also yields lower bounds for the projection to dimensionk, a question which
interpolates between the upper bound problems for polytopes/zonotopes
(k = d� 1) and the complexity of parametric linear programming (k = 2), the
task to compute the LP optima for all linear combinations of two objective
functions (see [14, pp. 162-166]).

In this vein, from Theorem 6.9 and the fact that in a dual of a cubical
zonotope every vertex lies in exactlyf k((d � 1)-cube) =

� d� 1
k

�
2k di�erent

k-faces (fork < d ), and every such polytope contains at mostnd� 1 faces of
dimensionk, one derives that in the worst case �(nd� 1) faces of dimension
k � 1 survive in akD-shadow of the dual of ad-zonotope withn zones.
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