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Introduction

The construction of\interesting" combinatorial and geoméric polyhedral sur-

faces and polytopes is the main subject of this thesis. On theay we develop
some new methods for the study of projection problems of pedypes and for
the analysis of the realization spaces of polytopes as wedl polyhedral sur-
faces obtained via projections.

The starting point of our investigation of polyhedral surfaes were the two ar-
ticles by McMullen, Schulz & Wills [36,37] on equivelar suaices and polyhe-
dral surfaces of\unusually large genus" from the 1980ies their rst article
they propose di erent techniques to realize surfaces viadimensional poly-
topes and give explicit constructions for certain paramete f p; og, wherep
denotes the size of the polygons and the degree of the vertices. In the
second article they construct three families of equivelargbyhedral surfaces
of typesf3;qg, f4;qg, andfp;4gin 3. These surfaces have an astonishingly
large genus. More precisely, the surfaces have a genus okofd(nlogn) on
only n vertices. Further, they are constructed explicitly in 2 with planar
polygon faces and without self-intersection.

From the combinatorial point of view, the maximal genus of awgface onn
vertices is of orderO(n?). All the polyhedral surfaces of McMullen, Schulz &
Wills in 3 have either vertex degree or polygon size of less than 5. This
leads to a question of Brehm and Wills |13, Sect. 4.2] whetheolyhedral
surfaces of vertex degreand polygon size of at least 5 may be embedded
in 3. Furthermore, little is known about the realization spacesf polyhedral
surfaces. Brehm[]10] announced a universality theorem foolghedral sur-
faces but even for special families of polyhedral surfaces wnly have very
nave approaches.

At that time, McMullen, Schulz & Wills did not know the neighborly cubical
polytopes (NCP) of Joswig & Ziegler [29] or the projected deformed prod-
ucts of polygons PPP) of Sanyal & Ziegler [44] which we use to construct
polyhedral surfaces. These polytopes have many very intsting properties:

I First of all, they are neighborly, that is, the d-dimensional NCP resp.
PPP has the b%c—skeleton of the corresponding high dimensional cube
resp. product of polygons. Both polytopes are obtained by pjections of

1



2 Introduction

particular deformed realizations of the cubes resp. prodiscthat retain the
required skeleta. So they are a manifestation afimensional ambiguity
which is studied since the 1960ies with the cyclic polytopess its most
prominent example.

| Secondly, the 4-dimensionaNCPs and the PPPs both are relevant to the
study of the space of -vectors of 4-dimensional polytopes. A major open
guestion in this line of research is whether théatness of 4-polytopes is
bounded or not, and both theNCPs (2000) and thePPPs (2004) are poly-
topes with large fatness 5 " resp. 9

| Thirdly, the NCPs and thePPPs both contain interesting families of poly-
hedral surfaces. The surfaces in the 4-dimensional neighlyaubical poly-
topes are the Hamiltonian surfaces described by Coxeter [End later by
Ringel [41], as observed in |28]. The polyhedral surfacesitaned in the
4-dimensionalPPPs are analyzed in Chaptells.

| Finally, the polytopes used in the constructions of botiNCPs and PPPs
involve projections of deformed products of intervals to dhin the NCPs
and of polygons to obtain thePPPs. These deformed polytopes are also
worst case examples for linear programming.

After having introduced the basic objects
and methods inChapter 11we present two
new methods concerning projections of poly-
topes and their realization spaces. In the
rst part of Chapter 2] we build a bridge
between the projection problems and em-
bedding problems via Gale duality. A pro-
jection of a polytope preserving a certain
subcomplex gives rise to a simplicial com-
plex embedded in the boundary of an asso-
ciated polytope. We will use the contraposi-
tion, that is, if the associated subcomplex cannot be embeeld into a sphere
of a certain dimension (the boundary of the associated polype) then there
exists no realization of the polytope such that a projectiopreserves a given
subcomplex. As a rst application of this scheme we use the nelanarity
of the complete bipartite graph on 3 + 3 vertices to show that lte product
of two triangles may not be projected to the plane preservingll 9 vertices.
Our main tool to show the non-embeddability of the associatesimplicial
complexes into spheres is the Sarkaria coloring/embeddinigeorem, which
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is a combinatorial criterion based on colorings of Kneser aphs. In view of
the constructions known for dimensionally ambiguous polgpes, projections
preserving entire skeleta are of particular interest. Thispecial case is treated
at the end of Section 21 where we derive a combinatorial uppleound on
the target dimension of a projection of the form: If the targedimension is
smaller than the given bound then the projection cannot presve the de-
sired skeleton. In the second section &hapter Z_1we describe a new way
to parametrize the realization spaces of simple polytopeddany polytopes
studied in this thesis are projections of high dimensionaimsple polytopes.
Unfortunately, it is not clear how the usual parametrization of their realiza-
tions via facet normals behaves under projections, sinceegy modi cation
of a single facet normal changes the coordinates of many vees. So our
approach is to give a new parametrization of the realizatiogpace of a sim-
ple polytope via certain subsets of the vertices. These a nsupport sets
are a nely independent restricted to every facet inevery realization of the
polytope. Thus every small perturbation of the vertices oftte a ne support
set yields a new realization of the simple polytope. So the @alinates of the
vertices of the a ne support set yield parameters of a part othe realization
space of the simple polytope. This parametrization is suiteto understand-
ing the dimension of the realization space (moduli) of the pjected polytope:
Modi cations of the vertices of the a ne support set orthogonal to the direc-
tion of projection become modi cations of the projected veices. Further,
this parametrization also yields moduli for arbitrary subomplexes that are
preserved by a projection. In Section 2.2.3 we apply this netgchnique to
the surfaces of Ringel, which may be obtained by a projectiaf a deformed
high-dimensional cube.

i As mentioned earlier, the projected defor-

med products of polygons PPPs) are in-

o o teresting polytopes with respect to various

problems: dimensional ambiguity, fatness,

« ° : w polyhedral surfaces, and complexity of lin-

ear programming. One curiosity about the

construction of the PPPs is that it only

works for products ofeven polygons. In

. s the rst section of Chapter 3] we pro-
& 94 vide a systematic approach to non-project-
ability of skeleta of products of polytopes

that leads to a \knapsack-type" integer program. The optimévalue of this
integer program serves as a lower bound on the embeddabildymension of



4 Introduction

the skeleton complex, which is a subcomplex of the assoc@tmplex intro-
duced in Sectior.2.1]1. We use this method to prove the nonepectability

of skeleta of products of odd polygons and of products of odddh even
polygons. These results complement the previous projectbly results for

products of even polygons of Ziegler [48] and Sanyal & Zieg[d4]. They
also generalize the well known fact that the projection of # product of two
odd polygons to the plane cannot preserve all the vertices.nAther general-
ization of the projection of two triangles to the plane preswing all vertices

is the projection of products of simplices preserving enérskeleta. Again us-
ing the methods developed in Sectidn 2.1, we are able to giveper bounds
on the target dimension of the projection to make a projectio preserving
the skeleton impossible. This result may also be interpredeas a relative
of the Flores{Van Kampen Theorem which deals with the (topalgical) em-
beddability of skeleta of simplices. As we will see, we arelalio reuse the
projectability results on products of simplices for proje@ns of polyhedral

surfaces in wedge products in Sectidn 4.4.

The starting point of Chapter 41 were the
equivelar polyhedral surfaces of typép;4g
of McMullen, Schulz & Wills [37] with p-
gon faces and vertex degree 4. These sur-
faces are contained in a new kind of poly-
tope constructed from two polytopes|the
wedge product. This class of polytopes is
dual to the wreath products of Joswig &
Lutz [27] and may be obtained by iterating
the subdirect sum construction of McMullen[[35]. We provida de nition
by an inequality system, which combines the inequality systs of the two
constituents. Later we observe that there is also a purely otinatorial de-
scription, which may serve as a de nition as well. The wedger@duct of
ap-gonand a @ 1)-simplex contains a family of regular surfaces witlp-
gon faces and vertex degreeg2 These surfaces generalize the surfaces of
McMullen, Schulz & Wills of type f p;4g and the surfaces of typd 3; 2qg of
Coxeter [15]. Since they are subcomplexes of the wedge praiduve are able
to realize the surfaces in ® by a lemma about projections of 2-dimensional
complexes by Perles. Moreover, we obtain another way of reahg the sur-
faces of typef p;4g in 2 by projecting a deformed wedge product of p-gon
and an interval. As a bene t of our construction we are able t@ive a lower
bound on the number of moduli of the projected surfaces by ugj the new
methods developed in Section 2.2. In Section 4.3.3 we constr4-polytopes
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with prisms over the surfaces in their boundary. This allowsis to use poly-
tope duality to obtain realizations of the dual surfaces inte boundary of the
dual 4-polytope. Consequently, we may realize the dual sades in 2 as well
via Schlegel projection. (Un)fortunately, we are able to @sour results about
the projectability of skeleta of products of simplices of $#on [3.3 to deduce
the following for the wedge product surfaces: Fop 4 andq 3 there
exists no realization of the corresponding wedge product@uthat the sur-
face survives the projection to the boundary of a 4-polytope~or Coxeter's
surfaces of typef 3; 2qg our methods did not yield any new results.

y The quadrilateral surfaces constructed by
McMullen, Schulz & Wills [37] (MSW sur-
faces) are equipped with three parameters:
the vertex degree, and two parameters aris-
ing from the torus symmetry. The construc-
R tion is performed entirely in 2 using great

geometric intuition and the symmetry of the
standard (m n)-torus. In Chapter 51we
identify these surfaces as subcomplexes of
products of polygons. This leads to the generalized MSW sades contained
in the 2-skeleton of the product of polygons described in Sen 5.1.2. These
surfaces provide a large number of parameters and includestbriginal MSW
surfaces as well as the surfaces described in terms of thgimsetry group
by Coxeter [15]. Another family of surfaces containing allpolygon" faces
and some quadrilateral faces of the product is constructed the subsequent
section. Both families of surfaces may be realized in the budary of a 4-
polytope and in 2 via an orthogonal projection of a suitable deformed real-
ization of the product of polygons. Hence we are able to appliie methods
of Section[Z.2 to obtain a large number of moduli despite thadt that the
surfaces neither have vertices of degree three nor triandéees. Further, the
surfaces of the second family are the rst to achieve an aveya vertex de-
gree and an average polygon size larger than 5 embedded hwith planar
convex faces. This gives an a rmative answer to a variation fothe question
of Brehm & Wills [13, Sect. 4.2] asking for the existence of &u polyhedral
surfaces with large vertex degreand large polygon size in 3. As for the
surfaces contained in the projected wedge products, we argaa able to
construct 4-polytopes with the prisms over the surfaces irheir boundaries.
Hence we obtain realizations of the dual surfaces ir® as well.
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Vi A particularly interesting family of zono-
V. \ topes are the \Ukrainian Easter eggs" from
Eppstein's online\Geometry Junkyard" [18].
4 These zonotopes have a large 2-dimensional
‘%‘ section: The Ukrainian easter egg generated
\ by n vectors, that is, with n zones, has a
\ ,‘ central 2-dimensional cut with (n?) sides.
\/ This is optimal in dimension 3 since a zono-
tope onn zones has at mosD(n?) facets.
Dually, the duals of the Ukrainian Easter eggs have a projecin to the plane
that has ( n?) vertices. In Chapter 8]we provide two constructions of high-
dimensional dual zonotopes that have 2-dimensional projemns with many
vertices: The rst construction is based on the projected dermed products
of polygons. It yields ad-dimensional dual zonotope withn zones whose
projection to the plane has (n(@ Y72) vertices. In Section[6.B we construct
another d-dimensional zonotope om zones such that the projection to the
plane has (nY 1) vertices. This is the maximal asymptotic bound for xed
dimension, since the number of vertices of a dual zonotopeaso O(n? 1).
The construction is also relevant to the arrangement methotbr linear pro-
gramming proposed by Koltun[[30]. This method transforms ariear program
into a linear program on an arrangement polytope, that is, arear program
on a dual zonotope.

Co-authors

The new methods of Chaptell2 were developed together with Ram Sanyal
(Section[2.1) and Gunter M. Ziegler (Section[2.2). Chaptef3 on topological
obstructions to projections of polytope skeleta is joint wik with Raman
Sanyal. The polyhedral surfaces and wedge products of Chap#l have been
worked out together with Geinter M. Ziegler. The nal Chapter 6 was written
in collaboration with Nikolaus Witte and Geinter M. Ziegler and is published
in Discrete & Computational Geometry (Online rst) [42].



Chapter 1

Basics

In this chapter we introduce the basic concepts of this thesiand give ref-
erences to the relevant literature for further reading. Althe important def-
initions are marked by De nition , whereas other basic concepts are only
emphasizedn the text. Forn2 wedene|n]:=f0;1;, ;n 1g. Thisis
most suitable for calculating modulon.

1.1 Polytopes

In this section we provide some basic notions about convexIpmpes used
throughout this thesis. We will introduce some notation andvays of speak-
ing without giving an exhaustive list of basic de nitions. For a thorough
treatment of polytopes we refer the reader to the books of @nbaum [25]
and Ziegler [47].

There are an interior and an exterior de nition of a polytope They are
equivalent by the Minkowski{Weyl Theorem [47, Thm. 1.1, p. 2]:

Interior/ V-description: A polytopeP dis the convex hull of a nite
set of pointsV = fvg;:::;Vh 10 d.

P = conv(V)=conv(fvy;:::;Vy 10):

Exterior/ H-description: A polytopeP dis the bounded intersection
of a nite number of halfspacesh! = fx2 9jax hg:

m 1
P = ht =fx2 9jax hbfori=0;:::;m 1g
i=0
The dimension of a polytope is the dimension of its a ne hull. If not stated
otherwise, we always consider full-dimensional polytopds d that is,

the dimension of the polytope coincides with the dimensionf the ambient
space. Ad-dimensional polytope is called al-polytope for short.

7



8 Basics

A face G of a d-polytope P 4 is the intersectionG = P\ h of the
polytope P with a (valid/admissible) hyperplane h, = fx 2 9] cx = ¢g
with cx ¢ for all x 2 P. The dimension of the faces is the dimension of
its a ne hull.

The 0-dimensional faces oP are the vertices denoted by V = vert( P).

setn]= f0;:::;n 1g or the coordinate matrixV 2 ¢ " whose columns
contain the coordinates of the corresponding vertices. THacetsof P are the
(d 1)-dimensional faces. A facef will often be identi ed with its de ning
hyperplaneh; = fx 2 9jax hg as given in the exteriorH-description
or just with an index i 2 [m] = f0;:::;m 1gsuch thatF = P\ h;. The
empty set; and the entire polytopeP are also faces of the polytope. The
number of k-dimensional facesK-faces) of a polytope is denoted by (P).
The vectorf (P) := (f|<(P))‘li':(,1 2 9is the f -vector of the polytope.

Each faceG of P is uniquely determined by the subsetVs :=vert(P)\ G

of the vertices of P contained in G, such that G = conv(Vg). The set of
facets containing a faceG is denoted byHg = fF j F facetG Fa.

This set-l-also determines the fac& uniquely as intersection of facets, that
is,G= fF jF 2 Hgg. If we identify the vertices with [n] and the facets
with [m] then Vs [n] andHg [m].

The combinatorial structure of ad-polytope P with n vertices andm facets
is captured in its face lattice L (P). Its elements are the faces d? partially
ordered by inclusion. We may also construct the face lattidey ordering the
vertex sets of the face¥s [n] by inclusion or the sets of facet$élg [m]
containing a given face by reverse inclusion. &-polytope issimple if every
vertex is contained in exactlyd facets, that is, ifjH,j = d for every vertexv.
A ag of ad-polytope is a sequence of face@;()ﬁzol such that Gy is ak-face
and Gy ;1 Gyfork=1;:::;n 1.

Two polytopes P and Q are combinatorially isomorphic if their face lat-
tices L(P) and L(Q) are isomorphic lattices. This leads to our rst new
de nition.

De nition 1.1  (Combinatorial type/ d-type). The combinatorial type or d-
type P of ad-polytope P consists of all polytopes combinatorially equivalent
to P. We call every such polytopeP a realization of the combinatorial type

(d-type) P.

We will denote combinatorial types by script letters and th& corresponding
realizations by normal letters, e.gP is a realization of P. All combinato-
rial properties of the realizations will also be assigned tilve corresponding
combinatorial types.
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The space of all realizations of a gived-dimensional combinatorial typeP

with n vertices in ¢ is the realization spaceR(P) of P. The realization
spaceR (P) may be interpreted as a subspace of"® by identifying the n d

coordinates of the vertices of a realizatioR of P with a pointin "9, It may

easily be described by a set of polynomial equations (vanisg determinants
for vertices on one facet) and strict inequalities for conw#y. Such sets
given by polynomial equations and strict polynomial inequéies are called
primary basic semialgebraic sets. The universality theomes of Mnev [38]
and Richter-Gebert [40] state that every primary basic seraigebraic set is
stably equivalent to the realization space of al-polytope ond + 4 vertices
(Mnev) or the realization space of a 4-polytope (Richter-Geb@r

The local dimension of the realization space of a combinatal type P is the
number of moduli. For example, every realizationP of a simple d-type P
hasd fgq 1(P) moduli since every small perturbation of the facet normals
yields another realization of the same combinatorial typeSo the realization
space of a simplal-type has dimensiond f4 1(P) (everywhere).

1.2 Gale transform

Gale transformation is a simple linear algebra method to trasform one se-
guence of vectors into another. (The linear algebra behindak transforma-
tion is described in Matowsek [33, Ch. 5.6]. Another introdction to Gale
transforms with a special focus on the link to matroid duali is given in
Ziegler [47, Ch. 6].) In polytope theory it is used to study lgh dimensional
polytopes with few vertices. We use it to construct vector gogurations
needed for our projection problems.

Since the choice of basis for the orthogonal complement okthow space oV
is arbitrary, the Gale transform of a sequence of points is ndetermined
up to linear isomorphism.

Since the sequences of point¢ and G are linked by orthogonal comple-
ment, the a ne values of V correspond to the linear dependencies & [33,
Lemma 5.6.2, p. 110] and the linear values @ are the a ne dependencies
of V. This allows us to read o various properties of the con guréon V
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from the con guration G and vice versa. We may, for example, determine
whether the points ofV are in convex position.

a set of points in ¢ with rank( j )=d+land G=(go;:::;0 1) its Gale
transform. Then thev; are the vertices of a convexi-polytope if and only if
there existsno oriented hyperplane containing at most one of the vectorg
on its positive side.

The Gale transform of a polytope allows us to recover the endi facial struc-
ture of the polytope via the following dictionary. There areof course more
properties to read o the Gale transform but we only state theones important
for our further investigations.

Proposition 1.4 (Gale transform dictionary [33]) Let P be ad-polytope
with vertices V = (Vvp;:::;Vy 1) and G = (go;:::; ¢ 1) its Gale transform
in " 9 1 Then there is the following correspondence between the tieesyv;
and the correspondingy;:

1. The set of verticesfv; ji 2 | [n]g with jlj = d+ 1 is anely
independent if and only iffg j i 62 g is linearly independent.

2. F =conv(fvi ji 21 [n]g) is a face ofP if and only if the comple-
ment of the corresponding vector§g j i 62 g is positively dependent.

3. F = conv(fvi,;:::; v, 0) is a simplicial face ofP if and only if the

in " 91 Then the vertices (;0;:::;0%) = ( *; 2 ;i 0 ) are the

RIS

pyramid consists ofn + 1 vectors in "*1 (@) 1 that is, the same ambient
dimension as the Gale transform of the polytop®. Since the polytopeP
itself is a face of the pyramid pyrP) we obtain § = . Further for every

is a Gale transform of pyrf). A pyramid over a 5-gon and its Gale diagram
are shown in Figure_L1.

1.3 Polyhedral surfaces

There are many di erent ways used to describe surfaces, foxample poly-
hedral maps, which may be given by a graph on a surface, or cetimplexes
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Figure 1.1: A pyramid over a 5-gon and its Gale diagram. The 0-vector in the
Gale diagram is indicated by the point in the center.

with intersection property (see the handbook articles of Bshm & Wills [13]
and Brehm & Schulte [12] for further discussion and referees). Since we
are heading for realizations of certain combinatorial typeof surfaces we con-
sider the following complexes whose topology is determinby its face poset
as described by Bgrner in [5]. So a polytopal complex is given by a poset
whose intervals are isomorphic to posets of polytopes. We dot require that

a polytopal complex has any realization as in the de nition ba polyhedral
complex given by Ziegler([47, p. 127].

De nition 1.6  (Polyhedral surface) A polyhedral surfaceS is a 2-dimen-
sional polytopal complex homeomorphic to a connected 2-miésid without
boundary, that is, S is a polytopal complex satisfying the following condi-
tions:

1. S is connected,
2. the star of every vertex is homeomorphic to a 2-ball, and
3. every edge of is contained in exactly two polygons.

The face lattice L (S) of a polyhedral surfaceS is obtained by ordering the
faces of the vertices, edges, and polygons by inclusion artthehing a unique
minimal and maximal element. Thedual surfaceS is given by the dual
face lattice, that is, by reversing the order of the face laite L(S). The
polygons of the surfacé& correspond to vertex gures of the dual surfac§ ,
and vice versa. So the dual of a polyhedral surface is again alyhedral
surface. If the polygons may be oriented such that each edddlte polyhedral
surface is oriented in di erent direction in the two adjacen polygons, then



12 Basics

the polyhedral surface isorientable The Euler characteristic of a surface
is (S)=fo fi+f,, where fo;f1;f,)isthef -vector of the surface, thatisS
hasf, vertices,f, edges, and', polygons. Thegenusg(S) of an orientable
polyhedral surface may easily be calculated from its Euleharacteristic:
aS)=2 2 (S).

Most of the surfaces described in this thesis are of a partian type of poly-
hedral surfaces given by the next de nition.

De nition 1.7  (Equivelar surface of typefp;ag). A polyhedral surface is
equivelarof type f p; ag if all its faces arep-gons and every vertex is incident
to exactly g of thesep-gons.

We consider equivelar surfaces as abstract surfaces thatedenot have any
realization. The automorphism groupAut(S) of a polyhedral surface is the
subgroup of the vertex permutations inducing an automorpkm on the face
lattice L(S). This leads to the following de nition.

De nition 1.8 (Regular polyhedral surfaces) A polyhedral surfaceS is
regular if its automorphism group acts transitively on the ags ofS.

A realization S of a polyhedral surfaceS is an embedding of the surface in
some 9 with planar convex polygons. The space of all realizations a poly-
hedral surfaceS in some 9 is the realization spaceR(S;d) of the surface.
In contrast to polytopes the polyhedral surfaces do not hawe natural ambi-
ent space, so we have to introduce an additional parametdr Topologically,
every orientable surface may be embedded if and every non-orientable sur-
facein #. But for orientable polyhedral surfaces the realization siceR (S; 3)
may be empty: Bokowski & Guedes de Oliveira[8] proved that enpartic-
ular triangulated surface of genus 6 with the complete grapbn 12 vertices
cannot be realized in 3. Using a similar approach Schewé [45] was able to
show that none of the triangulations of a surface of genus 6til2 vertices
may be realized in 2 with a more sophisticated algorithm in combination
with faster computers. On the other hand, Brehm[10] annourd a theorem
on the universality of polyhedral surfaces (see Ziegler JJ9that is, every
primary basic semialgebraic set is stably equivalent to theealization space
of a polyhedral surface. If there exists a realizatioB d of a polyhedral
surfaceS, then we may ask for the local dimension of the realization ape
in the vicinity of S. This dimension of the realization space close to a given
realization S is the number of moduliM (S; d) of the realization S.
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1.3.1 Nareve estimate on the number of moduli

The nave way to estimate the number of moduli for a realizatior of a
polyhedral surfaceS is to count the \degrees of freedom" and subtract the
number of \constraints”. The idea is the following: Every vetex embedded
in some ¢ hasd degrees of freedom. Now the generic constraints mimic the
behavior of a generic system of linear equations. They arevgn by generic
equations, that is, the equations de ne co-dimension 1 hypsurfaces that
are stable under perturbations of the coe cients of the de nng equations.
Hence everyk generic constraints should intersect in a set of co-dimensik.

We adapt this nave approach to our problem of embedding surfaces. If the
surface is embedded in¢ then every vertex hasd degrees of freedom making
a total of d fo(S) degrees of freedom. The constraints originate from the
planarity of the faces. These constraints are generic sine® start with an
embedding of the surface and consider only small perturbats of the ver-
tices. To guarantee the planarity of the polygons we consida triangulation
of the surface. This triangulation induces a triangulationon every p-gon
face withp 3 diagonals (non-polygon edges). If the two triangles adjewt
to each of the diagonals in the triangulation of thep-gon are coplanar then
the entire p-gon is also planar. Since a 2-dimensional subspacedegpace
Is the intersection ofd 2 hyperplanes, we need 2 constraints to assure
that two neighboring triangles are coplanar. Summing up ovell diagonals
of all p-gons we obtain § 2)(fg(S) 3f2(S)) constraints, wheref g,(S)
counts the number of vertex-polygon incidences. Thus the «v& \degrees of
freedom minus number of constraints" count yields the foll@ing estimate for
the number of moduli of a realizationS of the polyhedral surfaceS:

M (S;d do(S) (d 2)(fe(S) 3f2(S))
= do(S) 2(d 2)fi(S)+3(d 2)f(S);

sincefgo(S) = f12(S) = 21 1(S). For orientable surfaces we can express the
above estimate in terms of the genus:

M(S;d)  4d 2)+(d 2)fx(S) (d 4)fo(S) 4d 2)9(S)

since (S) =2 29(S) = fo(S) f1(S)+ fo(S). For surfaces in 3 this
amounts to:

M(S;3)  3fo(S) 2f1(S)+3f4(S) (1.1)
=4+ 15(S)+ fo(S) 49(S):
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Figure 1.2: The 3 3-torus.

Thus if the genus of the surface is asymptotically larger thathe number
of vertices and facets then we expect the surface to have fevoduli or no

moduli at all. The f -vector of an equivelar surfac&,q of type f p; ag with 2np

vertices isn(2p; pg;2q). If realized in 3 then the estimate for the number of
moduli of a realizationS, is:

M(Spq;3) n(BB 2p 2 pg+3 20)=2n(Ep+3q po:

For triangulated surfaces (i.e. equivelar surfaces of tydé; qg) in 3 we know
that the number of moduli is 3 fo(Ss) 15. This coincides with the above
estimate for equivelar surfaces of typ€3; gqg. We also observe that ifp and g
are large then the estimated number of moduli becomes negati Hence
one could expect that those surfaces do not have any non-tia moduli (i.e.
moduli which do not come from projective transformations).

Remark 1.9. Every embedded surface always allows for small projective
transformations. As we are interested in asymptotic resudtfor families of
surfaces we omit this additive constant obtained from xinga projective basis
chosen from the vertices.

As we will see in Chaptef 4 and Chaptdr]5, particular realiz&ins of surfaces
with large polygon size or large vertex degree may nonethsdehave many
moduli.

This is captured in a meta-theorem of Crapo [17] saying thathe number
of moduli of a con guration is \the number of degrees of freean of the
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Figure 1.3: Survival of a faceF in the projection to the rst coordinate. The
right vertex of the interval is not strictly preserved.

vertices minus the number of generic constraingslus the number of hidden
(incidence) theorems' For the (3  3)-torus shown in Figure[1.P we know
that if 8 of the 9 quadrilaterals are planar, then the 9th quadlateral is also
planar. So one of the planarity conditions is super uous (geBokowski &
Sturmfels [9, p. 72] for a proof and references). In the casktbe (3 3)-
torus the Desargues Theorem is the incidence theorem that itigs that the
ninth quadrilateral is planar.

1.4 Projections and linear algebra

A linear projection may map thek-faces of a polytopd® to k-faces of (P),
to lower dimensional faces of (P), to subsets of faces of (P), or into the
interior of (P). We restrict ourselves to the nicest case atrictly preserved
faces as de ned by Ziegler [48].

De nition 1.10  (Strictly preserved faces) Let P 4 be a polytope and
Q = (P) be the image ofP under the a ne projecton map : 9! ¢
A proper faceF of P is strictly preservedby if

(D1) (F) is a face ofQ,
(D2) (F) is combinatorially equivalent toF, and
(D3) the preimage ( (F))\ PisF.

We also say that a facesurvivesthe projection or isretained by a projection,

if it is strictly preserved by the projection. The projection  is generic with
respect to a subcomplexf the polytope, if the faces of the subcomplex are
strictly preserved by the projection. (Note that such projetions do not ex-
ist for arbitrary subcomplexes.) A projection isgenericif it is generic with
respect to the entire projected polytope, that is, all the poper faces of the
projected polytope are strictly preserved. This is motivatd by the fact, that
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Figure 1.4: The lower and the upper hull of a zonotope. Orthogonal projetions
of the lower resp. upper hull yield a polytopal complex (without overlap).

preserved faces are stable under perturbation: If a fa¢e of a polytope P

is strictly preserved under projection, then it is also statly preserved by
any small perturbation of the projection. Moreover, in the ase of a sim-
ple polytope P we may consider small perturbations of (the facet-de ning
inequalities/hyperplanes of) the polytopeP that do not change the combi-
natorial type, and for su ciently-small such perturbations the corresponding
faceF of the slightly perturbed polytope P is also preserved under the same
projection. To be able to apply this de nition to our polytopes we use the
following lemma which connects the strictly preserved fasdo the inequality
description of a polytope.

Lemma 1.11 (Preserved faces: linear algebra version [48Det P d pe
a d-polytope with facetsajx 1 fori 2 [m], F a non-empty face ofP, and

He the index set of the inequalities that are tight atF. Then F is strictly

preserved by the projection to the rste coordinates if and only if the facet
normals truncated to the lastd e coordinatesf a1-(d 9:i2 He g positively

span ¢ ¢

The previous lemma is illustrated in Figurd_1I3. Every a ne pojection of a
polytope to somee-dimensional subspace may be transformed into a projec-
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tion to the rst e-coordinates by a suitable change of coordinates. Thus we
will only consider such projections to the rste coordinates in the following.

The above Lemma1.11 su ces to obtain realizations of inteisging polyhedral
surfaces in the boundaries of 4-polytopes via projection§ligh-dimensional
polytopes (see Chapter§l4 andl 5). To get a realizations of g surfaces
in 3 we might construct the Schlegel diagram of the projected pgbpe via
a central projection. To avoid this central projection we wil project the
surface onto the lower or upper hull of the 4-polytope.

De nition 1.12.  The lower/upper hull of a polytope with respect to some
coordinate directionx- is the polytopal complex consisting of all faces that
have a normal vector with negative/positivex--coordinate (see Figuré_1]4).

We will use the following lemma to prove the existence of reahtions of some
of the surfaces in the lower resp. upper hull of projected (folytopes.

Lemma 1.13 (Preserved faces on the lower/upper hull)Let P 4 be a
polytope given byP = fx 2 9jax 1;i 2 [m]g, G a non-empty face
of P, and Hz  [m] the index set of the inequalities that are tight atG.

Then (G) is on the lower/upper hull with respect tox, ; of the projection
to the rst e coordinates if and only if

(L1) the facet normalsafd 9 with i 2 Hg truncated to the lastd e coor-
dinates positively span ¢ ¢, and

(L2) there exist ; O such that = i2Hg i with ( ¢;:::; g 1) =0
and . 1 < O (lower hull) resp. ¢ 1> 0 (upper hull).

Proof. The rst part (L1)]of this lemma is exactly the Projection Lemmall.11
and the second part (C2) corresponds to De nitio 1.72. O






Chapter 2

New methods

In this chapter we introduce two new methods used in the folldng chap-
ters. The rst section describes a new approach to attack pbbems con-
cerning polytope projections. By Gale duality we are able tassociate an
embedding problem to a projection problem. To solve the assated embed-
ding problems we use methods from combinatorial topology. &\apply the
method to products of polytopes in Chapteil3 and to polyhediasurfaces
in wedge products in Chaptef 4. The second section introduc@ new way
to parametrize the realization spaces of simple polytopesava ne support
sets, which are subsets of the vertices. The advantage ofdtgarametrization
is that the moduli of the vertices are preserved by generic pjections and
thus yield lower bounds on the moduli of surfaces obtainedaviprojections
of high-dimensional polytopes. With this new method we estiate the di-
mension of the realization spaces for the surfaces in prodsiof polygons in
Chapter[5 and for the surfaces contained in wedge products @hapter[4.

2.1 Topological obstructions and polytope projections
joint with Raman Sanyal

We devise a criterion for projections of polytopes that alls us to state when
a certain subcomplex may be strictly preserved by a projecin. First we
associate an embedding problem to the projection problem Bection[2.1.1.
Then we describe methods from combinatorial topology, whianay yield ob-
structions to the associated embeddability problem in Seion[Z.1.2. Finally,
in Section[Z.1.4 we specialize the obstructions to the prawh of preserving
certain skeleta of polytopes by projections.

2.1.1 Associated polytope and subcomplex

We build a bridge between projection problems and embeddéby problems
as follows: We associate a polytope with certain simplex &€to a projection

19
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of a polytope with certain strictly preserved faces via Galeluality. The
simplex faces of this associated polytope form a simpliciabmplex. If we
can show that this simplicial complex cannot be embedded mthe boundary
of the associated polytope, then there is no realization ofhé polytope that
allows for a projection preserving the given subcomplex.

Sanyal [43] uses the same approach to analyze the number oftices of
Minkowski sums of polytopes, since Minkowski sums are prajens of prod-
ucts of polytopes. The vertices of a (simple) polytopE give rise to a simpli-
cial complex o. If :P! (P)is aprojection preserving the vertices, then

o is realized in a (simplicial) sphere whose dimension dependndim (P).
So if the simplicial complex o cannot be embedded into that sphere then
there exists no realization of the polytope such that all véices survive the
projection.

Theorem[2.4 below is a generalization of this result from v&es to arbitrary
subcomplexes, which should be preserved. The next propasit links strictly
preserved faces to the associated polytope via Gale duality

Proposition 2.1. Let : 91! ¢ be the projection to the rst e coordi-
nates of ad-polytope P given by its facet inequalities A®; Ald @) X

with A® 2 me Alde 2 m e y2 € andx®2 9e |f for each
facetF of P at least one vertexv 62 survives the projection then the rows
of Al @ are the Gale transform of a polytope.

Proof. The rows of the matrix A ® are the Gale transform of a polytope
if for every row a® © (i 2 [m]) the remaining rows of A & na® © are
positively spanning. But for every facetF there exists a vertexv 62F that
survives the projection. Hence by Lemma_1.111 the truncatecbnmals corres-
ponding to the facets containing this vertex positively spa 9 €. Thus A¢ ©

is the Gale transform of a polytope. O

So if we project ad-polytope to € such that some of the vertices survive
the projection as described in the above proposition we obitea polytope by
Gale duality.

De nition 2.2  (Associated polytope) Let be a projection of ad-dimen-
sional polytope P on m facets to € that preserves one vertex 62F for
every facetF of P. Thenthe (m (d €) 1)-dimensional polytope onm
vertices obtained via Gale transformation as described inr&position[Z.] is
the associated polytopé (P; ).
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Further every face G that is preserved by the projection in the sense of
Lemmall. 1l yields an associated fade; = [m]nHg of the associated poly-
tope A(P; ) since Gale duality transforms positively spanning vectarinto
faces of the polytope. By Proposition 114 all these asso@alt facesAg are
simplices. This yields the following subcomplex of the assated polytope.

De nition 2.3  (Associated subcomplex)Let be a projection of ad-dimen-
sional polytopeP on m facets to € that preserves one vertex 62~ for every
facetF of P, and let S be the subcomplex oP that is preserved under pro-
jection in the sense of Lemma_1.11. Then thassociated subcompleKk(P; )

is the simplicial complex:

K(P; ) := fm]nHg ] G2 Sg:

The subcomplex consists of all the facets and their faces.

Now we obtain the following theorem which links the projectin of a polytope
preserving certain faces with the embedding of the asso@dt subcomplex
into the associated polytope.

Theorem 2.4. Let be a projection of ad-dimensional polytopeP on m
facets to € that preserves one vertex 62 for every facetF of P. Then the
associated subcompleX(P; ) is embedded in the boundary of the associated
polytope A(P; ) of dimensionm+e d 1. O

Example 2.5 (Projection of the product of triangles preserving all veiites)
We will use the technique developed in this section to showdhthere exists
no realization of the product ( ;)2 4 of two triangles , such that the
projection : #!  2to the plane preserves all 9 vertices.

The product of two triangles is a 4-polytope on 6 facets. Siadhe projection
is to 2, the associated polytopeA(( ,)?; ) is a 3-dimensional polytope.
Let us label the facets of the two triangles byy; a;; a; and a3; al; a3. These
are also the labels of the vertices of the associated poly®p (( 2)?; ).

Each vertex of the product lies on two facets corresponding two edges of
each of the factors. Thus the associated complé«( ,)?; ) has an edge
for every pair (84:819) with i;j 2 [3]. So if there exists a projection of the
product of two triangles to the plane preserving all its veiites, then this
yields an embedding of the complete bipartite graph on 3 + 3 véces K 3.3

into the boundary of a 3-polytope. But sinceK 3.3 is not planar there exists
no 3-polytope with K3.3 in its boundary. This implies that there exists no
realization of ( ,)? such that all vertices survive the projection to the plane.
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In the above example we used the non-planarity of the gragks.; as a topo-
logical obstruction to show that the projection of a productof two triangles
to the plane cannot preserve all the vertices. More sophistited obstructions
are subject of the next section.

2.1.2 Embeddability dimension and Sarkaria index

In general it is hard to decide the embeddability of a simplial complexK into
some sphere 9. The following notions, taken and adapted from Matoisek's
book [34], show that in fortunate cases we can determine nonvial lower
bounds on the dimension of a sphere that the compldk can be embedded
into.

Let K 2™ pe a (nite) simplicial complex. Simplicial complexes orm
vertices have the nice property that they may always be embddd as a
subcomplex of the ;m  1)-simplex in ™ . Topologically, this yields an
embedding of the underlying topological spackkk of K into ™ 1. In the
following we useK for the simplicial complex and the corresponding topolog-
ical space (usually denoted bkKk). We will look for the smallest dimension
of a sphere in whichK can be embedded.

De nition 2.6  (Embeddability dimension). Let K 2™ be a simplicial
complex. The embeddability dimensione-dim(K) is the smallest integerd
such that K may be embedded into thel-sphere, i.e.K is homeomorphic to
a closed subset thal-sphere.

It is a well-known result [25, Ex. 4.8.25, Thm. 11.1.8] thatlie embeddability
dimension can be bounded in terms of the dimension Kf

Proposition 2.7. Let K be a simplicial complex of dimensiodimK = °
Then
e-dim(K) 2 +1:

To nd lower bounds other then the dimension of the complex iaot obvious.
The methods derived in the book of Matowsek [34, Sect. 5] edilish a combi-
natorial bound for the embeddability dimension of a simplial complex. This
approach is summarized in Section 2.1.3. We take a shortcubéhrephrase
the relevant theorem in terms of the embeddability dimensio

Before we are able to state the theorem we need some more deamns. For a
simplicial complexK 2™ we denote byF (K) the set of minimal non-faces
i.e. the inclusion-minimal sets in 2" nK. The Kneser graphKG(F ) on a set
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systemF 2™ has the elements oF as vertices and two vertice$S; S°2 F
share an edge if and only i and S°are disjoint. Furthermore, for a graph
G we denote by (G) the chromatic numberof G.

De nition 2.8  (Sarkaria index). Let K be a simplicial complex orm vertices
and F = F (K) the collection of minimal non-faces. TheSarkaria indexis

indsk K := m (KG(F)) 1L

Using the methods developed in_[34] we are able to state a vasgmpact
criterion for the embeddability dimension of a simplicial omplex. (This is
a reformulation of Sarkaria's Coloring/Embedding Theoren{34, Sect. 5.8]
without deleted joins.)

Theorem 2.9 (Sarkaria's index theorem) Let K be a simplicial complex.
Then
e-dim(K) indsk K:

We use the above theorem to show the non-embeddability of arglicial
complex via the following corollary.

Corollary 2.10 (Non-embeddability and Sarkaria index) Let K be a sim-
plicial complex. If
indSK K>d

then there exists no embedding of the complek into the d-sphere.

In its original form in [34] the above theorem bounds from bel the ,-index
of the deleted join of the complexXX. The relation between the embeddability
dimension of a complex and the ,-index of the deleted join of the compleX
is given in the next section.

Example 2.11. With the technique described in this section we are able
to show that K 3.3 is not planar. The graphKs; is the join D3 D3 of the
simplicial complex with three isolated verticeds. We label the vertices of
the two\coasts" of K 5.3 by 1;2; 3 and 1, 2% respectively. The minimal non-
faces ofK 53 are the edge 12,23,13 and22%3°1%3°% Since the edges of the
one side are disjoint from the other side, the Kneser graph dhe minimal
non-faces is again & 3.3 but with vertices labeled by the minimal non-faces
as shown in Figurd_Zl1. This graph has chromatic number 2 anctihice the
Sarkaria index ofK 3.3 Is:

indSK K3;3:6 2 1=3:

Thus there exists no embedding df 3.3 into a 2-sphere, i.e. the graplK .3 is
not planar.
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Figure 2.1: The Kneser graph (right) on the minimal non-faces of the gragh K .3
is isomorphic to K3.3. The light edges are the minimal non-faces of the
graph (left).

2.1.3  >-maps and non-embeddability

In this section we take a look at the methods developed in Matgek [34] to
show non-embeddability for certain simplicial complexesThey will lead to
a combinatorial criterion for the embeddability of a simplicial complex into a
sphere called Sarkaria's Coloring/Embedding Theorem (s@&eorem[2.15).

The idea is the following: Every embeddind) of a simplicial complexK into a
d-sphere gives rise to a map 2 of another space& ? to the d-sphere satisfying
certain properties. So if we are able to show, that such a mdp? cannot
exist, then this contradicts the embeddability of the orignal complexK into
the d-sphere via the mapf . The tool used to show the non-existence of such
a map is the ,-index of K ? described in the following.

First we need to introduce some basic notions: A paiX; ) of a topological
spaceX and a homeomorphism : X I' X with (x) 6 x for all x 2 X

and 2= idy is called a(free) ,-space (Since we will only consider free ,-
spaces, we will omit the attribute free.) The most prominenexample of a ,-
space is thed-sphere together with the antipodal map« 7! x. Continuous
mapsf : (X; )! (Y; ) betweentwo ,-spaces withf = f are called

equivariant ,-mapsdenoted byf : X ! ? Y,
De nition 2.12 ( ,-index). The ,-index of a ,-space K; ) is
ind ,X := minfd2 jX!? Jdg

where ¢ is the d-sphere with the usual antipodal action.

The Borsuk{Ulam Theorem tells us that there exists no ,-map 91 % d 1,
Hence the ,-index of the d-sphere isd.
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We will work with combinatorial ,-actions on simplicial complexesK,
I.e. maps that act on the vertex setr] of the complexes. These actions
are free if no simplex is xed under the action, that is, (F) 6 F for all
facesF 2 K. They easily yield ,-actions on all the faces of the com-
plex as well as on the topological spadeKk. The canonical triangulation
of the d-sphere with a free ,-action is the boundary of the cross poly-
tope crg:1 = conv(f g ji 2 [d+ 1]g) whereg is theith unit vector in 9+,
The antipodality maps the vertices of the crosspolytope oattheir antipodes,
ie.e 7! e.

Since the simplicial complexes we would like to embed do noave a natural
free ,-action we need the following construction.

De nition 2.13  (Deleted join). Let K be a simplicial complex. Thedeleted
join K 2 of K is a subcomplex of the joirK K with the following faces:

K2 := fF1] FojFi;F22 K;F1\ Fo= 30

whereF;] Fo=(Fy f Og)[ (F, f 1g). The »-action on the deleted join
isFi] F2 7' Fo] Fq. This is a free ,-action sinceF;\ F, = ;.

The ,-index of the deleted join of thed-sphere is the same as the,-index
of the d-sphere. We obtain our rst result about non-embeddabilityof a
simplicial complex.

Theorem 2.14 (Non-embeddability [34, Thm. 5.5.5]) Let K be a simplicial
complex. If
ind ,K?2>d

then for every continuous mappingf : K ! d the images of some two
disjoint faces ofK intersect.

So the task to show non-embeddability for a compleK amounts to nding
lower bounds on the ,-index of the deleted joinK 2. A combinatorial way
to nd lower bounds on the ,-index is via coloring the Kneser graph of the
minimal non-faces of the compleX.

Theorem 2.15 (Sarkaria's coloring/embedding theorem)Let K be a sim-
plicial complex onn vertices, KG(F ) the Kneser graph on the minimal non-
facesF of K. Then

ind ,K? indskK=n (KGF)) L

Consequently, ifn (KG(F)) 1> d then for every continuous mapping
f :K! 9 the images of some two disjoint faces & intersect.
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Every embedding of a simplicial compleX into a d-sphere gives rise to a,-
equivariant map of thedeleted joinK 2 to a d-sphere. Thus the embeddability
dimension ofK is at least as big as the ,-index of its deleted joinK 2, which
yields TheoremZ.D from Theorerh 2.15.

2.1.4 Projections of skeleta and skeleton complexes

We take a closer look at projections of polytopes retainingngre skeleta of
polytopes. If a projection preserves an entire skeleton thehis leads to a
subcomplex of the associated subcompl&P; ), which is embedded in the
associated polytope. So we need to show that the embeddapillimension

of this subcomplex is large in order to prove the non-projeablity of entire

skeleta. The subcomplex may be de ned in a purely combintai way.

De nition 2.16  (Skeleton complex) Let P be a combinatoriald-type with m
facets. For 0 k  d, the kth skeleton complexis the simplicial com-
plex (P) 2™ with facets [n]nHg for all k-facesG P.

Since everyk-face of ad-type P is contained in at leastd k facets, the
dimension of thekth skeleton complex is at mostm d+ k 1. If P is
simple then ((P) is a pure simplicial complex of dimensiom + k d 1.
In[43], o(P) was de ned in terms of the complement complex of the bound-
ary complex of the dual toP. Here, we abandon the restriction to simple
polytopes. The connection taK(P; ) is given by the following observation.

Observation. If P! (P)is a projection retaining the k-skeleton then
o(P) 1(P) k(P)  K(P; )

is an increasing sequence of subcomplexes.

Putting it all together we obtain a criterion for the non-projectability of the
k-skeleton of a combinatorial type of polytope.

Corollary 2.17. Let P be ad-type with m facetsandforO k <d let (P)
be the kth skeleton complex ofP. If

e < edim( ((P))+d m+2

then there is no realization ofP such that a projection to € retains the
k-skeleton.
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Proof. We prove the result by contradiction. Assume thatP is a realization
ofPand :P! (P)is a projection retaining the k-skeleton with

e<edm( ((P)+d m+2
0 m+e d 2<edm( (P)):

Since ((P)is a subcomplex oK(P; ) itis a subcomplex of the boundary of
the associated polytopeA(P; ) by Theorem[Z.4. Hence the embeddability
dimension of (P) is:

edim( «(P)) m+e d 2< edm( «(P))

which is a contradiction. O

Theorem[Z.9 gives a combintorial lower bound on the embeddbkty dimen-

sion via the Sarkaria index. Hence we are able to state a puyelombinatorial
criterion for the projectability of polytope skeleta by regrasing the above
corollary

Corollary 2.18. Let P be ad-type with m facets and for 0 k < d let
k(P) be the kth skeleton complex ofP. If

e < indSK k(P)+ d m+2

then there is no realization ofP such that a projection to € retains the
k-skeleton. O

As a plausibility check, consider the statement of CorollgrZ.I7 with the
bounds given in Proposition2J7. Ife-dim( ) attains the lower bound in
Proposition[2.7 then Corollary(2.1F7 implies that the dimensn of the target
space has to be at least k + 1. This sounds reasonable as the projection
embeds thek-skeleton into a sphere of dimensioe 1. If edim( (P))
attains the upper bound then thek-skeleton is not projectable toe-space
if e<m d+2k+1. This implies the polyhedral counterpart of the classica
Van Kampen{Flores result:

Theorem 2.19. Let P be adtypeand let0 k b %Zc. If
e 2k+1

then there is no realization ofP such that a projection toe-space retains the
k-skeleton.
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Proof. By a result of Granbaum [24] the boundary complex of a-polytope
is a re nement of the boundary complex of ad-simplex 4. This implies
that the k-skeleton ofP contains a re nement of thek-skeleton of 4. The
Van Kampen{Flores theorem (seel[ [34]) states that fok b dec the k-
skeleton of ad-simplex is not homeomorphic to a subset of ak2sphere. [

The embeddability dimensions of the skeleton complexes dam heavily on
the combintorial structure of the polytope. But for certain dimensions of
skeleta we can determine the embeddability dimension anddlSarkaria index
of the skeleton complexes exactly.

Proposition 2.20. Let P be ad-type on m facets. Then 4P) = . 1
and 4 1(P)= @ n 1. In particular,

I edim( 4(P))= indsx ¢g(P)=m 1and
I edim( 4 1(P))= indsx 4 1(P)=m 2.

Proof. The rst claim follows from the de nition of the skeleton complex.
Thus the embeddability dimensions aren 1 andm 2, respectively. For
the Sarkaria index we get in the former case that the Kneser gph of the
minimal nonfaces of 4(P) has no vertices, whereas in the latter case the
graph has no edges. O

2.2 Realization spaces of projected polytopes
joint with G mnter M. Ziegler

The usual approach to parametrize the realization space ofsample polytope
via its facet normals is not very useful when we try to underand the space
of realizations of its projections. We de ne a certain subsef the vertices
that will yield parameters for the realization space of the igh-dimensional
polytope as well as for the realization space of its projeoti. These subsets
are the subject of the next section.

2.2.1 Affine support sets

We will consider the following kind of subsets of the verticeof a combintorial
type of polytope.
De nition 2.21 (A ne support set) . A subsetA V of the verticesV of a

simple d-type P is ana ne support set if for every realizationP and every
facetF of P the verticesA\ F are a nely independent.
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An a ne basis of d-space hadd + 1 points. Hence there exists an a nely
independent subset of the vertices of cardinalitgi+1 for each realizationP of

a combinatorial d-type. But a set of vertices may be a nely independent for
one realization, but a nely dependent for another, as showrin the following

example.

Example 2.22. The facets of the 4-cube are 3-cubes and every realization of
the 3-cube may occur as a facet of a 4-cube. So let us have a labdi erent
subsets of the vertices of the 3-cube, some of which are a iyeindependent
and others that are not a nely independent for all possible ealizations of
the 3-cube. The subsets that are a nely independent for all @alizations are
candidates for a ne support sets of the 4-cubes. We label theertices of the
3-cube byfg -vectors of length 3. See Sectidn 2.2.3.

Y

Al Bl C DI
A. The rst set of vertices consists of the three neighbors ahe ( )-

vertex and the vertex (+++). These vertices are a nely independent
for all realizations of the cube: The neighbors of the vertek ) are
a nely independent and form a triangle. The three halfspace de ning
the facets adjacent to the vertex ( ) form a cone that contains the
vertex (+++) in its interior. So if the neighbors of ( ) and the
vertex (+++) were a nely dependent then the vertex (+++) wou Id lie
in the simplex spanned by the neighbors of (), which cannot happen
in any realization of a cube.

B. The second set of vertices is a nely independent for a\gegric"realization
of the cube, but for the regular cube, the chosen four pointg@a nely
dependent and lie on a planar quadrilateral. A perturbatiorof the facets
of the regular cube breaks the a ne dependence of the choseprtices
but does not change the combinatorial type of the polytope.

C. The third set of vertices is also a nely independent for dl realizations
by Lemmal2.2B since there exists a ag of faces, such that ealtace
contains exactlyk + 1 of the vertices: The vertex subset consists of the
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vertices ( ), ( +),( ++), and (+++). So a suitable ag which
assures the a ne independence is

( ) o) Gr) G

D. The fourth set consists of a vertex and its three neighbordhese points
are also a nely independent in every realization of the cube

As the example shows there are combinatorial criteria for aisset of vertices
to be a nely independent in every realization of a polytope. The following
lemma captures the combinatorial criterion used in Examplg.22/Cl

Lemma 2.23. Let kag‘k}'zo1 be a ag of the simpled-type P and let f v, gf_,
be a set of vertices such thaty = Gg, v 2P n Gy 1 and vy 2 Gy nGy 1

of P. O

Since every (simple) polytope has a ag we obtain the followg immediate
corollary about the existence of an a ne support set for a simple polytope.

Corollary 2.24. For every simpled-type P there exists an a ne support set
of cardinality at leastd + 1. O

The size of an ane support set is bounded from above by the flawing
lemma.

Lemma 2.25. The cardinality of an a ne support set A of a d-type P is
bounded from above by the number of facets &f, that is, jA] fgq 1(P).

Proof. Since the dimension of a facdt of ad-polytope isd 1, the maximal
number of a nely independent vertices inA\ F is d. But each vertex ofA
is contained in at leastd facets, sod jA] d fgq 1(P). O

In some fortunate cases we nd an a ne support set of maximalige, but
in other cases, the upper bound becomes arbitrarily bad asosin in the
following example.

Example 2.26. Let us try to construct a ne support sets for 3-dimensional
prisms |, over p-gons. The number of facets of the prism ip+ 2. For the
triangular prism 3 (with 5 facets) there exist only a ne support sets of size
at most 4, since every set of 5 points contains an entire qualdteral and is
hence a nely dependent. For the cube 4 (the prism over a quadrilateral)
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there exist a ne support sets of cardinality 6 which are genelized in Sec-
tion 2.2.3 to higher dimensional cubes. Fgo 5 the maximal cardinality of
an a ne support set for the prism  is 6 because both bottom and top poly-
gon may only contain at most 3 vertices. So the gap between timeaximal
size of an a ne support set and the upper bound of Lemma_2.25 bemes
arbitrarily bad.

Figure 2.2: Maximal a ne support sets for prisms over polygons.

We recall that the vertices of an a ne support set must only bea nely inde-
pendent restricted to every facet and not in the entire polydpe. (Requiring
the a ne independence of the a ne support set in the entire pdytope would
upper bound the size of the set to the dimension of the polytepplus 1.)

2.2.2 Moduli of projected polytopes

In this section we use the a ne support sets of the previous s&on to nd
a lower bound on the number of moduli of projected polytopesnd their
subcomplexes. The moduli of simple polytopes are easily abted from
their facets. But how many of these moduli are preserved undprojection is
not clear. With the a ne support sets introduced in the previous section the
modi cations of the vertices not in direction of the projecton are preserved.
So the parametrization of parts of the realization space vian a ne support
set provides moduli for the projected polytope as well.

The following lemma shows that small modi cations of the vdices in an
a ne support set of a simple polytope may be completed to a rdaation of
the polytope.

Lemma 2.27 (Realizations via a ne support sets). Let P be a simpled-
type and A an ane support set. Then every small modi cation of the
coordinates of the vertices contained is of an arbitrary realization P yields
a realization P of the samed-type P.
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let Aj == A\ ( ;:1 F;) be the subset of the vertices contained in the rsi
facets and letV, be the vertices with modi ed coordinates inA;. We start

a polytope P; from P; ; such that all the modi ed vertices V; are vertices
of P;. In the last step we obtain a realization™ = P, containing all modi ed
vertices.

For i = 0 the set Ay is empty and Py obviously contains all modi ed vertices
of Ag. So assume that all the modi ed vertice¥;, ; are vertices ofP; ;. Then
we constructP; in the following way depending on the size df; \ A:

| If the facetF; of P; ; containsd vertices of the a ne support setA then
the hyperplane supporting the new faceF; is uniquely determined by
these vertices.

| If a facetF; containsk < d vertices of A then we extend the setA\ F;
to an a ne basis of the facet by vertices ofP; ; in Fi nA. This a ne
basis de nes the new faceF;.

In both cases we replace the facdt; with the new (perturbed) facetF; to
obtain P; from P; ;. SinceP is simple this procedure yields a sequence of

realizationsPy; : : : ; P, of the same combinatorial typeP. Finally, P = Py, is
a realization of P that contains all the modi ed vertices of the a ne support
set. O

The realizations of the surfaces in Chapteiid 5 arid 4 are ohteid from pro-
jections of high dimensional simple polytopes to* resp. 3. The following
theorem allows us to establish a lower bound for the dimensiof the real-
ization space of a generic projection of a simple polytope.

Theorem 2.28 (Moduli of projected polytopes) Let P be a realization of
the simple d-type P, A an ane support set and : ¢! € a generic
projection. Then the dimension of the realization space ohé projected
polytope (P) is at leaste jA.

Proof. Let A denote the vertices of the projected polytope(P) correspond-
ing to the a ne support set A. If we perturb the vertices ofA in € then this
induces small modi cations of the vertices oA in the realization P d
By Lemmal[2.2T small modi cations of the vertices imA yield a new realiza-
tion P of the same combinatorial typeP. Since the projection is generic,
the projected polytopes (P) and (P) have the same combinatorial type.
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Hence thee degrees of freedom at each vertex éf in € imply the lower
bound ofe jAj on the moduli of the projected polytope. O

It is very important that we are working with generic projecions of sim-
ple polytopes since generic projections are \stable undeegurbation" and
vertices of simple polytopes are the intersection of exagttl facets.

Remark 2.29 (Moduli of simplicial polytopes). The realization space of
a simplicial polytope is easily parametrized via its verties, that is, ad-
dimensional simplicial polytopeP on n vertices hasdn moduli. This may
also obtained from Theorenl 2.28: A simplicial polytope om vertices is
the generic projection of anif  1)-simplex. An ane support set of the
(n 1)-simplex may obviously contain alln vertices, so by Theorem 2.28 the
projected simplicial polytopeP has the requireddn moduli.

Another advantage of the parametrization of the realizatin space of a high
dimensional polytope via a ne support sets is that it can eady be restricted
to subcomplexes.

Theorem 2.30 (Moduli of projected subcomplexes)Let S be a subcomplex

of a simpled-type P, A an a ne support setof P and : 9! ©€a generic
projection preserving the subcompleXs. Then the realization space of the
projected subcomplex (S) has dimension at lease jA\Sj . O

This result is the key to show the existence of non-trivial mauli for real-
izations of surfaces that have neither triangle faces, nomestices of degree
three. The nave estimate of Section 1.3]1 will suggest that those surie
will have a decreasing number of moduli if the vertex degreen@ polygon
size increase. Finally we would not expect to have any nonitral moduli for
large vertex degree and large polygon size. But our approaehil show that
the realizations of the surfaces obtained in Sectiohs 2R Section[4.3.11, and
Section[5.2 have and increasing number of moduli even thougfe vertex
degrees and the polygon sizes increase.

2.2.3 Affine support sets of cubes and Ringel surfaces

In this section we construct two di erent a ne support sets for the d-dimen-
sional cube. These sets are used to derive lower bounds on thenber of
moduli of the surfaces studied by Ringel [41]. These surfacare contained
in the 2-skeleton of the neighborly cubical polytopes of Jagg & Ziegler [29]
as shown in[[2B]. Since for even dimensions the cube is juse tproduct
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of quadrilaterals, the surfaces contained in the even dimgional cubes are
special cases of the surfaces constructed in Secfion 5.1.2.

The 2d facets of thed-dimensional cube consists af pairs of opposite facets
denoted byF, fori 2 [d]. Since the opposing facets;" andF;, do not inter-
sect, we may identify each non-empty fac& of the d-cube with af+; ;;g-
vector Hg of length d in the following way:

8

2+ if G F';
(Hg)i = S ifG F ;

" otherwise

The dimension of the faceG is exactly the number of; -entries in the cor-
responding vectorHg. The vertices of the cube are identi ed withf+; g -
vectors without ; -entries.

We consider two di erent subsets of the vertices of the cubehich will be
proved to be a ne support sets for thed-cube ford 3. The rst set consists
of the union of the neighbors of the vertex ( ) with the neighbors of

the vertex (+  +):
n o]
Aneign(d) :== v2fg ¢ #fi:vy=+g=1lord 1 (2.1)

The second set zigzags through the cube and has the followtwgmnbinatorial

description:
n 0

Asigrag(d) = v2fg ¢ v= (-ll-_:{'z:_+} I_:{'Z:_}) for k 2 [d] (2.2)

k times d k times

Example 2.31. The subsetsAneign(3) and Asig,aq(3) of the vertices of the
3-cube are:

N D H O D H G F
Aneign(3) = ( +4)(+ H):(++ )

( )i )i+

Ao =y e i )

These two sets are obviously a ne support sets, since evergdet, i.e. quadri-
lateral face, of the 3-cube contains exactly 3 selected vieds. But they are
equivalent by ipping the sign in the middle which is a combimtorial sym-
metry of the cube. This is illustrated in Figure[2.8.

In the 4-dimensional cube the two sets are no longer equivalesince the
vertices ofA;igza4(4) form a cycle of length 8, whereas the vertices 8§¢ign(4)
do not share any edge (see Figufe 2.4).



2.2 Realization spaces of projected polytopes 35

Figure 2.3: The two sets Aneign(3) (left) and Ayigzag(3) (right) are isomorphic by
ipping the vertical coordinate, that is, the second sign in the vector correspond-
ing to a vertex.

Figure 2.4: The subsetsAneign(4) (left) and Azigzag(4) (right) of the vertices of
the 4-cube are two di erent a ne support sets.

For the vector descriptions this implies that there exist notwo vertices
in Aneign(4) that di er at exactly one position:

(+ K+ 0 + 0 4.
( +++) (+ ) () ()

( K0 B0 ) ()

(F+++) (+H+ )(++ );(+ )

Aneigh(4) =

Azigzag(4) =
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Both sets are ane support sets of the 4-cube. The faceF, = (;;; )
contains the following subsets of the vertices:

Aneigh(h)\ Fo =f( + );( + )il +)5( +++) g
Azigzag(4)\ Fo = f( )i ( +),( +),( ++) g

These are exactly the subsets of the vertices considered inaple[2.22/A
(Aneigh(4) \ Fy ) and Example[2Z.22/C (Asigza9(4) \ Fy ) and hence anely
independent for every realization of the 4-cube. The sametrsie for all the
other facets by symmetry.

Theorem 2.32 (Maximal a ne support sets for cubes). The setsAneign(d)
and Aig,a6(d) Of vertices of thed-cube de ned in Equation (Z.1) and [Z.2)
are a ne support sets of size 2.

Proof. The two subsetsAneign(d) and Aig.aq(d) are invariant under the fol-
lowing automorphisms:

| ipping all the sign entries,

| and cyclic rotation of the vectors with a ip in the zigzagcase,

(10005 a1 for Aneign(d)
(1::5 a1 o) for Asigrag(d).

A suitable sequence of these automorphisms maps an arbitydacet to the
facetF, = (; :::;) and leaves the chosen vertex subsets invariant. So we
only need to verify that the setsAneign(d)\ Fy and Aigzag(d)\ F, are a nely
independent for every realization of the cube.

Aneigh(d): The vertices ofAneign(d)\ F, are thed 1 neighbors of the vertex
( 220 ) in Fy and the vertex ( + :::+). The neighbors of ( ::: )
span a @ 2)-simplex. The line segment connecting the vertex ( ::: )
with the vertex ( + :::+) intersects this (d 2)-simplex in its relative inte-
rior. Soif ( + :::+) would lie in the a ne hull of the simplex then it would
be in its relative interior which is impossible. Hencé\,eigh(d)\ F, is a nely
independent for every realization of the cube. By combinati@l symmetry
the same holds for all other facets.
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Aigzag(d): Consider the agfFygl_} with Fq ; = F, and

Pe= () iy 429
d k times k times
Then Fy = ( ) is a vertex and fork = 1;:::;d 1 the following

intersection of subsequent elements of the ag with the s&5,a4(d) contains
exactly one vertex:

Azigzag(d) \ (FknFy 1) = f(| _{z-} ]"_{Z_"})g

d ktimes k times

It follows from Lemmal[2.ZB thatA;gaq(d) \ Fy is anely independent for
every realization of the cube. O

The surfaces studied by Ringel|41] consist of a subset of tAdaces of the
d-cube given by the following vectors:

i _%1;;:;: |
d-—g; L

Each of the rows corresponds to a family of quadrilaterals stining 29 2
faces. Further the surface contains all vertices and edgektbe cube. So
the f -vector of the surfaceR 4 is 2 ?(4;2d;d). The surfaces ford = 4 and 5
are shown in Figure[2.b. The realizations of these surfacebtained via
projections of d-cubes inherit the moduli of the a ne support sets of the
cubes via Theoreni_Z.30 since they contain all the vertices thie cube.

Theorem 2.33 (Moduli of Ringel surfaces) The realizations of the Ringel
surfacesR 4 obtained via projections of the deformedi-cubes to 3 have at
least &1 moduli. O

For d = 3 the surface is just the boundary of the 3-cube. It has 18 maudl
corresponding to the degrees of freedom of the facets or th@easupport
set of size 6 shown in Figure2.3. Starting frord = 4 the surface does not
have any degree 3 vertices any more. So the perturbation of iagle normal
of a quadrilateral will immediately destroy the combinatoral structure. A
small modi cations of a single vertex will not yield any modti either, since
all the faces of the surfaces are quadrilaterals. This is daped in the rule of
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Figure 2.5: The Ringel surfaces ford = 4 and 5. The surfaces are embedded
in the Schlegel diagram of a 4-cube and in the neighborly culsal polytope of
dimension 4 with the graph of a 5-cube.

thumb explained in Sectior 1.3]1. For realizationSg, of the Ringel surfaces
in 3, Equation (L.1) yields the following estimate for the modiuid

M(Sk,;3) 20212 4d+3d)=2° 212 d):

Hence the number of @ moduli achieved by Theoreni 2.33 is quite astonish-
ing, since the nave count would yield no non-trivial moduli at all for larged.



Chapter 3

Non-projectability of polytope skeleta

joint with Raman Sanyal

In this chapter we prove some non-projectibility results floproducts of poly-
topes. We rst adapt the techniques presented in Sectidn 2tb the special
case of products. Then in Sectidn 3.2 we show that certain $&& of products
of odd and even polygons cannot be preserved by a projectiorhis comple-
ments the results of Ziegler [48] and Sanyal & Ziegler |44] @it projections
of products ofevenpolygons. In Sectiorn 33 we end this chapter with a result
about projections of products of simplices. The non-projebility of skeleta
of these products will be used in Chaptdrl4 to show that certaifamilies of
polyhedral surfaces contained in the wedge product cannotlvealized in 3
via projection.

3.1 Embeddability dimension of skeleton complexes of
products

In this section we have a closer look at the combinatorial sicture of prod-
ucts and derive bounds on the Sarkaria index using a knapsatgipe integer
program.

The faces of the product of polytopes are products of the faxef its factors
and the dimensions of the product faces are the sums of the dinsions of its
constituents. The following de nition distinguishes the &ces of the product
by their \type".

De nition 3.1  (Face type/face complex) Fori =1;:::;r let P; be combi-
natorial d;-types onm; facets and letP = P; P P | be their product
of dimensiond = d; + +d;. Fora xed 0 k<d the face type «(P) of
dimensionk is the set of the following vectors:

k(P)=1f =( 1 2::5; 02 ":jj=k 0 i dforalli?2][r]g:
Further for 2 ((P) the face complex (P) of type s
(P)=(P) (P2 (Pr):

39



40 Non-projectability of polytope skeleta

It is clear from the de nition of the product that every face d P belongs to
some face type and the next observation states that this patibn yields a
cover of the skeleton complex.

Proposition 3.2. LetP =P; P, P ,and 0 k< dimP. Then
[
k(P) = (P):
2 (P) O

Obviously, the embeddability dimension of a complex is boaied from below
by the embeddability dimensions of arbitrary subcomplexes This mono-
tonicity of the embeddability dimension yields our rst bound on the em-
beddability dimension of skeleton complexes of productdnse for every face
type 2 (P) of a product P we have

Py «(P) =) edim( (P)) edim( «(P)):

This observation yields another simple corollary of Theore[Z.4. It may also
be derived from Corollary(Z.1F7.

Corollary 3.3. Let P be a product and 0 k < dimP. If there is a face
type 2 (P) such that

e<edm( (P)+d m+2

then there is no realization ofP such that a projection to € retains the
k-skeleton. O

Remark 3.4. The de nition of the face complex relies on properties of the
product that are shared by other polytope constructions sincas joins and
direct sums. Therefore, the methods developed in this semtican be suitably
adapted. For lack of interesting applications we refrain &@m developing the
methods in full generality.

The Sarkaria index will help us determine bounds on the embeédbility di-
mension of the skeleton complexes of products. We use thddaing obser-
vation to simplify the calculation.

Proposition 3.5 (Sanyal [43]) Let K and L be simplicial complexes. Then

indSK K L= indSK K+ indSK L+1:

Thus the Sarkaria index of a given face type 2 (P) of a product P is
readily calculated from the Sarkaria indices of the factors
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Corollary 3.6. LetP=P; P , P ,andlet 2 (P). Then
X
indSK (P) = indgK i(Pi) +r 1
i=1 U

In the special case that we have am-fold product P" of a combinatorial

type P, bounds on the embeddability dimension of ((P") can be obtained
by solving aknapsack-typeproblem.

Proposition 3.7. Let P be ad-type and letr l1and O k rd 1.
Fori =0;:::;dsets; = indsx i(P) and let s be the optimal value of the
following integer program

max Sp g+ S1 1+ + Sq 4

st: 0o+ 1 1+ + d d = k
o+ 1+ + d = r
i 0
with o;:::; ¢2 . Thenedim( ((P")) s +r 1.
Proof. Let = ( q1;:::; 1) 2 «(P") be a face type withj j = k. For
I =0;:::;dwe associate non-negative numbers to the face type with
i=#fj2[r]:j=ig:

So ; counts the number of factors of dimensioncomposing ak-face of face
type of the product P'. Hence the ; satisfy

0 g+1 1+ +d 4 k
ot 1t + d r
i 0:

Conversely, every such non-negative collection of numbers that satis es
the conditions of the integer program gives rise to a valid t& type. The
Sarkaria index of the face complex (P") is obtained from Corollary[3.6

X xd
indsk (P") = s +r 1= s +r 1L
j =0 i=0

Hence the integer program calculates the distribution of diensions ; such
that the Sarkaria index of a corresponding face type is maxah Since every
face complex (P") with j j = k is a subcomplex of the respective skeleton
complex ((P") this yields the stated lower bound for the embeddability
dimension. O
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3.2 Products of polygons

LetP = Dy, D n, D , be aproduct ofm;-gonsDy, . In this section
we investigate the embeddability dimension of the skeletocomplex «(P)
for0 k< 2r = dimP. An interesting feature of the results to come is that
(bounds on) the embeddability will only depend on the parityof the m;. For
this reason, we x the following notation for the product ofr, even polygons
and r, odd polygons:

P = D(re\e/en D gcc)id:

Furthermore, we denote byr = r. + r, the total number of factors and bym
the total number of facets.

3.2.1 Skeleton complexes of polygons

The embeddability dimension of the skeleton complex(D,) of an m-gon
for k = 1; 2 is already given by Proposition 2.20. So we are left to deteme
the Sarkaria index for the Oth skeleton complex.

Lemma 3.8. Let m 3 andD,, the combinatorial type of anm-gon. The
Sarkaria bound for the Oth skeleton complex is

. m 3; if mis even, and
ndsc o(Dm) = 111 5 it mis odd.
Proof. We show that the Kneser graph of minimal non-faces ofy(D,) has
chromatic number 2 and 1, respectively, depending on the pgrof m. For
that let us determine the minimal non-faces of ¢(Dy,): A subset [m] of
the edges oDy, is a non-face of (D) if and only if every vertex of Dy, is
incident to at least one edgd~; of D, with i 2

If a vertex of D, is covered twice by then every other minimal non-face
intersects and thus is an isolated vertex in the Kneser graph. If covers
every vertex exactly once, thenrp] n is again a minimal non-face.

It follows that for odd m the Kneser graph consists of isolated vertices alone
while for evenm there is exactly one edge. Hence the chromatic number of
the Kneser graph for everm is 2, whereas for oddn it is 1. This yields the
stated result for the Sarkaria index. ]

Example 3.9. As an illustration, let us consider o(Ds) { the Oth skeleton
complex of a pentagorDs. By the above Lemmd_3.B the Sarkaria index of
the Oth skeleton complex of the pentagon is 3. Hence the cormaplshould
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Figure 3.1: The ve triangles of the Oth skeleton complex of a pentagon t
together to form a Mebius strip.

not be embeddable into a 2-sphere. If the facets (edges) okthentagon are
labeled by 1 2; 3; 4;5 in cyclic order then the faces of o(Ds) are the triangles
with three cyclically adjacent vertices shown in Figuré_3l1These triangles
t together to form a M ebius strip which is not embeddable in a 2-sphere.
Thus o(Ds) not embeddable in the 2-sphere as stated by the lemma.

The example shows that the Oth skeleton complex of amdd polygon has a

certain twist to it that obstructs the embeddability into m 2 dimensional
space.

3.2.2 Skeleton complexes of products of polygons

We are now ready to deal with the skeleton complexes of proda®f polygons
using the knapsack-typeinteger program introduced in Propositio3.7.



44 Non-projectability of polytope skeleta

Theorem 3.10. Let P = Dy, D , be a product ofr, even and
r, odd polygons with a total of m facets andr = r, + re factors. Then
the embeddability dimension of thekth skeleton complex for 0 k  2r
bounded from below by:

k n ok 0
edm( «(P)) m 1 r+ > +min O > re :

Proof. The Sarkaria indices of thekth skeleton complexes of even and odd
polygons coincide fork = 1;2 and dier by one for k = 0. Similar to
Proposition[3.7 we sort the face type by dimension but this tie we distin-
guish two di erent kinds of vertices in the following way: Toevery face type

=( 10015 1) 2 «(P) we associate a vector = ( %9 gven - ) with
2 = #fi: j=2¢g (polygons)
1 = #fi: ;=1g (edges)
gdd = #fi: ;=0;m; oddg (odd vertices)
oe" = #fi: ;=0;m; every (even vertices)

Using Corollary[3.6 and the fact that %+ g&°"+ ,+ ,=r,the Sarkaria
index of a face type may be expressed in terms in the following way:

indSK (P) = * indSK i(Dmi)+ r 1

j=0
=m 3 g 2% 2, L+r 1
m r 1+ , oUem

Now the knapsack-type integer program similar to Proposibn[3.7 is

max gen +

st 1 +2 , = Kk

Sven + 8dd + .+ > = 1

even r

0 e

8dd ro
e gy, 0

Every face type =( 1;:::; ) 2 «(P) gives rise to a feasible solution

and, conversely, every feasible solution yields a face typ@/e eliminate the
variables 5% and ; from the program using the two equalities and obtain
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an integer program in the variables §"*"and , only:

max o+
st: 0 r Kk "+ o lo
0 k 2 2 le
(e)ven; 5 0

The optimal value  of this program is

—minn K ;K ro— K +minn0' K ro'
- E ) e - E ) E e -
The result then follows from the fact thatedim( ((P)) m r 1 . O

In order to put the above result in perspective, let us calcate upper bounds
on the embeddability dimension.

Proposition 3.11. Let P = Dy, D (9, be a product ofre even andr,
odd polygons with a total ofr factors andm facets. For 0 k < 2r the

embeddability dimension of thekth skeleton complex satis es the following

bounds: 8
<m r re 1 ifk=0
edim( «(P)) m r 1 if k=1
m 2 otherwise

Proof. Let me and m, be the number of vertices of even and odd polygons,
respectively. The Oth skeleton complex of an evene-gon consists of a subset
of the facets of the cyclic polytope cyg, »(me) of dimensionm, 2 with me
vertices: Leti;i®2 [mg] with i <i % Then Gale's Evenness Condition (e.g.
found in [47, Ch. 0]) tells us that the simplex with vertices [m¢] n fi;i % is

a facet of cyg, ,(me) if and only if the cardinality of fj 2 ji<j<i %

is even. Hence the Oth skeleton complex with facetsi{] nfi;i + 1 modmcg
fori 2 [mg] is a subcomplex of the boundary of the cyclic polytope. Thel®
skeleton complex of an oddn,-gon may be embedded in the boundary of an
(my 1)-dimensional simplex.

The Oth skeleton complex o(P) of the product P is just the join of the Oth
skeleton complexes of the factors. Hence it embeds int@yc,,  .(me))
(@ m, 1) " yielding the bound on the embeddability dimension fok = 0.

For k = 1 the skeleton complexes ;(Dn.) and 1(Dn,) embed into the
boundaries@ ,, ; and @ n,, 1 of suitable simplices. Hence the skeleton
complex 1(P) of the product embeds into the join @ . 1) * (@ m, 1) ™
which is homeomorphic to ain  r  1)-sphere.
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For k 2 the skeleton complex only embeds int@( m. 1) " ( m, 1) ),
which is the boundary of an (n 1)-polytope, i.e. homeomorphic to arf  2)-
sphere. O

3.2.3 Projections of products of polygons

Combining the bounds on the embeddability dimensions of thekeleton com-
plexes of Theoreni3.10 with Corollariz2.17 we obtain the follving obstruc-
tions to projectability of products of polygons.

Theorem 3.12. Let P = D, D {94 be a product ofr = re + r, polygons
with m facets. Then for 0 k < 2r there exists no realization of the product

P in 2 such that the projection : 2! ¢ preserves thek-skeleton if
k Nk 0
e<r+l1+ —- +min 0 = fe :
2 2 ¢ -

In Sanyal & Ziegler [44] it was shown that there exise-dimensional poly-
topes with the 6—22 -skeleton of ther-fold product of even polygons. For
the product of odd polygons we obtain the following obstruadn to the pro-

jectability.

Corollary 3.13. Let P = D9, be a product ofodd polygons, 0 k < 2r,

with m facets. If

K
e<ro+l+ -
° 2

then there is no realization ofP such that the projection to € preserves the
k-skeleton. O

This corollary generalizes the classical result that the pduct of two triangles
(ro = 2), or more generally, the product of two odd polygons may ricbe
projected into the plane € = 2) such that all vertices survive the projection.
For the product of even polygonsi = re) Theorem[312 yields a bound of
e <k +1, which is just the trivial dimension bound for the k-skeleton of the
product. Another interesting case studied for the product foeven polygons
in [44] is whenk = b®2c, i.e., the \neighborly" case.

Corollary 3.14. LetP = D, D o4 be a product ofr = re+ r, polygons
and lete 1. If (

2 <1 forre<

Mo BlD

5 < r, forre

then there is no realization ofP such that the image under projection to
e-space is neighborly, i.e. the image and have isomorphicbeTzc-skeleta.
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This corollary implies that one cannot project any realizabn of the product
of two odd polygons with an arbitrary number of even polygonato the
plane or 3 such that all the vertices survive. Further we deduce that th
number of factorsr, must not exceedd®¢2e if the projection of a product of

4
odd polygons to € with e 4 should be neighborly.

3.3 Products of simplices

In this section we will establish bounds on the embeddabyitdimension of the
skeleton complexes of the product of simplices. In the spiof the previous
section, we determine the embeddability dimension as wels dhe Sarkaria
index of the skeleton complex of a single simplex rst. Then evuse this
knowledge to prove tight bounds on the embeddability dimeimsns of face
complexes. Appealing to results from Sectidn 2.1, this yad bounds on the
projectability of products of simplices.

3.3.1 Skeleton complexes of simplices

The key to determining the embeddability dimension and the &karia index
of ( n 1) will be the following observation: Thek-faces of the simplex are
intersections of exactlyn 1 k facets. Hence the complements of the facets
de ning a k-face consists ok + 1 facets.

Observation. For n land 0 k n 1 the kth skeleton complex
k( n 1) of the (n 1)-simplex is isomorphic to thek-skeleton of , ;.

Thus the skeleton complexes (( » 1) are well known complexes and the
calculation of the Sarkaria indices involves thelassicalKneser graphs, which
we now recall.

Theorem 3.15 (Lowsz [31]). Forn 1and1 k n denote byKG,x =
KG( [E] ) the Kneser graph on the collection of alk-sets of p]. Then

n 2k+2 if k ™t
(KGn;k): 1 2

otherwise.

The Sarkaria index of thekth skeleton complex may easily be calculated as
follows.
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Lemma 3.16. Forn 2let , ;bean @ 1)-simplexandlet ( . 1)
be the kth skeleton complex for 0 k n 1. Then the Sarkaria index is
the following:

8

< 2k+1; if O
indsk k( n1)=. n 2 if L2 <

"n 1 if k=n 1L

Proof. To calculate the Sarkaria index we need to determine the chratic
number of the Kneser graph on the minimal non-faces of theth skeleton
complex of the i 1)-simplex. By the observation above, the minimal non-
faces are all kK + 2)-subsets of p]. Note that for k = n 1 there are no
minimal non-faces. Fork n 2 the Kneser graph to be investigated is
KGnhk+2. This yields the stated bound forO k n 2. Ifk=n 1the
Kneser graph is empty and its chromatic number is 0. So the Saria index
fork=n 1lisn 1. ]

In combination with Proposition [Z.4 we obtain the followingcorollary.

Corollary 3.17. Let ¢ = ( n 1) be the kth skeleton complex of an
(n  1)-simplex forn 2. Then the embeddability dimension satis es

8 .

< 2k+1 if O kK D4
edim( \)= . n 2 if %% <k n 2

" n 1 otherwise.

3.3.2 Skeleton complexes of products of simplices

We follow the same path to determine the embeddability dimesion as in
Section[3.2 about products of polygons: First we prove uppé&ounds using
Proposition[2.7, then we nd face types of the product of simges maximiz-
ing the Sarkaria index among all face types. Finally we comie these results
to obtain obstructions to the projectability of products of simplices.

In the following we denote by

:11:|n1 n{z n}
r

anr-fold product of (n  1)-simplices. The next lemma establishes an upper
bound on the embeddability dimension of «( |, ;).
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Lemma 3.18. Let (= «( , ;) be thekth skeleton complex of ther-fold
product of (n  1)-simplices withn 2and 0 k r(n 1). Then

2k+2r 1 if 0 K sr(n 2);
m 1 if 2r(n 2) < k r(n 1)

minf2k +2r  1;rn  1g:

edim( )

Proof. For 2 ( | ;) we have that

X X
dm ( | )= dm ( ,)+r 1= i+r 1=k+r 1L
i=1 i=1
By using the covering of Proposition 32 we obtain thalim , = k+r 1 and
by Proposition[2.7 we havee-dim( ) 2k+2r 1. On the other hand, the
kth skeleton complex naturally embeds into the-fold join of (n  1)-simplices
and thereforeeedim( ) r(n 1)+r 1=rn 1. O

As in Section[3.2 we use the Sarkaria index to get lower bound® the
embeddability dimension. In the following technical lemmave determine
face types of the product of simplices that maximize the Saakia index and
thus give the best possible lower bounds on the embeddabildimension via
face types.

Lemma 3.19. Letn 2and0 k r(n 1).Let = ( ) bethe
face complex of || ;oftype =( q1;:::; )2 «( | 1)- Then for n odd:
8
<2k+2r 1 if 0 k zr(n 3);
indsk Cr(n )+j o Lif jot k Ir(n 3)<(+123t
rn 1 if r(n 1)= k
And for n ev%n:
2k+2r 1 if 0 r(n 4y
. k+ i 1 if 0 <k ir(n 4 r
|ndSK 2 . L. - n % . n
r(n L+j Lif j§ k sr(n 2)< (j+1)3
rn 1 if r(n 1)= k
wherej =0;:::;r 1. There are face types for which the bounds are sharp
Proof. Let = ( q;:::; ;) with j j = k. From Proposition[3.5 we obtain
that the Sarkaria index is additive for joins of complexes, dnce:
X

indsk (1) = indsk (o 2)+r L
i=1
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In the following we will describe the optimal distribution d k onto the r
factors of the skeleton complex. According to Lemmnia 3116 ti&arkaria index
of the skeleton complex of a singlen( 1)-simplex is monotone in ;. But

note that for Z(n  4) i n 2itis constant. We will treat two cases
depending on the parity ofn.

For n odd: The Sarkaria index isn 2 for %(n 3) i n 2. Hence
for0 k Zr(n 3)alldistributions with ; 3(n 3)fori=0;:::;r

yield the same bound on the Sarkaria index of ( ! ,). Suppose °is
a distribution with 3 > 2(n  3). Thenindsk ( 1 ;) > indsx o 1 1)
since redistributing the surplus %(n 3) onto some ; < %(n 3) increases
the Sarkaria index.
If k= 2r(n 3)+ j™E + kOthen the best distribution is obtained by the
following: 8
2n 1 ifi=21;:::3;
i=>%(n 3) ifi=j+21;:::;r 1,
" I(n 3+ KO ifi=

|
o

For n even: In the even dimensional case Lemnia_3]16 yields the following
Sarkaria index for the simplex:

< 2k+1 if0 k 3(n 4,
indsk «( n1)=. N 2 if3n 2 k n 2
“n 1 ifk=n 1
Note that, in contrast to the odd dimensional case, the indeicreases only
by 1 between the rst (0 k Z(n 4)) and the second casej(n 2)
k n 2). This leads to the extra case for the indeindsx (1 ,)if nis

even. The optimal distributions are obtained as follows:

| If0 k 3r(n 4)then any distribution with ;| (n 4) yields a
Sarkaria index of X +2r 1.

| Ifk=3r(n 4)+ Kk°with1 Kk° r then the optimal distribution is:
(

2(n 2) ifi=1;:5k°

2(n  4) otherwise

I Ifk=2r(n 2)+j(3)+ kOwith j =0;:::;r landk®2 [} 1] then

with 8
2n 1 ifi=1;::00;
i=>%(n 2) ifi=j+1;::0r 1;

“ln 2)+ K ifi=

|
o
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To see that these distribution are really optimal, one can @tk that any
redistribution does not increase the Sarkaria bound. O

In the above lemma we investigated the Sarkaria index for derent face
types of the product of simplices. Since any decomposition of k yields a
subcomplex ( ;) of the kth skeleton complex (  ;), Lemmal[3I9
yields a lower bound on the embeddability dimension of th&th skeleton
complex. After a little calculation and appropriate roundng we unify the
odd and even cases to obtain the following theorem.

Theorem 3.20. Letn 2,r l1andO0 k r(n 1). The embeddability
dimension of thekth skeleton complex «( | ;) of the r-fold product of
simplices satis es tge following inequalities:

2r+2k 1 if 0 k rb™3c
, Im+k 1 ifrb™3c< k rb"-2c
r 2 2 2
ediml «( n ) S¥n p+j 1ifjbulc k rbn2e< (j +1)b2ic
“mo 1 if k = r(n 1)
with j =0;:::;r 1. O

The second case in the above theorem is emptyrifis odd. We combine
Lemmal3.I8 and Theorem3.20 to obtain the embeddability dimsion of the
skeleton complex of the product of simplices for certain pameters.

Corollary 3.21. Letn 2,r landO0 k rb%2c. The embeddability
dimension of thekth skeleton complex «( | ;) of the r-fold product of
simplices is

edim( «( |, ))=2r+2k L

3.3.3 Projections of products of simplices

We use the bounds on the embeddability dimension establishe the previ-
ous section to determine whether or not a certain skeleton mée preserved
under projection.
Theorem 3.22 (Non-projectability of skeleta of products of simplices)For
n 2andr 1 there exists no realization of the -fold product | ; of
(n  1)-simplices such that the projection from "™ Y to ¢ preserves the
k-skelet%n if
3 r+2k+1 if O K rb™3c

ir(n 2)+ k+1if rb%3c < k rb22c
2r(n 2)+j+1 if jp2tc  k rb™2c < (j +1)b™tc

r(n 1)+1 if k = r(n 1)

e<
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Proof. By Corollary we get the following bound on the dimensioa pro-
jected onto:

e<edm( «( , DD+r(n 1) m+2=edm( «( , ,) Tr+2:

We obtain the stated result by inserting the bounds of Theora into
this inequality. O

For r =1 Theorem[3.22 yields bounds on the realizability of th&-skeleton
of the (n 1)-simplex, i.e. there exists no projection of the @+ 2)-simplex
to @k*1) which preserves thek-skeleton. This is exactly the Van Kampen{
Flores Theorem. In this sense, Theorem 3]22 is a generaliratof the clas-
sical polyhedral Van Kampen{Flores Theorem from simplice® products of
simplices. Furthermore, the above theorem gives yet anothproof of Corol-
lary 8.13 concerning the projection of products of 2-simgles (triangles).



Chapter 4

Polyhedral surfaces in wedge products
joint with G mnter M. Ziegler

In this chapter we discuss a family of surfaces that is contead in a new family
of polytopes. The new polytopes are \wedge products.” Theyr@adual to the

wreath products of Joswig & Lutz [27]. They may be obtained byterating

the generalized wedge construction described in Sectibrll 4, which is a
special kind of subdirect product, as introduced by McMulle [35]. The new
surfaces are constructed as subcomplexes of the 2-skeldétevedge products.
We may deform the wedge products containing the surfaces imay that the

surfaces survive the projection to * and 3 for certain parameters. Using
the techniques introduced in Sectioh 212, we obtain lower bods on the
number of moduli for these realizations. Furthermore, we slrve that the
dual surface is contained in the 2-skeleton of the dual 4-pbbpe, if the

prism over the primal surface is contained in the primal 4-ggtope. So by
projecting the prism over the surface to the boundary of a 4gdytope we
obtain realizations of the dual surfaces in 3 as well. For other parameters
we use the techniques of Section 2.1 to show that we are notealbb obtain

realizations of these surfaces via projections of a wedgegucts.

4.1 Wedge products

We begin this section with the construction of the generaled wedge. As
the name suggests, this construction generalizes the wedgmstruction for

polytopes which was used, e.g. by Fritzsche & Holt [21], towdy the Hirsch

conjecture. We de ne the generalized wedge of two polytopés terms of

an inequality system, which merges the inequality systemd the two con-

stituents. We also interpret the generalized wedge as a degeate deformed
product and determine faces that are a nely equivalent to tke two poly-

topes involved in the construction. The wedge product is alsde ned by its

inequality description but may also be obtained as an iterad generalized
wedge.

53
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Figure 4.1: The classical wedge over a pentagon.

4.1.1 Generalized wedges

Let P be ad-dimensional polytope in ¢ with m facets, given by its facet
description Ax ,with A2 ™ d x=(xg;:::;%Xqg 1)'. Let F be the facet
of P de ned by the hyperplaneagx = 1. The classicalwedgeover the poly-
tope P at F is constructed as follows: Embe® f Ogin 9 and construct
the cylinder P 41 Then cut the cylinder with two distinct hyper-
planes throughF f 0Og such that both cuts are bounded. These hyperplanes
divide the cylinder into one bounded and two unbounded compents. The
bounded part is thewedge This construction can be performed in terms of
the inequality system

n 0
X . A° X
wedge (P) = % 2 @1 % 1 x L

where A% is the matrix A with the row a; removed. The two hyperplanes
that cut the cylinder are apx + X4 = 1 and agx Xq = 1. They may be
constructed by combining the equatiorapx = 1 that de nes the facet F with
the inequality description x4 1 of the interval [ 1;+1] in Xq4-direction.

Deletion of the last coordinates yields a projection wedgéP) ! P: Fourier-
Motzkin elimination of x4 (that is, addition of the two inequalities involv-
ing Xq) recoversapx 1 as an inequality that is valid, but not facet-de ning
for wedge (P).
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For the projection wedge (P) ! P the ber above every point of P is an
interval |, except that it is a single pointfg above every point ofF. This
might be indicated by

(I;fg) ! wedge (P) ! (P;F):
For our purposes we need the following more general constiion.

De nition 4.1  (Generalized WedgeP 2 - Q). Let P be ad-polytope in ¢
with m facets given by the inequality systemAx , and let Q be ad%
polytope in % with m° facets given byBy . Let G be the face ofP
de ned by the hyperplanecx = 1.

The generalized wedg® 2 ¢ Q of P and Q at G is the (d + d)-dimensional
polytope de ned by

n 0 0]
i X d+ d° A X .
P250Q = y 2 cC By :

(4.2)
whereC = cisthem® d matrix all of whose rows are equal ta@, and A%is
the matrix A if G is not a facets andA®is the matrix A without the row ag
if G is a facet de ned byagx = 1.

The generalized wedgP 2 ; Q is a (d+ d9-dimensional polytope withm+ m°
orm+ m°® 1 facets depending on the dimension of the faG The classical
wedge wedge(P) may be viewed as the generalized wedd® 2 [ 1;1],
where F is a facet of P. The generalized wedgd® 2 s Q comes with a
projection to P similar to the projection of the classical wedge described
above.

Proposition 4.2. If P and Q are polytopes of dimensiom resp.d’ then the
generalized wedge is al(*+ d)-polytope P 2 s Q. It comes with a projection
to P (to the rst d coordinates) such that the ber above every point oP

is an a ne copy of Q, except that it is a single pointfg above every point
of G. That is,

(Qfg) ! P2cQ ! (PG

Proof. First we show that the projection maps toP. If G is not a facet ofP,
then this is obvious, since all facet inequalities d® also de ne facets of the
generalized wedge.

If G is a facet of P de ned by the inequality agx lthenC = & in
the inequality system [4.1) of the generalized wedge. We rik® show that
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\
——

Figure 4.2: The generalized wedge of a pentagon and an interval at a verte

this inequality is valid (but not facet-de ning) for the generalized wedge as
well: SinceQ is bounded, its facet-normals (the rows oB) are positively-
dependent, so there is a positive row-vector satisfying B = 0Oand =1;
thus summing the inequalities in the systenCx + By with coe cients
given by vyields

X = Cx + By =1

sinceC = (a)=( )ag= ao.
Now given any pointx 2 P, the ber above x is given by the inequality

systemBy Cx. For x 2 G we haveCx = , and By describes a
point. For x 2 P nG we haveCx < , and By Cx describes a copy
of Q that has been scaled by a factor of 1 cx. This is schematically shown
in Figure [4.3. ]

Remark 4.3. The subdirect product construction introduced when studyig
projectively unique polytopes by McMullen [[35] subsumes éhgeneralized
wedgeP 2 ¢ Q as the special casel(;G) (Q;;).

Remark 4.4. The generalized wedge may be interpreted as a limit case
(degeneration) of a deformed product in the sense of AmentadZiegler [2]:
If we consider an inequalitycx 1+ " for small" > 0 instead of the
inequality cx 1 de ning the face, then this inequality is strictly satis ed
by all x 2 P. Further an inequality system similar to Equation [4.1) in
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Figure 4.3: A schematic drawing of the generalized wedgd® 25 Q. Itis a
degeneration of the productP  Q of two polytopes and contains many copies of
both constituents.

De nition 4.1]de nes a deformed product:

Ny o drd? 1A X 0_
y C B vy ’
where C is the m® d matrix with all rows equal to c. If " ! 0 then

the faceG Q of the product P Q degenerates to a lower dimensional
faceG f 0Og, and we obtain the generalized wedge (see Figurel4.4).

The following example illustrates the relation between theroduct, the de-
formed product and the generalized wedge.

Example 4.5 (From product to generalized wedge)To construct the gen-
eralized wedge of a pentagon fand a triangle , we need an inequality
description of the two polytopes:

1 01
0 1
D: = X1 2 2 @ 1 OA X1
5 X2 0 1 X2 ’
1 1
1 0
2: Y1 2 2 0 1 Y1
Y2 1 1 y2

We now choose the edge; given by the inequality x; X, 1 as the base
facet of the generalized wedge. So the generalized wedg®R , has the

following inequality description: L

X1
X2
Y1

y2

D52(_:.5 2 = X2

hlalt
N
IN
(@m o
PR RoRrOR

PR RRORO
P OROOOO
[ oNelloNoNoNe]
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Figure 4.4: Schlegel diagrams showing the degeneration of a product to gener-
alized wedge: The orthogonal product of pentagon and triantg (left), a deformed
product of pentagon and triangle (middle), and the generalzed wedge of pentagon
and triangle (right).

The rst two columns of the matrix contain the normals of the pentagon,
where the normal of the edgess is tripled. The lower part of the second
two columns contains exactly the normals of the triangle. Idrigure (4.4 we
show the process of how an orthogonal product degeneratea & deformed
product to a generalized wedge.

The facet normals of the three steps in the degeneration for<d < 1 from
the product Ds 2> via the deformed product b € , to the generalized
wedge 32 , are the following:

Ds 2 Ds€ » Ds2 ,
0 4 o] o 01 0o 0| o 01 0 1 ol o O1
o 1| o o o 1] o o o 1l o o
1 0] 0o o 1 ol o o 1 ol o o
0o 1| o o o 1] o o o 1l o o
1 1] 0o o 1 1| 0o o 1110
A 0 o 1 o0 Q 1 0
1 1| o 1
0o o] o 1 0o 1 1 1l 1 1
0 o] 1 1 1 1

For the boundary cases of we obtain the orthogonal product for = 0

and the generalized wedge for = 1. Note that the inequality de ning the

edgees is redundant and no longer de nes a facet of the generalizeckdge,
but only an edge.

Using the degeneration of the deformed product to a genersdd wedge or a
little linear algebra we obtain the vertices of the generaed wedge.

Lemma 4.6 (Vertices of the generalized wedge 2 s Q). Let P 2 5 Q be the
generalized wedge dP and Q at G, whereP hasn vertices andQ has n°
vertices, and letH = fx 2 9: cx = 1g be a hyperplane de ning the faces
with 1 vertices. ThenP 25 Q has (n  mn°+ n vertices. These belong to
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two families
Uk‘:( \/0k . forvy2 G; 0 k<n; ‘
@ oy forvezG; 0 k<n; 0 “<nf
wherev is a vertex of P and w- is a vertex of Q. 0

With the above lemma or again using the degeneration of the fibemed prod-
uct we can determine the combinatorial types of the facets tfie generalized
wedge.

Lemma 4.7 (Facets of the generalized wedgP 2 s Q). The inequalities
de ning the generalized wedgé® 2 ¢ Q as given by De nition [4.1 are of two
dierent kinds: ([ ax = 1fori 2 [m]resp.i 2 [m]nfOg if G is a facet
dened by apx 1and () cx+ hy=1forj 2 [mY.

() Let ayx =1 de ne the facet F; 6 G of P. Then a;x = 1 de nes a facet
of the generalized wedge combinatorially equivalent to

(@) the productF;, Qif F{\ G=;, and
(b) the generalized wedgé; 2 ;) Qif Fi\ G6 ;.

(i) Let by =1 de ne the facet F; of Q. Then agx + hy = 1 de nes a facet
combinatorially equivalent to the generalized wedgP 2 ¢ F;. O

The generalized wedgP 2 s Q contains many faces that are a nely equivalent
to the \base" P. These are characterized in the following proposition.

Proposition 4.8 (P-faces ofP 2 Q). Let P 2 5 Q be the generalized wedge
of P and Q at G de ned by the inequality G = P\f x 2 9jcx = 1g.
For an arbitrary vertex w of Q the convex hull of the vertices @ ‘é@k)w
fork=0;:::;n 1is aface that is a nely equivalent to P.

Proof. The vertexw 2 Q is described byBy = , whereB is an invertible
square matrix, andBy is a subsystem oBy . The corresponding
subsystemCx + By de nes a faceG,, of P 25 Q, since it is a valid
subsystem. This system is tight for the point  that lies on the boundary
of P2¢ Q. For any x 2 P we get a unique solutiony for Cx + By =
which depends a nely onx. Hencex 7! (x;y) yields an a ne equivalence be-
tweenP and the faceG,, of P 2 s Q that maps the verticesv, of P to @ zf,k)w
of Gy,.
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Figure 4.5: The Schlegel diagram of the generalized wedge of a 5-gon and a
triangle displays the properties proved in this section: (J It has a triangle face
for every vertex of the pentagon not on the base edge (Proposidn [4.2). (2) It
has a pentagon face for every vertex of the triangle (Proposion [48). (3) Itis a
simple polytope (Corollary [£.9).

In rare cases the generalized wedge of two polytopes is siemplo characterize
the simple wedge products we simply count the facets at eachrtex.

Corollary 4.9 (Simple generalized wedgesYhe generalized wedgP 2 s Q
of P and Q at G is simple if and only if

| P is a point and Q is simple (trivial case) or
I P is simple andQ is a simplex.

Proof. If P is a point then the inequality system [4.11) of De nition[4.1 is
exactly the inequality description ofQ, that is, P 2 Q = Q. Hence the
generalized wedge of a point with a simple polytope is simgfeand only if Q
is simple.

If the dimension of P is at least 1 we proceed as follows. The generalized
wedge is a simple polytope if and only if the number of facetadident to
every vertex isd + d° Every vertex of P satises at leastd 1 of the
inequalitiesa;x 1 with equality and every vertexw of Q satis es at leastd®

of the inequalitieshx 1 with equality. We will distinguish two kinds of
vertices:

(1) Let ‘6 be a vertex ofP 2 s Q wherev is a vertex of P on the faceG

de ned by cx = 1. Then v satis es at leastd inequalities of typeajx 1
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with equality. But maybe one of the inequalitiesapx = 1 is redundant
if cx =1 de nes a facet. The vertex , also satis es allm®inequalities
of typecx+hy 1 with equality. Hence  satis es atleastd 1+ m°O of
the inequalities de ning the generalized wedge with equ&i Sincem®is
atleastd®1, the vertex  lies in exactlyd+ d’facets of the generalized
wedge if and only ifv lies in exactly d of the facets ofP (one of which
is G) and Q has exactlyd®+ 1 facets. In other words, the vertex o is
simple if and only if v is simple inP, Q is a simplex andG is a facet
of P.

(2) Let ZV)W be a vertex ofP 2 ; Q wherev is a vertex ofP not contained
in the faceG and w a vertex of Q. Sincev is a vertex ofP it satis es at
leastd inequalities of typea;x 1 fori =0;:::;m 1 with equality, non
of which is redundant. Sincev is not on G, cv < 1, and hence @ ‘év)w

satis es at leastd of the inequalities of typecx+ by 1 with equality.

Thus the vertices of this type are simple if and only ifv is a simple

vertex of P and Q is simple.

Taking into account both types of vertices yields the lemma. O

4.1.2 Wedge products

The wedge product of two polytoped® and Q may be obtained by iterating
the generalized wedge construction for all facet de ning equalitiesa;x = 1
of P. This is made explicit in the following de nition.

De nition 4.10  (Wedge productP 2 Q). Let P be ad-polytope in 9 given
by Ax with m facets dened byax 1 fori 2 [m] and let Q be a
d®polytope in & given by By with mPfacets that are given byhy 1
forj 2 [m9. Fori 2 [m] denote by A; the (m® d)-matrix & with rows
equal to ;. The wedge productP 2 Q is de ned by the following system of
inequalities:

0 y 1 0 1 0 y 1 01
Yo Ao B Yo
: d+ md?® A B O.
Yi ¢ 2 _ _ Y1 _ (4.2
: A ) B : )
ym 1 m1 ym 1

We denote the hyperplanes;x + by; = 1 de ning the facets of the wedge
product by h;; with (i;j) 2 [m] [mY.
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Remark 4.11. Comparing the inequality description of the wedge product
to the vertex description of the wreath products of Joswig & utz [27], we
observe that wedge product and wreath product are dual comsttions. In
other words, if P and Q are polytopes andP and Q their duals, then the
wedge productP 2 Q is the dual of the wreath productQ oP .

According to Proposition[4.2 the generalized wedd®2 ¢ Q comes with a nat-
ural projection onto P whose bers are a ne copies of the polytopeQ. In the
wedge product we have a similar structure proved by analogetechniques.

Proposition 4.12 (Q™-faces ofP 2 Q). The wedge productP 2 Q of P
and Q is a (d + md9-dimensional polytope with mm? facets h;; indexed
byi 2 [mlandj 2 [mY. It comes with a linear projectionP 2 Q! P
(to the rst d coordinates). The ber above every interior point ofP is a
product Q™, while the ith factor in the ber degenerates to a point above
every point of P that is contained in the ith facet of P. O

In a\ ber bundle" interpretation, the situation might be de noted as
(Q;fg)™ ! P2Q ! (P;TFig):

This picture has an analogy to MacPherson's topological dagption of the
moment map T (P) ! P for a toric variety, as presented in[[20] and in[32,
Sect. 2.8].

We now give a purely combinatorial description of the facesf the wedge
product. Each faceG of the wedge productP 2 Q is determined by a subset
of the facetsHg = f(i;j) 2 [m] [m9j G hig. Ordering this subset by

with H;  [mY in the following way:
j 2H; 0 F lies onh;; : (4.3)

In this correspondence, the facets of the wedge correspomdthe mm°\unit
coordinate vectors" with one entry 1 and all other coordinas equal to O.
The vertices of a simple polytopd® correspond to vectors withdim(P) ones
and zeroes otherwise. With this notation we now describe theertex facet
incidences of the wedge product. It follows from iteratinghe generalized
wedge construction or by duality from the description of thevreath products
of Joswig & Lutz [27].
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Theorem 4.13. Let P 2 Q be the wedge product of polytopeP and Q with
m resp. m° facets. Then Ho;:::;Hm 1) with H; [mJ corresponds to a
vertex of P 2 Q if and only if:

| fi2[m]jH;=[m%g [m] corresponds to a vertex oP, and
| H; 8 [ mJ corresponds to a vertex of. O

The previous theorem is a purely combinatorial result and klws us to de ne
the wedge product of combinatorial types: LeP and Q be combinatorial
types of polytopes. Thewedge product 2 Q is the polytope obtained from
the vertex-facet-incidences of Theoremn 4.13.

Certain faces in a wedge produd® 2 Q that are a nely equivalent to P will
be particularly interesting to us.

Proposition 4.14 (P-faces ofP 2 Q). Let (Ho;:::;Hm 1) with H;  [mY
correspond to a facé of the wedge productP 2 Q. If the intersection of the
facetshy 1 ( 2 H;) is a vertexw; of Q for all i 2 [m], then F is a nely

equivalent to P.

Proof. Every H; gives rise to a sub_matrixE = (Bb)j2n, of B, such that the
vertex w; is the unique solution ofBjy; = . The corresponding subsystem
of the inequality system ofP 2 Q is:

0 1

o _ _ 1 X 0 1
Ao Bo y
A B 0
% -1 1 . g Y1 %% :
A B : |
m 1 m 1 ym 1
It de nes a face of the wedge product, since it is satis ed wit equality
at the point ( ;wo;:::;Wn 1)t on the boundary of P 2 Q. Analogous to
the proof of Proposition[4.8, every pointx 2 P corresponds to a unique
point (X;Yo;:::;Ym 1) On F where eachy; is the unique solution of the sub-
systemBiy; =1 Aix. SoF is anely equivalentto P. O

Using either duality and [27, Cor. 2.4], or Corollary_4]9, webtain the fol-
lowing characterization of simple wedge products.

Corollary 4.15. The wedge productP 2 Q of two polytopesP and Q is
simple if and only if

| P is a point and Q is simple (trivial case) or
| P is simple andQ is a simplex. O
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4.2 The polyhedral surfaces Spi2q

In this section we study a particularly interesting polytoge, the wedge prod-
uct Wy 1 0fap-gonwitha (g 1)-simplex. We use the general results of the
previous section and observe that this wedge product is a e polytope
with many p-gon faces. Thesg-gon faces will be used to construct a regular
polyhedral surface of typef p;2qg in the 2-skeleton ofW,.q 1.

4.2.1 Wedge product of p-gon and (g 1)-simplex

The wedge product of gp-gonDy, and a (q 1)-simplex 4 1 will be denoted
by

Wpq 1 = Dp2 g 1!
Thisisa (2+p(g 1))-dimensional polytope withpgfacets. By Corollary{4. 15
it is simple.
Let us rst x some notation. We assume that the facets (edggsof D,
are labeled in cyclic order, that is, ifi;i® 2 [p] are indices of edges dby,
then they intersect in a vertex of thep-gon if and only ifi°® i 1 modp.
Forj 2 [q] we denote byj the set complementd]nfjgofj in[q]. A vertex of
the (@ 1)-simplex 4 iisthe inte{-section of anyq 1 facets of the simplex,
hence forj 2 [q] the intersection ;o Fjo of the facetsFjo (] 02 7) of the
simplex is a vertex. So Theorermn 4.13 specializes as follows.

Corollary 4.16 (Vertices of wedge producW,,, 1). Let W4 1 be the wedge
product of p-gon and @ 1)-simplex. Then the vertices of the wedge prod-

uct Wy.q 1 correspond to the vectorsilo;:::;Hp 1) with
(Hot:: Hy 1) = Goyi:sli wldh[dlfivas i tsfp 1) OF (4.4)
" (dl:uizzzenlp silp 2:0d)

with j; 2 [l andj; =[g]nfj;g. In other words, each vector that corresponds
to a vertex has two cyclically-adjacent {] entries while all other entries are
subsets of §] with g 1 elements. The number of vertices igdf 2.

For the construction of the surface in the next section we anaterested in
the p-gon faces of,,q 1 that we obtain from Proposition[4.14.

Corollary 4.17 (p-gon faces of the wedge produdtV, 1). The faces of
the wedge productW,, 1 of p-gonand @ 1)-simplex corresponding to the
vectors

wherej; 2 [ and j; = [¢] nfj;g are p-gons. The number of suclp-gons
in Wp,q 1is oP. O
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The following example illustrates the incidences of thp-gons at a vertex in
the above notation.

Example 4.18 (Vertices and 5-gons ofWs.,). Let us consider the wedge
product Ws., of a pentagonDs and a triangle , to get used to the vector
notation for the faces. The wedge producWs., has dimension 12 and 15
facets. As described in Corollary 4.16, the vertices W¥s., correspond to the
vectors Hq; Hy; Hs; Ha; Hs) with two cyclically adjacent Hi, = Hi,+1 = [3]
andH; = J_| fori 62 fg;ig + 1lg:

—
|H|
—
e b

— T —.

(Hi;HosHg Ha Hs) =

Each of the ve families of vertices of the wedge produdiVs., contains 3
vertices which makes a total of 53% = 135 vertices obtained from the 5
families of vertices by choosing the;'s. Further each of the vertices is the
intersection of 2 3+3 2 =12 facets, that is,Ws., is a simple polytope.

There are 3 = 243 pentagons in the 2-skeleton each corresponding to a tac
look at the pentagon vertex gure of the vertex ([3][3]; 3; 3; 3), that is, we

intersect the pentagons adjacent to a vertex with a little spere, then the 9
pentagons form a complete bipartite grapiK 3 on (3 + 3) vertices. Each
vertex of the K33 corresponds to an edge of the form ([8]f]1g;[3]; 3;3; 3)

resp. ([3][3]n fj.g;3;3;3), with j; 2 [3] resp.j» 2 [3]. The 9 pentagons
with vector representation ([3hfj.g; [3]nfj.g; 3;3; 3) with j1;j. 2 [3] are the
edges oK 3.3 (see Figure 4.6).

The task of the next section is to choose an appropriate sulbs¥ the p-gons
of the wedge productW,,, , that forms a surface. Itis not dicultto nd a

set of p-gons that forms a 2-ball at each vertex, but the problem is tselect
the p-gons such that they t together globally to form a polyhedrd surface.

4.2.2 Combinatorial construction

In this section we describe a combinatorially regular suréa of typef p;2qg,
that is, a surface composed gf-gon faces, whose vertices have uniform de-
gree 2), and with a combinatorial automorphism group that acts trarsitively
on its ags. It will be a subcomplex formed by somg-gons of the wedge
product Wp.q 1 = Dp2 4 1 0f p-gon and @ 1)-simplex de ned in the
previous Section 4.2]1.
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Figure 4.6: The pentagon vertex gure of the wedge productWs., of pentagon
and 2-simplex at the vertex ([3] [3]; 3; 3; 3). The labels only contain the rst two

entries of the vector since the last three are always the sameThe vertices of the
graph correspond to edges and the edges to 5-gons of the pabyte.

To construct the surface we have to select certaip-gon faces of the wedge
product. By Corollary 4.1 we know that thep-gon faces ofV,.q , correspond

De nition 4.19  (Polytopal subcomplexS;,,q of Wpq 1). For p 3 and
g 2, the subcomplexS,.q is de ned by the p-gon faces of the wedge prod-
uct Wp,q 1 that correspond to the following set of vectors:

n X! o}
Spizq = (Josiiii)p 1) ji Oorlmodq :
i=0

The subcomplex consists of all thesg-gons, their edges and vertices.

Let us start with an easy observation on the faces contained the subcom-

Lemma 4.20 (Vertices and edges 06,.,,). The subcomplexS;,, contains
all the vertices ofW,, 1. It contains all edges corresponding to vectors with
exactly one fj entry, that is, all edges contained in at least on@-gon. Thus
the f -vector of Sp.oq is given by fo;f1;f2) = (p;pg29)cP 2. O

In the following we will prove that the polytopal complexS,.,, is a regular
surface. We start by proving the regularity.
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Proposition 4.21 (Regularity of the polytopal complex Sy;2q). The poly-
topal complexS, ., is regular, that is, the combinatorial automorphism group
acts transitively on its ags.

Proof. We use four special combinatorial automorphisms of the sutmplex
to show thatthe ag Fo : ([d);[0);0;:::;0) ([q);0;0;:::;0) (0;0;0;:::;0)
may be mapped onto any other ag. Acting on (index vectors ofyertices,
they may be described as follows:

F:(ioiniz:inip 1) 70 (ip 1:iiigisio) (Flip)
P:(iginiz:inip 1) 70 (q do+1;q iy:inq ip 1) (Parity)
R:(loiiniziiniip 1) 7V (lo+ 1 Liig:iiiip 1) (Rotate)
S: (iginiziiiip 1) 70 (inigiisip 1i0) (Shift)

All four maps act on the vectors representing the faces of theubcom-
plex Sp2q. The map P changes the parity of thep-gon, S shifts the vector
cyclically, F reverses the order of the vector, an® rotates around a vertex
preserving parity. Hence by applying an appropriate combation of F, S,
and P we may map an arbitrary ag to a ag of the type

P
with  j; O0modg. The two mapsS and R do not change the parity of the
p-gon. If we now apply the following sequence &and R to the ag Fy we
obtain the ag F:

F =(S(SR® *)(SR* ®)  (SR*)(SR*))(Fo)

P .
wheres- = ,_,]i. Each of the SR pairs adjusts one of the entries of the
ag, and the entire sequence mapk, to F. O

Remark 4.22. The symmetry groupAut(S;.,q) of the surfaceS, ., is a sub-
group of the symmetry group p; 2q] of the regular tiling of type f p; 2qg, that
is, the regular tiling with p-gon faces and uniform vertex degreeg2 (De-
pending on the parameter$ and q these tilings are Euclidean, spherical, or
hyperbolic.) The groupAut(S;.»4) is generated by \combinatorial re ections”
at the lines bounding a fundamental triangle of the barycemic subdivision
of the surface. The subgrougGP?%"  [p;2q] studied by Coxeter [16] also
contains the groupAut(S;.2q) for suitable parameterr.

We are now able to prove the following theorem on the structer of our
selected subcomplex.
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Figure 4.7: The p-gons incident to the vertex ([q]; [d]; 0; 0; 0) of Sp.2q form a
2-ball. In this casep =5 and g = 4 and the pentagons are labeled by the rst
two entries of the vector representation.

Theorem 4.23 (Properties of S;.5q). The subcomplexS,,, of the wedge
product Wy.q 1 = D2 4, of ap-gonand a @ 1)-simplex is a closed
connected orientable regular 2-manifold of typé&p;2qg with f -vector

f (Sp2a) = (P pA20)cf 2
and genus 1+30P %(pq p 20).

Proof. We start by proving that S,,q is a manifold, that is, that the p-
gons form a 2-ball at every vertex. By Proposition 4.21 all # vertices are
equivalent, so it su ces to consider the vertexv = ([];[g];0;:::;0). The
p-gons adjacent to the vertexv correspond to the vectors

(Jo:j1;0;:::50)  with  jo+ji 0;1modg:

Starting from the p-gon (0; 0; 0; : : : ; 0) we obtain all the otherp-gons adjacent
to v if we alternately increase the rst component, or decrease the second
componentj; as shown in Figure_4]7. The @ edges joining thep-gons cor-
respond to the vectors (@;j1;0;:::;0) or (jo;[al; O;:::;0) with jo;j1 2 [d].
Thus the p-gons around each vertex form a 2-ball an§,.,, is @ manifold with
uniform vertex degree 8.

We proceed by showing that the manifold is connected by comstting a
seqguence op-gons connecting two arbitraryp-gons. Consider two arbitrary

connectingF to a p-gonF; = (j&j%j2::1;p 1). Fork=1;::5;p 2 we
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to those of G. Then either F, ; = G or they share the common edge

byjo+ +jp 1 modg We assign an orientation to the edges of the-gons
as follows

if jo+ +jp 1 Omodg, and

ifjo+ +jp 1 1modaq. In Figure[4.8 this is illustrated forp=5. Since
every edge is contained in onp-gon with sum 0 and one with sum 1
this yields a consistent orientation for the surface.

As S5 is an orientable manifold we calculate the genus of the suci from
the f -vector given in Lemma_4.20 via the Euler characteristic:

1 1
g=1 3 (Swed =1+ 5((a Lp 20 *
0

For p = 3 we obtain a regular triangulated surfaceSs.,q of type f 3; 2qg with

f -vector (3q;3¢?; 2¢7) in the wedge productWs, 1. The genus of the surface
is 1+ %q(q 3) and thus quadratic in the number of vertices. Unfortunatky,
the wedge product of a triangle and aq 1)-simplex is a polytope of di-
mension & 1 with 3qfacets, hence a (8 1)-simplex. So our construction
does not provide an\interesting" realization of the surfae. The surfaceSs.
is well known and occurs already in Coxeter [15] calldd; 2qj; 3g. For q=2
the surface is the octahedron and fog = 3 Dyck's Regular Map. For Dyck's
regular map there exist two realizations in 3, one by Bokowski([7] and a
more symmetric one by Brehm[11].

For q = 2 the surface S, is the surface of typef p;4g constructed by Mc-
Mullen, Schulz and Wills [37, Sect. 4]. In their paper they cewtruct a

realization of the surface directly in 3. Their construction also provides two
additional parametersm and n arising from the re ections around anm n-

torus (see Section 5.111 for the dual construction). Our siaces coincide with
the surfaces of McMullen, Schulz & Wills fom =2 and n = 2.

So our surface generalizes two interesting families of sacés. As we will see,
for some parameters it also provides a new way of realizingetisurface in the
boundary complex of a 4-polytope and by orthogonal projecth in 3.
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Figure 4.8: The orientation of the p-gons in the surfaceS.,q, for p=5.

In contrast to simplicial complexes, which may always be réaed in a high-
dimensional simplex, there is no fool-proof strategy for aéizing general poly-
topal complexes. For abstract non-simplicial polyhedral-thanifolds in gen-
eral not even a realization in N for large N is possible. For example, equiv-
elar surfaces of typd p;2q+ 1g are not realizable in general:

Proposition 4.24 (Betke and Gritzmann [4]). Let S N be an equivelar
polyhedral 2-manifold of typef p;2q+ 1gwith g 1in 9 Then

2(29+1) p+1:

If realized in some N, a polyhedral surface can be embedded into® via
an arbitrary general-position projection. Combining thisobservation with
Theorem[4.ZB we get the following corollary.

Corollary 4.25. The regular surfacesS,.,q of Theorem4ZBp 3,9 2)
can be realized in °.
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4.3 Realizing the surfaces Sp4 and Spua-

In the following we provide a construction for the surfaceS;., and S;4 in 3
via projection. We construct a realization oW, that allows for a projection
of the surface into the boundary of a 4-dimensional polytopeA particular
property of the embedding will be that all the faces of the sfimce lie on
the \lower hull" of the polytope. In this way, we obtain the suface by an
orthogonal projection to 2 and we do not need to take the Schlegel diagram.
Using the new method introduced in Section 2.2, we prove a namvial lower
bound for the number of moduli of the surface$, 4. The dual surfaceS,,

is constructed via a projection of the producW,; | of the wedge product
with an interval | .

4.3.1 Projection of the surface to 4andto 3

We are now ready to state our main result about the projection of the
surfaces contained in the wedge products pfgons and intervals.

Theorem 4.26. The wedge productW,; = D, 2 1 of ap-gon and a 1-
simplex of dimension 2 +p has a realization in 2*P such that all the faces
corresponding to the surfacs&,, W .1 are preserved by the projection to
the rst four resp. three coordinates.

This realizesS,.4 as a subcomplex of a polytope boundary in*, and as an
embedded polyhedral surface in3.

Proof. We proceed in two steps. In the rst step we construct a wedge
product of a p-gon with a 1-simplex and describe a suitable deformationn |
the second step we use the Projection Lemrna 1l.13 to show thhgtprojection
of the deformed wedge product to the rst four coordinates @serves all the
p-gons of the surfaces,.,. Furthermore, all the faces of the projected surface
lie on the lower hull of the projected polytope and hence thaigace may be
realized by an orthogonal projection to the rst four/three coordinates.

Let the p-gon D, be given by Dy = fx 2 2jax 1;i 2 [plg with facets in
cyclic order. Let ;=fy2 j "y 1gbe a 1l-simplex for a small > 0.
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Then by De nition 4.10Ithe inequality description of the wed@ product W,

IS:
0 1]
Ao
aQ
cY)

dp 2
Ao 1

1 01
0 1
X 1
" Yo
Y1 1
Yp 1 1

Each of the rows in the matrix corresponds to two facets { onef each sign.
Since W1 is a simple polytope we may perturb the facet normals of the
wedge product without changing the combinatorial structue. So forM > 0
large enough we obtain a realization dfV,.; of the form

0

§|H

dp
ai
a

9 2
G 1

1 1

0
1
1
1C :
1

1 1
MP 1

1

n 1

0
X
Yo
M . Y1
Yo 1

We rescale the inequalities of the wedge product and replattee variables

setting y°= MP 1 'y, to get

0
MP la, "
Mpza]_
Mp3a2

dp 1

1

1 with MP 1 7 and

1 0 1
1 1 10 y 1 MP 1
. BE Hur
yi MP 3
n 1 . :
" ygl 1

The above modi cations do not change the combinatorial streture: scaling
the inequalities does not change the realization, and the &hge of variables
is just a scaling of the coordinate axes. According to De nitin [£.19, the
surfaceS;.4 contains the followingp-gon faces ofV,.;:

n
Spia =

e 1) 2[2P Ji

X1 0]
0;1mod2 :

i=0
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Since [2] =f0; 1g, the surfaceS;., contains all the \special" p-gons ofW,.;
speci ed by Corollary [4.1T. Each of thep-gons is obtained by intersect-

are.

0 _ 1
MP lag ( 1)°" 1 1 1 1
MP 2g, ( 1)y 1
MP 33 1):" 1
e o (4.5)
Ma, , ( 1)ie 2" 1
ap 1 ( 1)jp n

By Lemmal[l.1l ap-gon survives the projection to the rst four coordinates
if the last p 2 columns of the matrix are positively spanning. Sincé
is very small and the conditions of the projection lemma aretable under
perturbation, the last p 2 columns are positively spanning independent of
the choice of signs (1)'i. Consequently all thep-gons survive the projection
to the rst four coordinates.

This deformed realization of the wedge product has the addinal property
that all the p-gon faces of the surface have a face normal that has a negativ
fourth (y;) coordinate as required in Lemma_1.13: The normal cone of a
p-gon face is spanned by the normals of the facets containirgetp-gon given
by the matrix in Equation (4.5). Since the 1 in the y; coordinate of the
rst row dominates the y; coordinates of the other normals, the normal cone
of the projected p-gon contains a vector = ( «; y) 2 2P with y =0

on the lower hull of the projected polytope.

Thus we get a coordinatization of the surface by orthogonakgjection to the
rst three coordinates without the need of a Schlegel proj¢ion. O

The construction of the surfaces via the projections of theedlormed wedge
products yields very \skinny" realizations for largep. A realization of the
surfaceSs.4 of genus 5 is shown in Figure_4.9: Its 32 pentagon faces are ar-
ranged symmetrically to a horizontal plane. They come in 8 failies of 4
pentagons. The 4 families above the horizontal plane are amged as indi-
cated by Figure[4.9 (right).
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Figure 4.9: The surface Ss.4 consists of 32 pentagons on 40 vertices.

4.3.2 Moduli of the projected surfaces

For p 4, the surfacesS,, do neither contain vertices of degree three, nor
triangle faces. So we cannot perform any local perturbatisrof the vertices
or the face normals without changing the combinatorial strcture. Following
the approach of Sectiomn 1.311, the mee estimate for the number of moduli
of a realizationS of the surfaceSp.oq in 3 is:

M(S;3) 2P 2(3p 4p+12)=2° (12 p):

Hence for largep we would not expect that realizations of the surfaceS;.»q
have any non-trivial moduli. But as the surfaces are the pregtions of high-
dimensional simple polytopes, we may use the moduli of thergle wedge
product W,.; to obtain moduli for the surfaces according to Theorern 2.B0.
So to obtain a lower bound on the dimension of the realizatiogpace of
the surfacesSy, in 3, we need to determine an ane support set in the
corresponding wedge productV,.;. The maximal size of an a ne supportA
is:

dime;l +1= p+ 3 J Aj Zp = fp+1 (Wp;l)

by Corollary 224 and Lemma2.25. Unfortunately, we have ndteen able to
prove the existence of an a ne support set of size®for this wedge product
yet. But we may use the general approach as described in Cdaoy 2.24.
This yields the following lower bound on the number of modulior the real-
izations of the surfacesS,4 in 2 obtained from Theoren4.26.

Theorem 4.27 (Moduli of Sp4). The realizations of the surfaces, s in
obtained via projections of the wedge product8V,; have at least 3p + 3)
moduli. O
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The above theorem states that the number of moduli grows liagly with the
size of the polygon®, whereas the neve count suggests that the number of
moduli decreases with the size of the polygons. This showsher that our
realizations of the surfaces are very speci c compared tokatrary realizations
or that there must be many incidence theorems hidden in the owinatorial
structure of the surface.

The maximal number of moduli for our realizations of the wedg product
surfaces obtainable from Theoreri 2.80 ip&ince the wedge produciV,;
has 2 facets. One candidate for an a ne support set which would yiel
the desired number of moduli is described in the following ggtion. The
set is motivated by the a ne support set Aneign(p) of the p-cube discussed
in Section[Z2.Z.8. Thep-cube is the ber of an interior point of the polygon
with respect to the canonical projection of the wedge prodtdV,.; onto the
polygon (see Proposition4]2). Maybe one can also use thetthat the wedge
product is a degenerate deformed product to prove the existee or even the
non-existence of an a ne support set of size2for the wedge productWp,;.

Question 4.28. Let Wy, be the wedge product ofp-gon and 1-simplex
for p 3. Consider the subsefA consisting of the vertices corresponding
to the following vectors:

8 9
(2121 1::::;0;0;0)
([2],[2],0;:::;1;1;1)
(0;[2}[2)::50;050)
(1;[2];[2];“';1;1;1)
(5050 c )2
(0,0,0, [2][2]1)
(1;1;1;::5[25[210)
(1;0;0;::505[25(2])
(0;1;1;:05 15[25(2])
([2;1;0;:::50;05[2])

S (210515515152

Is A an a ne support for the wedge product W, ?

4.3.3 Surface duality and polytope duality

In Section[4.3.1 we obtained a realization of the surfa&,4 as a subcomplex
of a polytope boundary in #, and thus as an embedded polyhedral surface
in 3. Now our ambition is to derive a realization of the dual surfee S,
from the primal one. This is not automatic: For this the dimersion 4 is



76 Polyhedral surfaces in wedge products

L

/'—\
.
TN

)
N/

Figure 4.10: The face lattice of a polytope (left) and its dual (right). Th e poset
of the surface is a subposet of the face lattice of the polytop (left) containing

elements of dimensions 0, 1 and 2. The face lattice of the duglolytope contains
a subposet corresponding to the dual surface, but the facesa of co-dimensions
0, 1, and 2.

crucial, and we also need that not only the primal surfac&,,, but also
the \prism" S,» | over the primal surface embeds into a 4-polytope as a
subcomplex.

(Indeed, a surface embedded as a subcomplex in the boundafyaal-poly-
tope P exhibits a collection of faces of dimensions 0, 1, and 2. Thisrres-
ponds to faces of dimensiond 1,d 2 andd 3 in the boundary of the
dual polytope P (see Figurd4.10). These do not form a subcomplex unless
the dimension isd = 3; for larger d this is a collection of high-dimensional
faces that just have the inclusion relations dictated by théace poset 0fS,,.)

For the following, the prism over a cell complex or polyhedral complex
refers to the product | with an interval | = [0;1], equipped with the
obvious cellular structure that comes from the cell decomgiions of (as
given) and of I (with two vertices and one edge). In particular, if is a
polytope (with the canonical face structure), then | is the prism over
in the classical sense of polytope theory.

Theorem 4.29. The prism Wy,.; | over the wedge productW,; has a
realization such that the prism over the surfac&,., | survives the projection
to “resp. °.

Furthermore, the dual of the projected 4-polytope containghe dual sur-
faceS,, as a subcomplex, thus by constructing a Schlegel diagram wetain
a realization of the surfaces;, in °.

Proof. The proof follows the same line as the proof of Theorem 4126.0rF
small positive 0< 1 we construct the productWy,; | of an orthogonal
wedge product with an intervalfz 2 z  1g which has the following
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inequality description:

0 N 1y 4 O 11
=1 " X 1

5 )] Yo 1

. Y1 .

3 2 ! . 1
& 1 " P 1

z 1

As in Theorem[4.26 we will project onto the rst 4 coordinatesndicated by
the vertical line in the next matrix. We perform a suitable déormation and

obtain a deformed polytope combinatorially equivalent toV,.;  |:

0 1 0 1
M Pag " 11 1 1 1 1O y 1 M P
MP la, "1 o MP 1
MP 2a, "1 Yo MP 2

Y1 )

Mzapz 1 0: MZ
Mlapl n 1 le Ml
0 1

The matrix has the same structure as the one used in Theordn?8. except
for the O in the last row of the rst column. The prism S;x | over the
surface is a union of prisms ovep-gons, where each prism is identi ed with

The normals of the facets containing a prescribeglgon prism are:

_ 1
MPa, ( 1)°" 1 1 1 1 1 1
MP la, ( | 1
MP 2a, ( 1" 1
M2a, (1
Mlap 1 ( ]_)Jp " 1

As in the previous proof, the lasip 2 columns of these vectors are positively
spanning because they are positively spanning for= 0 and the given con g-
uration is only a perturbation since" is very small. Further the 1 inthey;
coordinate of the rst row dominates and yields a normal withnegative y,;
coordinate for the prisms over thep-gons. So the prism over the surface
survives the projection to a 4-dimensional polytope and keon its lower hull
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using LemmallL.IB. This way we obtain a realization of the pnis over the
surface in 2 by orthogonal projection.

Looking at the face lattice of the projected polytope we obsee that it con-
tains three copies of the face lattice of the surfacg,., { the top and the
bottom copy and another copy raised by one dimension correspling to the
prism faces connecting top and bottom copy shown in Figurel (left). The
face lattice of the dual polytope contains three copies of ¢hface lattice of
the dual surface. One of those copies based at the verticesresponds to
the dual surface contained in the 2-skeleton of the dual pdbpe. O

(N 7N N
WA Y74 Y 7 N\ /)
NS N_A NI

Figure 4.11: The face lattice of a 4-polytope containing the face poset othe
prism over the surfaceS;.4 (left). The face lattice of the dual polytope contains
the face poset of dual surface (right).

4.4 Topological obstructions

In this section we show that for other parameterg and q the technique
used in this chapter to obtain realizations of the surfaceS, ., does not work.
Using the combinatorial structure of the surface we may userasult about the
non-projectability of the product of simplices from Sectin[3.3.3 to show the
non-projectability of some of the surfaces contained in theedge products.

Theorem 4.30 (Non-projectability of wedge product surfaces)There is no
realization of the wedge productW,, 1, with p 3 andq 4, such that
all the faces corresponding to the surfacs, ., are strictly preserved by the
projection : 2*P@ D1 efore<p+ 1.

Proof. The regular surface contained in the wedge product consisté the
following p-gons:

n Xt 0
Sp2q= (Jos:itiip 1) ji  0;1modq :
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We prove the theorem by contradiction. So assume that therexists a
realization of Wy, 1 such that the surfaceS,,, is strictly preserved by
the projection. According to TheoremZH4 the associated spticial com-
plex K(Wpq 1; ) of the strictly preserved faces is embedded in a sphere of
dimension:

pg (p(g 1L)+2)+e 2=pt+te 4

Since the polygons of the wedge product surfa&g.,q are strictly preserved
by the projection the simplicial complexK(W,.q 1; ) contains a subcom-
plex corresponding to the polygons ofS,.»q. This subgomplex consists of
all (p 1)-simplices (o;:::;jp 1) inthe join (Dg) P with f’zolji 0; 1 modg,

where Dy is the simplicial complex onq disjoint vertices. To analyze the
projectability of the wedge product surface we rst removehe asymmetry

from by only considering the rst p 1 simplices in the wedge product:

This is exactly the Oth skeleton complex o g i) of the (p 1)-fold prod-
uct of (@ 1)-simplices. By Corollary[3.2l the embeddability dimensn
of o g D)is 2p 3. Hence the embeddability dimension HK(Wpq 15 )Iis
atleastp 3because o( § )= ° K(Wpq 1; ). Thusife<p+1
we obtain:

p+te 4<2p 3

This is a contradiction to the embeddability ofK(W,.q 1; )intoan (p+e 4)-
dimensional sphere. So there exists no realization @f,, ; such that the
surfaceS, ., is strictly preserved by the projection to °. O

The above theorem does not claim that there is no realizatioof the sur-
facesSyaq forp  4andg 3in 2 atall. It only proves that our technique
of embedding the surface in the wedge product and then projeg it to the

lower hull of a 4-polytope will not yield a proper realizatio. It would hence
be interesting to nd other simple polytopes containing thesurfaces or to
nd realizations directly in 3. For q = 3 we obtain the triangulated sur-
facesSs.,q studied by Coxeter [15]. Unfortunately we can neither consict

wedge productsWs,, 1 such that the surfaces survive the projection to *
nor prove the non-projectability.






Chapter 5

Polyhedral surfaces in products of
polygons

The surfaces of McMullen, Schulz & Wills[]37] are of partical interest,
because they have an\unusually large genus" compared withé number of
vertices. Further they can be realized in 2 with planar convex quadrilaterals
without self-intersection. The construction of McMullen,Schulz & Wills is
done entirely in 2 by building a \corner" of the surface and then re ecting
it around a torus as sketched in Section 5.1.1.

We take a di erent approach and describe two families of suates primarily
as subcomplexes of high-dimensional polytopes. They appe&athe 2-skeleta
of the (deformed) products of polygons. For a suitable defored realization
of the product we show that these subcomplexes are strictlygserved under
a projection to 4, resp. 3. One family of surfaces, given in Section 5.1.2,
is a generalization of the surfaces constructed by McMulleGchulz & Wills.
The other family, constructed in Section5.1]3, contains lkathe \polygon"
faces of the product of polygons, that is, all the faces of th@roduct that are
products of one polygon with vertices of the other factors. Aese surfaces
have arbitrarily large vertex degree and an average polygaize arbitrarily
close to 8. A natural variation of Wills' question concernig the existence
of equivelar surfaces of typdp; g for p > 4 andq > 4 is: Can polyhedral
surfaces with average vertex degree and average polygoredarger than 4
be embedded in 3? Our quad-polygon surfaces of Sectién 5.11.3 provide such
polyhedral surfaces. Since we are able to construct a largaeasupport set
for the product of polygons, we obtain a large lower bound orhé number
of moduli for our realizations of the surfaces in Sectidn. 52 Moreover, in
Section[5.2.8, we use polytope duality to obtain realizatrs of the duals of
the surfaces.

81
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Before we start with the combinatorial description of the stfaces, let us x
some notation for the facets of the product of polygons. LetJ) be a -gon
given by the inequality systemAx whereA 2 2» 2andx 2 2. Then
the inequality description of the product (Dy)" 2 is

10 1

N

with x; 2 2 and rowsa x; 1fori 2 [r]andj 2 [2p]. We denote the facet
de ned by the inequality a;x; 1 by h;; .

5.1 Hamiltonian surfaces

Hamiltonian surfacesare polyhedral surfaces in the 2-skeleton of a polytope
which contain the entire graph. They are higher dimensionahnalogs of
Hamiltonian cycles in the graph of a polytope, which are comtted 1-mani-
folds without boundary containing all the vertices. (A genel de nition
of k-Hamiltonian m-manifold is given in Ewald et al. [19].) The products
of polygons contain two such families of polyhedral surfagewhich will be
described in the following. The family described in Sectidh.1.2 includes the
equivelar surfaces of typé4; gg of McMullen, Schulz & Wills [37], reviewed in
Section[5.1.l. The surfaces given in Sectibn 5]1.3 are notieglar any more
but of high\complexity" since they use all the \polygon"faces of the product.
Both surfaces are de ned in a purely combinatorial way as sabmplexes of
the 2-skeleton of the product of polygons.

To construct the surfaces we introduce some notation for th2-skeleton of
the product of even polygons. All index calculations are pfrmed mod-
ulo 2p resp. the size of the polygon in the following. We start with &ingle
2p-gon D, whose vertices are labeled withj,j +1) or (j;j 1) where the
rst component j 2 [2p] is even (and hencg + 1 resp.j 1 is odd). The
edgefrom(;j 1)to(j;j +1)is labeled by (j; ;) and the edge from [;j +1)
to(j +2;] +1)is labeled by (; ;j +1). The polygon itself is denoted by (;; ).
See Figurd 5]1.
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@,
(4:9)

Figure 5.1: The non-empty faces of an 8-gon are denoted by vectorg;{ 9 with
j2f0;24;69[f;g andj®2f1;3,57g9[fg .

Summarizing, we identify the non-empty faces of an everpgon with the
following vectors:

Doy =1(;;) ) 2 [2p] eveng (even edges)
[f G:i):i2[2p] oddg (odd edges) (5.1)
[f G:i9:5i°2[2p); j even,j®odd,j°=j 1g  (vertices) =
[f (53)g (polygon)

All the faces of ther-fold product (D,,)" of even polygons are products
of non-empty faces of its factors. Hence they may be identdewith vec-

2p-gon in the ith factor. This is exactly the representation of the faces of
the product as intersection of facets: The facets of the pradt of poly-
gons Dy,)" are denoted byh;; with i 2 [r] and | 2 [2p].-|- Then the vec-
tor (Josigsiuitsiitsir 17 1) represents the face@zp)™\ (o hig, \ hijo)
(whereh;. = ),

The vertices of the product correspond to vectors with ng-entry, that is,

vectors (o;jd;iaifsiiiir 1iif o) with ji 2 [2p] even andj?=j; 12 [2p]

odd. The edges are products of one edge and 1 vertices and are identi ed
with vectors with one ; -entry and againj; 2 [2p] even andj’=j; 12 [2p]

odd. A 2-face of the product Dy,)" is either a Zp-gon or a quadrilateral.
Both 2-faces correspond to vectors with two-entries: If the ; -entries belong
to one factor then the face is a f&gon, if the ;-entries belong to distinct
factors the face is a quadrilateral.
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5.1.1 MSW surfaces

In this section we review the construction of McMullen, Scha & Wills [37] for
equivelar surfaces of typ&4; qg, which we callMSW surfacesfor short. These
surfaces are included in the family of surfaces considereyg Goxeter [15]
in terms of their symmetry groups|the group f4;2mj4™ 1g is the sym-
metry group of the generalized MSW surfaces constructed ire&ion[5.1.2.
Ringel [41] considered three problems concerning cubes addnti ed the
Hamiltonian surface with symmetry groupf4; mg in the 2-skeleton of the
cube. Since the even-dimensional cube is just the product qtiadrilat-
erals, that is, even polygons, these surfaces are a subclasshe surfaces
constructed in Section.5.1]2 as well. Using geometric intian McMullen,
Schulz & Wills [37] were able to construct realizations of # MSW sur-
faces in 2 that include the surfaces of Ringel, but are not as general as
Coxeter's. Their construction starts with a\corner" of the surface. This cor-
ner is sheared such that it may be re ected around a2 2p, torus building
a two parameter family of surfaces. Fop; = p, = 2 the MSW surfaces are
exactly the surfaces considered by Ringel. An example fpr = p, = 4 of
the construction of McMullen, Schulz & Wills is described irthe following
example.

Example 5.1. We start with a corner consisting of two vertices, one edge,
and 5 rays at each vertex. The rays and edges are connected laffhand

)
S

In this case, the constructed corner ts nicely into an (8 8)-torus. After
a re ection around one of the meridian curves the blue halftanes close to
form quadrilaterals, and the green and red quarter-planeg together to build
half-planes.
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By re ecting the above part of the surface around the other médian of
the torus, all the remaining green and red half-planes formuadrilaterals.
So the this MSW surface consists of 64 corners which are reted around
an (8 8)-torus.

This surface is exactly the generalized MSW surface in the gufuct of two
8-gons, as constructed in the following section.
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5.1.2 Generalized MSW surfaces

In this section we generalize the MSW surfaces by de ning artain subcom-

plex of the product of even polygons and showing that the submplex is an
orientable surface. The projection is postponed to Sectidd. We start by

describing a certain subcomplex of the 2-skeleton of the mhact (D,,)" of

even polygons. Since we want to construct a surface of typé; 2rg the sub-

complex consists of quadrilateral faces only. Each quadtieral corresponds
toavector (o;jd;ie;i%iijr 13j0 o) with

I jnir2 [20fg
| ji evenandj’=j; 1 odd, and

| exactly two ; -entries which must not be in the same factor.

Each vertex of the product corresponds to a vector without-entries and
each edge is identi ed with a vector with exactly one -entry. To illustrate
the notation consider the following example.

Example 5.2. The faces of the product of three octagong)® correspond
to vectors (o;j$jsi%izi9) with jojsjz 2 £0;24;6;9 and j&j%j9 2
f1;3;5;7;;9. In preparation of Theorem5.5 we have a look at the following
set of faces:

(’ 110’ 1’Jlij2112)

(Goiig: ,,Jl, ;3 19)

(o5 sinidss ’Jz)

(S P P Y

(Jo,Jo’Jl, sl y)

CGaigsinitiia )

Every vector of this set corresponds to 128 quadrilateraldas: In each factor
of the product we choose either an even edgg;(), an odd edge {;j),
or a vertex (;;j9) to obtain a quadrilateral of each family. Since for each
even/odd edge we have four possibilities and there are eighgrtices in each
factor we get 128 quadrilaterals per family.

Que)s =

Every edge of Dg)® corresponds to a vector with exactly one -entry and
is contained in exactly two quadrilaterals belonging to twadi erent fami-
lies. This makes the subcompleRes).s a closed pseudo-manifold with 768
guadrilaterals, 1536 edges, and 512 vertices.

The quadrilaterals incident to the vertex (Q1;4;3;0,7) are given in Fig-
ure[5.2. These quadrilaterals t together to form a two dimesional ball.
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8
(;;1;;:3;07)
%(0;1;;;3;,;7)
(0;;:43;:;7)
(0;;;4,;,:;0,7)
5(0;1;4; ;0 5)
" (:5:1;43;0;)

Figure 5.2: The vertex star of the vertex (0;1;4;3;0;7) in the subcomplex
Que) 6 (Dg)3. The combinatorial representation of the quadrilaterals adjacent
to the vertex (left). The six quadrilaterals form a 2-dimensional ball (right).

This is true for any vertex of the product and hence,).¢ is a Hamiltonian
2-manifold.

Based on the previous example we de ne a subcomplex of the duéaterals
of the product of even polygons.

De nition 5.3  (Generalized MSW surface) The generalized MSW surfaces
the subcomplexQp).2r Of the product (D,,)" of r even 2-gons generated by

1. two consecutive even edges, i.g.= ji+1 = ; with i =0;:::;r 2, 0or

2. an odd edge of the rst factor and an even edge of the last tac, i.e.
jo=; andj, 1=, o0r

3. two consecutive odd edges, i.¢2=j%; = ; with i =0;:::;r 2, or

4. an even edge of the rst factor and an odd edge of the last tac, i.e.
jo=: andj? = ;.

We collect some easy facts of the subcompl€X.p).2r in the next lemma.

Lemma 5.4. The subcomplexQapp).2r Of the product (Dy,)" of even 2-
gonsDy, is a closed connected 2-dimensional pseudomanifold contag all
the vertices and edges of the product. Ité-vector is ((2p)";r(2p)’; %r(Zp)r).

Proof. Each edge of the productD,,)" corresponds to a vector with exactly
one; -entry. From the description of Q4p).r We easily see that every edge
of the product is contained in exactly two quadrilaterals. 8 Qagp).2r IS a
closed 2-dimensional pseudomanifold containing all2p)" edges of the prod-
uct. It is connected because the graph of the polytopég,)" is connected.
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Figure 5.3:
plex Qaep).2r- The faces at the top are the quadrilaterals that are product
of even edges. The faces at the bottom are products of odd edgeThe left and
the right quadrilateral correspond to the products of an even and an odd edge.

Further, Q2p):2r contains all (2)" vertices of the product, since every vertex
is contained in some edge. Finally, each of the Zamilies of quadrilater-
als given in De nition contains p?(2p)" 2 quadrilaterals yielding a total
number of%r(Zp)r quadrilaterals in Q4(zp);2r - O

Theorem 5.5. The subcomplexQap).2r Of the product (Dy,)" of r 2 even
2p-gons is an equivelar surface of type4; 2rg with f -vector

f (Qaepr) = 2(2p)'(2;2r;r)

and genus 1+3(r  2)(2p)".

Proof. By Lemmal5.4 we obtain thatQap).or is a closed connected 2-dimen-
sional pseudomanifold. All the faces 0Qa4p) .2 are quadrilaterals because
they are products of two edges. Since a vertex of the produstthe product
of vertices and each vertex is contained in exactly two edgeseach factor,
every vertex has degreer2 So the complex is equivelar of typé4; 2rg.

To prove that the given complex is a 2-manifold we show that #astar of every
vertex is a 2-dimensional ball. Consider an arbitrary vertev corresponding

The quadrilaterals adjacent to the vertexv are arranged as in Figuré 5]3,
S0 Qu(p):2r IS @ 2-manifold.

It remains to prove that Qap).2r is Orientable, which is not di cult but a
little technical. We assign an orientation to each quadriteeral and show that
it is consistent, that is, every edge is oriented in oppositdirections by the
two adjacent quadrilaterals.
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() Tt (i) () (i)
1 + +1 +1 1
()7 &) () )

Figure 5.4: The orientation of the quadrilaterals of the surface Qs p).or. The

sign of the quadrilateral determines its orientation. Each \ertex of the quadrilat-

eral is the product of two verticesv = (ji;j% and w = (jx;j?) wherei and k are

cyclically adjacent. They are labeled with their sign ( (v); (w)). The edges are

labeled with +1 if the orientation coincides with the canonical orientation and
1 if not.

We consider the following map on the verticeg (;j ) of the polygons:

L +1 if j2 ji+1 mod

(i:id) = - J'O J-l p-
1 ifj7 ji 21modp:

Every edge {;;;) resp. (;;j9 is adjacent to a positive vertex {;;j; + 1) resp.

(G2 1;j) and a negative vertex {i;j; 1) resp. (°+ 1;j9 and thus has a

canonical orientation from the negative to the positive veaex as follows:

JinJi+1) o+ (G Lid o+
Gis3) Gid
Jiii 1) (°+15iD

Each quadrilateral is the product of two edges of cyclicallgdjacent factors
andr 2 vertices. We extend the map to the quadrilaterals by taking

the product of the signs of ther 2 vertices. In Figure[5.4 we de ne the
orientation of the quadrilaterals according to their sign.The vertices of the
quadrilaterals are denoted only by their signs. The edgesetabeled with

a +1 if the orientation of the edge induced by the orientatiorof the quadrilat-

eral coincides with the canonical orientation of the edgend 1 otherwise.
We are now ready to prove the orientability of the surface. Gwider the

following edge:

Q =(osidssii ursiindissilanir il D) and
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In the case wherd =0 or i = r 1 we have to take the cyclically adjacent
factors, but the calculations remain the same. Dene; 1 = (ji 1;j° ;)
and 41 = (ji+1:j%;)- Now we read the orientation ofe o Figure 5. 41and
obtain:

1. the edgeeis (Q) ; 1 oriented in Q, and
2. the edgeeis (Q9 .1 oriented in Q°

If ;1= s then the quadrilaterals Q and Q° adjacent to e have the
same orientation and thus (Q) ; 1= ( (Q% i+1). So the edge has
opposite direction inQ and Q% If ; 1 6 ;.1 then Q and Q°have di erent
orientations and thus (Q) i 1= ( (QY% :1) as well. This proves
that the orientation de ned via the extension of the vertex ggns onto the
quadrilaterals is an orientation of the surfac& ). -

For orientable surfaces we have the equality(Qagpy2r) =2 29(Qaep):2r)
relating the Euler characteristic and the genugy. Taking the f -vector from
Lemmal5.4 we obtaing(Quepy2r) =1+ 2(2p)'(r  2). O

Remark 5.6. Our constrldftion can easily be generalized to obtain surfes
contained in the product = Dy, | ¥ of arbitrary even polygonsDy, and
intervals 1. The intervals allow us to construct surfaces with odd verte
degree. The MSW surfaces correspond to the surfaces in thek&leton of
the product Dy, D ,p, 1% of @ 201-gonDyyp,, @ 2p,-gonD,p, andk intervals.

Proposition 5.7. The automorphism group of the subcompleXQszp).or Of
the product of r even 2-gons D,,)" acts transitively on the ags, that
iS, Qa(2py:2r IS @ regular polyhedral surface.

Proof. We will show that every ag of the surface may be mapped to one
particularly simple ag by a certain sequence of a set of cormiatorial auto-
morphisms. Our basis ag is the following.

Fo:(0;1;01;:::;0;1) (0;;;0;1;:::;0;1)  (05;;0;5;0;1;:::;0;1):

The automorphisms of the surface act on the vectors represiaig the vertices,
edges and quadrilaterals simultaneously. Let us considdre following two
maps:

FoGoigs:isde nif o) 70 Gr 1if wiitiininioio) (Flip)
S:(ojeir wit ) TV@ PP 5l g wieidiiiiie 2212 5) (Shift)

The two maps are obviously automorphisms of the vertices, gés and quadri-
laterals of the product Dyp)". But they are also automorphisms of the sur-
face Qap):2r: Since the surface contains all vertices and edges we onlede
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to verify that the quadrilaterals of the surface are invariat under F and S.
But the two maps are exactly constructed in such a way that the map the
four families of quadrilaterals contained in the surface ¢ De nition 5£.3)
onto each other.

By applying a suitable number of shiftsSand a ip Fif needed to an arbitrary
ag we obtain a ag F of the form:

The automorphisms of each of the factor®,, of the product induce auto-
morphisms on the surface as well given by the following maps:

EcCojnilo) TV g jli) (Exchange)
Ro:Coisjinjle) 7V Cosji+2;j0+2;000) (Rotate)
All other entries of the vectors are constant. Since each ofié¢ E; and R;
allows to map an arbitrary pair (j;;j ) onto the pair (0; 1) we are able to map

the ag F tothe ag Fq. Thus the group of automorphisms acts transitively
on the ags of the surface. O

5.1.3 Quad-polygon surfaces

In this section we describe another surface contained in thefold prod-
uct (Dgp)" of even P-gons. It is no longer equivelar but contains all 2gon
faces of the product and thus all the vertices and the entirergph.

De nition 5.8  (Quad-polygon surfaceQP ;4.204.2r). The facets of the poly-
hedral surfaceQP ;42052 CONtained in the 2-skeleton of ther-fold prod-

with exactly two ; -entries at cyclically adjacent positions.

Let us get used to the structure of the surface by the followgnsimple exam-
ple.

Example 5.9. Consider the product of two 8-gons@g)?. Then the polyhe-
dral surfaceQP4.55.4 contains the following polygons:

8 e
3G iniDs
QP aggo= _ U013 500D
3(0iJgsii3)3
CGaidiin)
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Figure 5.5: The Hamiltonian surface QP 4844 contained in the Schlegel dia-
gram of the product of two 8-gons. The three picture show the derent com-
ponents of the surface: the 8-gons and the quadrilaterals €ft), and the surface
(right). The di erent families of 8-gons and quadrilateral s are displayed in dif-
ferent colors.

The rst and the third row each correspond to a family of eight8-gons, that
is, the product of a vertex of the one factor with the entire &on of the other
factor. The second and the fourth row each correspond to 16 aylrilateral
faces, that is, the product of two edges, one from each factoEach vector
with exactly one; -entry is an edge of the product and is contained in exactly
two quadrilaterals belonging to two di erent families. As vwe will show in
Theorem[5.11, the 8-gons and the quadrilaterals around onertex form a
2-dimensional ball. ThusQP ;4544 is a two dimensional manifold contained
in the 2-skeleton of Dg)2. A picture of the surface in the Schlegel diagram
of the product is shown in Figurd 5.5.

We collect some simple facts about the subcompl€XP ¢ 4.op4:2r in the follow-
ing lemma.

Lemma 5.10. The subcomplexQP ¢4.004.2r Of the product (Dyp)" is a closed
connected 2-dimensional pseudomanifold containing allteees and edges of
the product.

Proof. An edge of the product D,,)" corresponds to a vector with exactly one
; -entry. Since the 2-faces of the complex are given by vectoséth exactly
two cyclically adjacent ; -entries, every edge of the polytope is contained
in exactly two faces ofQPt4.2p4.2r. As the graph of the product D,,)" is
connected, we obtain thatQP 4542 IS a closed connected 2-dimensional
pseudomanifold. The complexXQP ¢ 42542 CONtains all the vertices of D)’
because every vertex is contained in an edge and the compl@ntains all
the edges. O
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(0:iS55:512:0%0819) (oiiSiiaiidiiz:i%iii)

Ginidij2iSiag)

Figure 5.6: The vertex star of a vertex (jo;j8;::::jr 1;j° ;) in the com-
plex QP;4.pgr IS @ 2-ball consisting ofr quadrilaterals and r 2p-gons. The
quadrilaterals and 2p-gons alternate around the vertex. The gure shows the
caser = 4.

Theorem 5.11. The subcomplexQP ¢ 4,2p4.2r Of the r-fold product (D))" of
even J-gons is an orientable polyhedral surface in? with f -vector:

f (QPtazpgar) = 3(2p)" *(4p;4pr;pr +2r)

and genus 1 +%1(2p)r Y3pr 4p 2r). This surface isHamiltonian in the
sense that it contains all vertices and all edges (and all th2p-gon faces)
of (D2p)"-

Proof. As the combinatorial description of the comple)XQP 4.2p9:2r IS similar
to the description of the surfaceQagp).2r, the proof is also similar to the
proof of Theorem5.6. By Lemm&5.10 we obtain tha®@P ¢ 4.2p4.2r IS @ closed
connected 2-dimensional pseudomanifold. Further, Figui®8 shows that
the star of every vertex is a 2-dimensional ball, henc®P.p5.2r IS @ 2-
dimensional manifold. The orientation is assigned to the fygons as in
the proof of Theorem5.b by taking the product of the signs ohe vertices
involved, that is, for the 2p-gons we take the product of 1 vertex signs,
for the quadrilaterals ofr 2 vertex signs. An easy calculation then yields
the orientability of the surface QP ¢ 4.2pg: -

To complete the theorem we need to calculate thé-vector (fo;f;;f,) of
the surface. The surface contains all vertices and edges bétproduct and
thus fo = (2p)" and f; = r(2p)'. Further, the combinatorial description
implies that the surface contains allr(2p)" * 2p-gon faces andp?(2p)" ?
quadrilaterals of the product. Sof, = r(2p)" *+ %r(Zp)f. O
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5.2 Realizing the surfaces in 3

In this section we prove that there exist realizations of th@roducts of even
polygons such that the two surfaces described in Sectidnd 2 and[5.1.B sur-
vive the projection to the upper hull of a 4-polytope and hereby orthogonal
projection to 3. We construct particular deformed realizations of the prod
ucts with the prescribed projection properties similar to he constructions of
Ziegler [48] and Sanyal & Zieglef [44]. In Sectidn 5.2.2 wenstruct an a ne
support set for the products of polygons. This a ne support st yields a
lower bound on the number of moduli for the projected surfase Finally, we
follow the same path as in Section 4.3.3 to realize the dualfall the surfaces
in 2 as well.

5.2.1 Projection of the surface to “4andto 3

To be able to prove our projection results, we work with a vergpecial geo-
metric realization of the Z-gon: Let" 1,a =( ;1 jz) on the parabola
y=1 x*with ;= 3(B3l)forj =0;::5;2p 2andag, 1 = (0; 1).
Since theg; are in convex position and their convex hull contain® in its in-
terior, the inequality systema; § 1 forj 2 [2p] describes a convexgon.
By scaling the inequalities for odd by " we obtain the following inequality
description for our Z-gon:

o . . 1 0.1
12 1

w2 32 " n3 p22 n
7 (51 7(; 1)
n “p 1] 2, 1] Go
D, = X 22 Ba%T) 1 (5 X 1" 52
7 "ol )

2 y "

5 1 3 1

As " is small, the normals of the odd edges are perturbed;® vectors with
entries of orders (?;") and the normals to the even edges are perturbed;(D)
vectors with entries of orders'{ 1  "?) as shown in Figurd 5.J7. The advan-
tage of this realization of an even polygon is that every vesk lies on the
intersection of two edges whose normals are a perturbatiof the (0;0) and
the (0;1) vector, respectively. In the following we will disregardhe exact
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Figure 5.7: The normals of the special hexagon B are perturbations of the
vector (0;0) and (0;1) (left). The resulting hexagon is very skinny, depending o
the size of" (right).

coordinates and denote the normal of odd and even edges by () and ( ;1),
respectively. This is very useful in the proofs of the next tavtheorems.

Theorem 5.12 (Realization of Qaop).2r). There exists a realization of the -
fold product of even polygonsDy,)" such that the surfaceQap).or Survives
the projection to the upper hull of a 4-polytope. Hence the stace may be
projected orthogonally to 3.

Proof. The proof proceeds as follows: We start with a short discussi of the

Gale transform of the pyramid over a properly labeled 2 1)-gon. Then we
merge this Gale transform with ther-fold orthogonal product of our special
2p-gon D;, to obtain a deformed product of polygons. Finally, the posite

dependences of the Gale transform of the pyramid (that is, éhfaces of the
pyramid) yield strictly preserved faces of the product undethe projection

to 4. These faces in particular contain the quadrilaterals thaform the

surfaceQuagp):2r -

Let us start with the Gale transform of pyr(D, 1) with the apex labeled
by 2r 1 and the vertices of the base labeled cyclically by increagi odd
numbers 13;:::;2r 3 followed by increasing even numbers ®,:::;2r 2
as shown in Figure[5J8. Since the vertices 0, 1, 2, and 2 1 are a nely

pendent by Proposition_1.4. Hence we may assume, that the @aransform
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Labeling of the pyramid over a (Zr 1)-gon need for the realization
of the surfaceQa(2p).2r Via projection of deformed product (exampler = 5).

Figure 5.8:

of pyr(Dy 1), which contains 2 vectors of dimension 2 4, looks as follows:

The last O-row corresponds to the apex of the pyramid. Sincdis is the
Gale transform of the pyramid it comes with certain positivedependences.

In particular, the edges of the polytope yield positive spanng subsets which
will correspond to the quadrilaterals of the surfac€ap).or-
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The r-fold product of our particular realization of the Z-gon Ds, has the
following inequality description:

0 1 01
A

A X

1
X1
n Xy Lo
(D_Zp)r = (Xj ){:01 2 z A :
. 2

A b

where the matricesA 2 2° 2 contain the normals of our -gon realization
and b2 ?? the corresponding right-hand sides as given in Equation .
The vertical line indicates that we are going to project ontdhe rst 4 coor-
dinates.

Since the even resp. odd edges of our special realization loé 2-gon are
almost equal, that is, the normals to the even resp. odd edgase perturba-
tions of the (G;0) resp. (Q 1) vector, we use the following notation for the
left-hand side of the inequality description:

0 1
w2 o
1
"1
1 with R
i "1

np2 n




98 Polyhedral surfaces in products of polygons

Since the product of polygons is a simple polytope, a smalln@rbation of its
facet normals will not change the combinatorial type. So 1 is a very large
number such thatMi ", then the following is still an inequality description
of a product of polygons:

[}
O1

R Bl e

Xy 3

r 2

=4[
H
. 4
. «
. N
H
§|b—\
0000000002000 0000000000
o
2< X X
)
-
H
@W o
o L O

where theg, are componentwise scaled vectors of the Gale transfoi@ of
the pyramid pyr(Dyp, 1) in the following way:

N = 1.1 1.1 ..... 1 . 1

go - (M21M21M31M rrrraa M 1 g 1) gO
— 1.1. 1. 1..... 1 . 1

g]_ (e (MZ’MZ’M3’M RN VI A VI gl

N = 1.1. 1. 1..... 1 . 1

gz L (V1V’M21M 1AM 2 M T 2) gZ

where  denotes the componentswise multiplication of two vectorghat
is, (v. w); = v; w;. All the following modi cations are applied to the
normals of the facets of the product corresponding to the eveand the odd
edges of the factors §) in the same way. We scale the inequalities of thjeth
factor with M" 1 J forj =0;:::;r 1 and replace the coordinateg; 2 2
with x?= M" * Ix;. This way we obtain the following inequality system for
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a deformed product of polygons:

0
1 1 0
1 01
1 %
1
1
1
1
1

Each row of the above system corresponds fpoodd resp. even edges of the
factors. Let us denote the last2 4 columns of the \condensed" matrix with

-entries by G, that is, G has one row for the even and one row for the odd
edges of each factor and is a2 (2r 4) matrix.

We need to verify that the quadrilaterals contained in the stface Qp).or are
strictly preserved by the projection to the rst 4 coordinates. By Lemmd_1.1[1
a quadrilateral Q is strictly preserved if the corresponding truncated facet
normals are positively spanning. The quadrilaterals d4(p).2r come in four
families corresponding to the following vectors:

Each of thej; resp. j? corresponds to an even resp. odd facet of thi¢h
factor. Hence the truncated normals of the facets containgna quadrilateral
are the rows ofG with the rows corresponding to the -entries removed. The
corresponding rows of the matrixG' are positively spanning sinces is the
Gale transform of the pyramid pyrD, 1) with our carefully chosen labeling
of the vertices. ButG is just a perturbation of the matrix G' and positively
spanning vector con gurations are stable under perturbatin. Hence the
chosen rows ofG are also positively spanning and all the quadrilaterals of
the surface survive the projection.
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3 5

4

Figure 5.9: Labeling of the pyramid over a (2 1)-gon (r = 5) needed for the
realization of the surfaceQP+4.2p4.2r Via projection of a deformed product.

Further the quadrilaterals all project to the upper hull of the projected poly-
tope with respect to the fourth coordinate since the 1 of therst three rows
dominate the direction of normals of the projected quadrikerals. Thus an
orthogonal projection to the rst three coordinates yieldsa realization of the
surface in 3. O

Theorem 5.13 (Realization of QP¢4.242r). There exists a realization of
the r-fold product of even polygonsD,,)" such that the surfaceQP ¢ 42pg:2r
survives the projection to the upper hull of a 4-polytope. Hece the surface
may be projected orthogonally to 3.

Proof. The proof is very similar to the proof of the previous theoremWe
only have to label the vertices of the pyramid over an {2 1)-gon di erently
as shown in Figurd.59. This induces di erent positive depe@ences in the
Gale transform and implies that all the quadrilaterals and kthe 2p-gons of
the surfaceQP4.0pq2r SUrvive the projection to 4, resp. 3. O

The above theorem provides realizations of the surfac€P4.opg.2r N
These surfaces have constant vertex degree Zhe 2-faces of these surfaces
consist ofr(2p)" ' 2p-gons andrp?(2p)" ? quadrilaterals. So the average
polygon size is:

2p r(2p)" *+4 rp?(2p)" ? _ 2r (2p)" _ 8 .
rp) 1+ rmp22p)y 2 r@2pr 2+ p) p+2
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Brehm & Wills [13], Sect. 4.2] raised the question whether etyelar polyhe-
dral surfaces of typef p;qgwith p  5andq 5 existed in 2. This question
relates to the following corollary since we obtain polyhedt surfaces in 3
with vertex degree and average polygon size at least 5.

Corollary 5.14 (f p; ag-surface in 3). The surfacesQP4.2pq2r have average

polygon size poy = ,ﬁ—pz and obviously (average) vertex degre€rs = 2r.

In particular, for p 4 andr 3, both e and oy are at least 5 and
Theorem[5.1B shows the existence of surfaces withy 5 and poy 5
in 3. O

5.2.2 Moduli of the projected surfaces

We use the methods developed in Section 2.2 to obtain a loweound on
the moduli of the surfaces constructed in Sectioris 5.1.2 afidl.3. As all
the surfaces described in this chapter contain all the vedes of the product
of polygons, we need to nd a large a ne support set of the prodct of

polygons Oyp)".
The vertices of the product D,,)" are products of vertices of the factors

consider the following vertices:

8
%q;j +1; :{'Z:;j;j +J};';j 1;:{;2:;j;j }) if j 2 [2p] even,

Vi'j = i factors r i factors
_§q +1;J;Z{'ZZ;J +1;H 1;J;2{:ZZ;J 1:}) if j 2 [2p] odd,
i factors r i factors

where the calculations are made modulop2 These vertices form a subset of
the vertices of size @r of the product, denoted by:

Ag = fvig ji2[r]j 2 [20]0: (5.3)
Forr = 1 the set Agp contains all the vertices of the polygon. An example of
the caser = 2 is illustrated in the following example.

Example 5.15. In this example we investigate the sefA3 which is a subset
of the vertices of the product of two 6-gons. The vertices; contained in A3
are the following:

inf| o0 1 2 3 4 5

0 |(0;505) (0,1;01) (2,1;21) (2,3;23) (4,3;43) (4,5,45)
1 1(0;1,G65) (2,1;61) (23;21) (43,23) (4543) (0;5;45)
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Figure 5.10: The vertices of the subsetAZ in the product of two hexagons. The
(6 6)-grid on the left is a schematic picture of the torus (identify top & bottom,
and left & right) contained in the boundary of the product. Th e Schlegel diagram
of the product is shown on the right. Both images show the zigag of the selected
vertices around the torus.

These vertices form a zigzag on the (6 6)-torus contained in the boundary
of the product Dg D ¢ shown in Figure[5.1D. The vertices contained in the
facetF =(2;;;;;;) are:

F\ AZ = 1(2,1;01);(2;1;21);(2;3;21);(2;3; 2 3)g:

Now the ag (2;3;23) (2;3;2;) (2;;;2;) (2;5;;;;)\cuts 0 "one
vertex after the other and thus the vertices irF\ A2 are a nely independent
for every realization. It follows from the symmetry that theselected vertices
in every facet are a nely independent for every realizationof the product.
HenceAj3 is an a ne support set of the product (Dg)?.

Theorem 5.16 (A ne support set for products of polygons). The subsetA;,
of the vertices of ther-fold product (D,)" of 2p-gons is an a ne support set
of size 2r.

Proof. We use a ag to show that the setA;, is an a ne support set. By
the combinatorial symmetry of the product and the se#\;, we only need to
consider the vertices contained in the facef := hoo = (2;;:5:5::055057)-
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The vertices ofAy, in this facet are:

n o]
Afzp\ F= (JOJO;::”JF l’Jr 1)2A2p Jo=2

(F;l;zj{% 2o ori=i:

n(?;?ﬁZ%i'z 2,?,?,1 """ 2%)for|—1 ----

The ag which shows that A, is an a ne support set is constructed from
the vertex (2; 3;:::;2; 3) by intersecting the facets de ning this vertex in the

proper order: We start with the facetG, 1 = (2;;;;;;::::;;:;). Then
we add the even entries of the vector to the intersection sucthat the
faceG, ;1 - is the intersection of the facés,, -\ h-,, thatis, for * =1;:::;r:

= (%;;;:{:Z:;Z;'};i;;;:{;zz;;;}):

* factors r ° factors

Then we start to intersect with the odd faces of the factors ahobtain the
following faces for = r +1;:::;2r:

r factors 2r factors

The sequence Gy)Z,* obviously forms a ag. Finally, eachGy contains
exactly k+1 of the vertices inA;,\ F and henceA,,\ F is a nely independent
for every realization of the product. O

The size of an a ne support set is bounded by the number of fatg as shown
in Lemmal2.25. The number of facets of the-fold product (D,,)" of 2p-gons
is 2pr. Hence the a ne support setA;, de ned in Equation (5.3) is maximal
and parametrizes the entire realization space of the produc

Remark 5.17. We can construct a similar a ne support setAy,,; for prod-
ucts of odd polygons as well. But as this chapter deals with ¢hconstruction
of surfaces in the boundary of the projection of products ofven polygons,
we omit this simple generalization.

We are now ready to apply Theorerh 2.30 to the quadrilateral siace Q)2
of Section[5.1.2 and the surfac@®P ¢ 4.opg.r Of Section[5.1.8. Since both sur-
faces contain all the vertices of the product of polygons wdtin the follow-
ing corollary.
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Corollary 5.18 (Moduli of Qagp).2r and QP 4.2pq2r). The realizations of
the surfacesQap).2r resp. QP t4.2pg:2r IN 3 obtained from the projections of
r-fold products (D))" of 2p-gons have at least pr moduli. O

For r = 2 the surface Qup).4 is the standard quadrangulation of a @ 2p-

torus. This torus has no triangular faces or faces with onlyefyree three
vertices, hence there are no trivial moduli. For larger paraetersp and r

all the surfaces of the familiesQy(p)2r and QP t4,20g2r have no triangular
faces and only vertices of degree 2This is re ected in the nave estimates
obtained from Equation (1.1) in Sectiori 1.3]1. For arbitray realizations Sq

resp. Sop Of the surfacesQaegpy:2r r€SP. QP42pg2r iN 2 we obtain the fol-
lowing nave estimates on the number of moduli:

M (Sg;3) %(Zp)r(B 4r +3r)
—_ 1 r .
=206 N

M(Sepid) 520 (120 8pr+3(rp+2r))
= 2(@0) *azp+6r  5pr)

from their f -vectors given in Lemmd_5J}4 resp. Theorem 5]11. So similar to
the wedge product surfaces in Sectidn 4.8.2 this reveals agbudiscrepancy
between the lower bounds on the moduli of the above Corollab/18 and the
estimate by rule of thumb.

5.2.3 Realization of the dual surfaces

In Section[4.3.B we established a relation between the dugliof surfaces
and the duality of 4-polytopes: If a 4-polytopeP contains the prism over
a surfaceS in its boundary, then the dual polytopeP contains the dual
surfaceS as a subcomplex of its 2-skeleton.

So to obtain realizations of the polyhedr_al_surface@‘_,'(zp);2r and QPM;ng;z_r,
we need to construct 4-polytopes containing the prisms ovéne respective
primal surfaces. In the following we construct these 4-pdlypes as projec-
tions of suitable deformed products of 2gons with an interval | .

Theorem 5.19. There exists a realization of the productDj,)" | of 2p-
gons with an interval | in #*! such that the prism Q@p.2r | over the
surface survives the projection to the boundary of a 4-polgpeP.
Furthermore, the dual surfaceQ, ., is a subcomplex of the 2-skeleton of
the dual polytope P and may be realized in 3 by Schlegel projection.
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6 1

Figure 5.11: Labeling of the pyramid over a 2-gon needed for the realization
of the prism over the surfaceQup).2r | Vvia a projection of a deformed product
(exampler = 4).

Proof. We mimic the proof of Theoreni5.12. We start with the orthogoal
product of the special p-gons. We attach the intervall = fx2 | x 1g
for small positive to obtain a polytope of combinatorial type O,,)" 1. We
deform this product using the Gale transform of the pyramid wer a 2 -gon
labeled as in Figuréd 5.11 to obtain the following facet norntst

0 1
1 1 o

01
o2

Then the triangles of the pyramid provide the positive depeatences that
make sure that the prisms of the product of the surface with amterval
survive the projection to 4. O



106 Polyhedral surfaces in products of polygons

Remark 5.20, The construction of Theoreni5.19 can easily be generalized
to products = Dy, | of arbitrary even polygons with an interval. So the
above result nally allows us to obtain realizations for pothedral surfaces
including all the combinatorial types of surfaces of typé4; pg and their duals

of type f q;4g constructed in McMullen, Schulz & Wills [37].

As in the previous section, we only need to relabel the veras of the pyramid
used in the proof to obtain the analogous result for the dualsf the quad-

polygon surfaceQP ¢ 4.2pg;2r -

Theorem 5.21. There exists a realization of the productD,,)" | of 2p-
gons with an intervall in 2*! such that the prism QPt42pg2r | over the
surface survives the projection to the boundary of a 4-polgpeP.

Furthermore, the dual surfaceQP ¢ ,.,pq.o, IS @ subcomplex of the 2-skeleton
of the dual polytopeP and can be realized in 3 by Schlegel projection. [



Chapter 6

Zonotopes with large 2D-cuts
joint with Nikolaus Witte and G enter M. Ziegler
published in Discrete and Computational Geometry(online rst)

Zonotopes, the Minkowski sums of nitely many line segmentsnay also be
de ned as the images of cubes under a ne maps, while their dds can be
described as the central sections of cross polytopes. Sciag for images of
zonotopes under projections, or for central sections of tineluals doesn't give
anything new: We get again zonotopes, resp. duals of zono&sp The combi-
natorics of zonotopes and their duals is well understood ése.g. Ziegler [47]):
The face lattice of a dual zonotope may be identi ed with thatof a real hy-
perplane arrangement.

However, surprising e ects arise as soon as one asksdectionsof zonotopes,
resp. projections of their duals. Such questions arise in a variety of contexts

Figure 6.1: Eppstein's Ukrainian easter egg, and its dual. The 2D-cut, rep.
shadow boundary, of size (n?) are marked.

For example, the\Ukrainian Easter eggs"as displayed by Emgpein in his won-
derful \Geometry Junkyard" [1L8] are 3-dimensional zonotogs with n zones
that have a 2-dimensional section with (n?) vertices; see also Figure G.1.
For \typical" 3-dimensional zonotopes withn zones one expects only a linear

107
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number of vertices in any section, so the Ukrainian Easter gg are surprising
objects. Moreover, such a zonotope has at mosti2 = O(n?) faces, so any
2-dimensional section is a polygon with at mosb(n?) edges/vertices, which
shows that for dimensiond = 3 the quadratic behavior is optimal.

Eppstein's presentation of his model draws on work by Bern, @pstein et
al. [3], where also complexity questions are asked. (Let usta that it takes a
closer look to interpret the picture given by Eppstein corretly: Itis\clipped",
and a close-up view shows that the vertical \chains of vertes" hide lines of
diamonds; see Figuré 612.)

A

Figure 6.2: Close-up view of an Ukrainian Easter egg.

It is natural to ask for high-dimensional versions of the Eder eggs.

Problem 6.1. What is the maximal number of vertices for a 2-dimensional
central section of ad-dimensional zonotope withn zones?

For d = 2 the answer is trivially 2n = ( n), while for d = 3 it is of order
( n?), as seen above. We answer this question optimally for alledd 2.

Theorem 6.2. For everyd 2 the maximal complexity (humber of vertices)
for a central 2D-cut of ad-dimensional zonotopeZ with n zones is (n¢ 1).

The upper bound for this theorem is quite obvious: Al-dimensional zonotope
with n zones has at most 2,", facets, thus any central 2D-section has at

most 2 ", = O(n? ) edges.

To obtain lower bound constructions, it is advisable to lookat the dual
version of the problem.
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Problem 6.3 (Koltun [46] Problem 3]). What is the maximal number of
vertices for a 2-dimensional a ne image (a\2D-shadow") of ad-dimensional
dual zonotope withn zones?

Indeed, this question arose independently: It was posed byadlen Koltun

based on the investigation of his \arrangement method" forimear program-
ming (see [30]), which turned out to be equivalent to a Phase | proceder
for the \usual” simplex algorithm (Hazan & Megiddo [26]). Ou construction

in Section[6.2 shows that the \shadow vertex" pivot rule is gxonential in

worst-case for the arrangement method.

Indeed, a quick approach to Problern 613 is to use known ressihbout large
projections of polytopes. Indeed, iZ is ad-zonotope withn zones, then the
polar dual Z of the zonotopeZ has the combinatorics of an arrangement
of n hyperplanes in 9. The facets ofZ are (d 1)-dimensional polytopes
with at most n facets | and indeed every (d 1)-dimensional polytope
with at most n facets arises this way. It is known that such polytopes have
exponentially large 2D-shadows, which in the old days was bagws for the
\shadow vertex" version of the simplex algorithm[[23] 139]Lifted to the dual
d-zonotopeZ , this also becomes relevant for Koltun's arrangement methp
in Section[6.2 we brie y present this, and derive the (1 Y=2) lower bound.

However, what we are really heading for is an optimal resultjual to Theo-
rem[6.2. It will be proved in SectiorL 6.3, the main part of thigaper.

Theorem 6.27]. For everyd 2 the maximal complexity (number of ver-
tices) for a 2D-shadow of the dual of al-dimensional zonotopeZ with n
zones is ( n% 1),

Acknowledgments. We are grateful to Vladlen Koltun for his inspiration
for this paper. Our investigations were greatly helped by esof thepolymake
system by Gawrilow & Joswig[[22]. In particular, we have buil polymake
models that were also used to produce the main gures in thisaper.

6.1 Arrangements and zonotopes

Let A2 ™ 9pe amatrix. We assume thatA has full (column) rankd, that
no row is a multiple of another one, and none is a multiple of ¢ rst unit-
vector (1;0;:::;0). We refer to [6, Chap. 2] or(]47, Lect. 7] for more detailed
expositions of real hyperplane arrangements, the asso@dtzonotopes, and
their duals.
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6.1.1 Hyperplane arrangements

The matrix A determines an essentidinear hyperplane arrangementb = A,
in 9, whosem hyperplanes are

M= x2 9:ax=0 forj =1;:::;m

corresponding to the rowsy; of A, and ana ne hyperplane arrangementA =
A, in 9 1 whose hyperplanes are

Hi= x2 g ! =0 forj =1;:::;m:

Given A, we obtain A from A by intersection with the hyperplanexy = 1
in 9, a step known asdehomogenizationsimilarly, we obtain A from A by
homogenization

The points x 2 9 and hence the faces ofo (and by intersection also the
faces ofA) have a canonical encoding bgign vectors (x) 2 f+1;0; 1g™,

shorthand notation f+;0; g for the set of signs. The sign vector system
sa( 9 f +;0; g ™ generated this way is theoriented matroid [6] of .

The sign vectors 2 sa( 9 \f +; g ™ in this system (i.e., without zeroes)
correspond to theregions (d-dimensional cells) of the arrangemen@. For a
non-empty low-dimensional celF the sign vectors of the regions containing
are precisely those sign vectors isa (%) which may be obtained from (F)
by replacing each\0" by either\+"or\ "

6.1.2 Zonotopes and their duals

The matrix A also yields a zonotop& = Z,, as
n o o]
Z = ig: i2[ L+1]fori=1;:::;m :
i=1
(In this set-up, Z lives in the vector space (9) of row vectors, while the
dual zonotopeZ considered below consists of column vectors.)

The dual zonotopeZ = Z, may be described as

n X0 0
Z = x2 %  jaxj 1: (6.1)
i=1
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The domains of linearity of the functionf, : 9! , x 7! P M jaxj are the
regions of the hyperplane arrangemend?. Their intersections yield the faces
of A, and these may be identi ed with the cones spanned by the prepfaces
of Z . Thus the proper faces oZ (and, by duality, the non-empty faces
of Z) are identi ed with sign vectors inf+;0; g ™: These are the same sign
vectors as we got for the arrangemen@. (See FigureL 6.4 on the left for a
3-zonotope and the corresponding linear arrangement.)

Expanding the absolute values in Equation[{6]1) yields a stgsm of 2" in-
equalities describingZ . However, a non-redundant facet description o
can be obtained fromA and the combinatorics of® by considering the in-
equalities (F)Ax 1 for all sign vectors (F) of maximal cellsF of A

Z = x2 9% Ax 1forall 2sax( H\f +; g™ :

To determine the faces that survive the projection to the r$ k coordinates
we need to nd the normals of the facets adjacent to a given fac But since
the faces of the dual zonotope correspond to faces of the argament,@ they
are easily obtained from the following lemma.

Lemma 6.4. Let Z be ad-dimensional dual zonotope corresponding to the
linear arrangementﬁ? given by the matrix A, and let F Z a be non-
empty face. Then the normals of the facets containing are the linear
combinations A of the rows ofA for all sign vectors 2 sa( 9) obtained
from (F) by replacing each\0" by either\+"or\ " O

So the information needed to verify that a face of a dual zonope is pre-
served by a projection to the rst k coordinates may be obtained from the
combinatorial structure of the arrangementﬁ? and the matrix A.

6.2 Dual zonotopes with 2D-shadows of size n(d D=2

In this section we present an exponential (yet not optimal)dwer bound for
the maximal size of 2D-shadows of dual zonotopes. It is mera@ygombination
of known results about polytopes and their projections. Fosimplicity, we
restrict to the case of odd dimensioml.

Theorem 6.5. Letd 3 be odd andn an even multiple ofd—zl. Then there

is a d-dimensional dual zonotopeZz d with n zones and a projection
d 1
41 2such that the image (Z ) has at least 2= Z vertices.
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Here is a rough sketch of the construction.

(1) According to Amenta & Ziegler [2, Theorem 5.2] there ared( 1)-
polytopes with n facets and exponentially many vertices such that the
projection ,: 9 1! 2 to the rst two coordinates preserves all the
vertices and thus yields a\large" polygon.

(2) We construct a d-dimensional dual zonotopeZ with n zones that has
sucha@d 1)-polytope as a facefF.

(3) The extension of , to a projection
3 T3 (X0 X) 7! (Xo; 2(X))

mapsZ to a centrally symmetric 3-polytopeP with a large polygon as
a facet. P has a projection to 2 that preserves many vertices.

In the following we give a few details to enhance this sketch.

Some details for (1): Here is the exact result by Amenta & Ziegler, which
sums up previous constructions by Goldfarb [23] and Murty £

Theorem 6.6 (Amenta & Ziegler [2]). Let d be odd andn an even multiple
1

of%. Thenthereisa@d 1)-polytopeF d 1 with n facets and % 2
vertices such that the projection ,: 9 1! 2 to the rsttwo coordinates
preserves all vertices oF . The polytope F is combinatorially equivalent to
a % -fold product of 2% -gons.

Explicit matrix descriptions of deformed products ofn-gons with \large" 4-
dimensional projections are given in Ziegler 148] and Sary& Ziegler [44]
These can easily be adapted (indeed, simpli ed) to yield elipit coordinates
for the polytopes of Theoreni 6J6.

Some details for (2): We have to construct a dual zonotop& with F as
a facet.

Lemma 6.7. Givena (d 1)-polytope F with n facets, there is ad-dimen-
sional dual zonotopeZ with n zones that has a facet a nely equivalent
to F.

Proof. Let fx 2 ¢ ':Ax bg be an inequality description ofF, and let

( b;a) denote theith row of the matrix ( b;A)2 " 9

The n hyperplanesH; = fx 2 9: ( b;a)x = 0g yield a linear arrange-
ment of n hyperplanes in 9, which may also be viewed as a fan (polyhedral
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Figure 6.3: Shadow boundary of a centrally symmetric 3-polytope, on theright
displayed as its Schlegel diagram.

complex of cones). According ta |47, Cor. 7.18] the fan is gtpal, and the
dual Z of the zonotopeZ generated by the vectors (h; a) spans the fan.

The resulting dual zonotopeZ has a facet that isprojectively equivalento F;
however, the construction does not yet yield a facet that is aely equivalent
to F. In order to get this, we constructZ such that the hyperplane spanned
by F is Xo = 1. This is equivalent to constructingZ such that the vertexvg
corresponding toF is e. Therefore we have to normalize the inequality
description of F such that

X

( bya)=(:0;:::;0):

i=1
The row vectors ofA positively span ¢ * and are linearly dependent, hence
there is a linear combination of the row vectors oA with coe cients ; > 0,
i = 1;:::;n, which sums to 0. Thus if we multiply theith facet-de ning

then we obtain the desired normalization oA and b. O

Some details for (3): The following simple lemma provides the last part
of our proof; it is illustrated in Figure [6.3.

Lemma 6.8. Let P be a centrally symmetric 3-dimensional polytope and
let G P be ak-gon facet. Then there exists a projectiong : 3! 2
such that g(P) is a polygon with at leastk vertices.
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Proof. SinceP is centrally symmetric, there exists a copyz° of G as a facet
of P opposite and parallel toG. Consider a projection parallel to G (and
to GY but otherwise generic and letng be the normal vector of the plane
de ning G. If we perturb by adding "ng, " > 0, to the projection
direction of , parts of @ Gand @ Gappear on the shadow boundary. Sinde
is centrally symmetric, the parts of @ Gand @ @ appearing on the shadow
boundary are the same. Therefore perturbing either by +"ng or by "ng
yields a projection ¢ such that g(P) is a polygon with at leastk vertices.
(]

6.3 Dual zonotopes with 2D-shadows of size nd 1

In this section we prove our main result, Theorenl 6.2 in the following
version.

Theorem 6.9. For any d 2 there is ad-dimensional dual zonotopeZ
onn(d 1) zones which has a 2D-shadow with (¢ 1) vertices.

We de ne a dual zonotopeZ and examine its crucial properties. These are
then summarized in Theoreni 612, which in particular implie Theorem6.9.
Figure[6.4 displays a 3-dimensional example, Figure 6.7 al#nensional ex-
ample of our construction.

6.3.1 Geometric intuition

Before starting with the formalism for the proof, which will be rather al-
gebraic, here is a geometric intuition for an inductive comsuction of Z =
Z, 4 a d-dimensional zonotope om(d 1) zones with a 2D-shadow of
size (n® 1) when projected to the rst two coordinates. Ford = 2 any
centrally-symmetric 2n-gon (i.e., a 2-dimensional zonotope witm zones)
provides such a dual zonotop&,. The corresponding a ne hyperplane ar-
rangementA, ! consists ofn distinct points.

We derive a hyperplane arrangemenf\ 2 from A, by rst consider-
ing A, , and then \tilting" the hyperplanes in A, . The hyperplanes
in A, are ordered with respect to their intersections with thex;-axis.
The hyperplanes inA; are tilted alternatingly in x,-direction as in Fig-
ure[6.5 (left): Each black vertex ofA, corresponds to a north-east line and
each white vertex becomes a north-west line of the arrangenteA3. For
each vertex in the 2D-shadow oZ, we obtain an edge in the 2D-shadow of



6.3 Dual zonotopes with 2D-shadows of size nd 1 115

Figure 6.4: A dual 3-zonotope with quadratic 2D-shadow, on the left with the
corresponding linear arrangement and on the right with its 2D-shadow.

the dual 3-zonotopeZ,° corresponding toA. Now A 2 is constructed
from A9 by adding a set ofn parallel hyperplanes toA$, all of them close
to the x;-axis, and each intersecting each edge of the 2D-shadowZgf see
Figure[6.5 (right).

Figure 6.5: Constructing the arrangement A from A, (left) and Az from AY
(right).

For generald, let Hy A 4 be the subarrangement of then parallel hyper-
planes added toA§ in order to obtain Ag. Then A§ d 1 s constructed
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fromAyq 1 by tilting the hyperplanesH4 ; , this time with respect to
their intersections with the x4 ,-axis. The correspondingl-dimensional dual
zonotopeZ,’has ( n® ?) edges in its 2D-shadow and each of thesen(' ?)
edges is subdivideah times by the hyperplanes inH 4 when constructingA 4,
respectivelyZ,. See Figurd 66 for an illustration of the arrangemera.

Figure 6.6: The a ne arrangement A4 consists of three families of planes: The
rst family A9 forms a coarse vertical grid; the second family (derived frm
Hs by tilting) forms a ner grid running from left to right; the | ast family H4
contains the parallel horizontal planes.

6.3.2 The algebraic construction.

Fork 1,n=4k+1,andd 2 we dene

0 1
k
b=(k i) x=@: X2 *' and
k
0 1
: +
b= i k+ > -0 . K2 =
0i 2 1 Kk 1
2
Let ; 2  denote vectors with all entries equal to 0, respectively 1fo

suitable size. For convenience we index the columns of mats from O to
d 1 and the coordinates accordingly byg;:::;Xq 1. Let"; > 0, and for

1 i d 1letA; 2 " 9pe the matrix with "; , as its O-th column
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vector, as itsith column vector, as its (i +1)-st column vector, and
zeroes otherwise. In the case= d 1 there is no ( + 1)-st column of Aq
and the nal -column is omitted:

A = o (4k+1) d.

The linear arrangementA) given by the (d 1)n d)-matrix A whose hori-

a dual zonotope by the construction of Section 6.1.2. Sinclegt parameters ;
do not change the arrangemenﬁ?, any choice of the ; yields the same com-
binatorial type of dual zonotope, but possibly di erent redizations. The
choice of the"; however may (and for su ciently large values will) change
the combinatorics of # and hence the combinatorics of the corresponding
dual zonotope. For the purpose of constructing we set = ﬁ and
i = ;= ' 1 This choice for"; ensures that the \interesting" part of the
next family of hyperplanes nicely ts into the previous famiy. Compare Fig-
ure[6.3 (right): The interesting zig-zag part of familyA; is contained by the
interval "i[ k ;k + 7] in x;-direction and by "i[ ;3] in Xi., -direction;
since”j;; = —1-"; we obtain"j,; (k+ 1) <"1 and the zig-zags nicely tinto

each other. For these parameters we obtain

0 1
b
0 1 b®
Al 2b
A 20
A=% 2 %: b . (6.2)
d 2Ad 1 '
2d 2 d 2
2(d 20 d 2

This matrix has size @ 1)(4k+1) d= n(d 1) d. The dual zonotopeZ =

Z, has @ 1)n zones and isd-dimensional sinceA has rankd. According
to Section[6.1.1, any pointx 2 9 is labeled in® by a sign vector (x) =

(1 2% 25 2% a1y a1Qwith 2f+;0;,g ™ and °2f+;0; g *.
The following Lemmal6.10D selecta® ! vertices of the corresponding a ne
arrangementA.
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Lemma 6.10. Let H;,, Hj,, ..., Hj, , be hyperplanes inA, where eachH;;

d 1 hyperplanesH;,, Hj,, ..., Hj, , intersect in a vertex of A with sign
vector ((1; 1% o 2% g1 g 19 2fF+;0; g "@ D with O at position j;
of the form
(
+ +0 ; + +) with sum O or
(i 9= ( _ ) . (6.3)
+ + ; 0+ +) withsumO

foreachi =1;2;:::;d 1. Conversely, each of these sign vectors corresponds
to a vertex v of the arrangement. In particular,v is a generic vertex, i.e.v
lies on exactlyd 1 hyperplanes.

Proof. The intersectionv = H;,\ H;,\ \ H;, , isindeed a vertex since the

Jd 1

.....

.....

of the vertex v is determined by its \Q" entries whose positions are given by
the j;. Hence every sign vector agreeing with Equatior (6.3) detaines a
set of hyperplanesH;, and thus a vertexv of the arrangement.

To compute the position ofv with respect to the other hyperplanes we take
a closer look at a bloclA; of the matrix that describes our arrangement. For
an arbitrary point x 2 9 with xo = 1 we obtain

0 1
i 1b 1
Aix = i 110 @ Xj A .
Xi+1

This is equivalent to the 2-dimensional(!) a ne arrangemehshown in Fig-
ure[6.5 on the left. We will show that ifx lies on one of the hyperplanes and
if jxix1j < 3 ' 1, then x satis es the required sign pattern [6.B).

We start with an even simpler observation: Ifx° lies on one of the hyper-
planes and has?,; =0 (so in e ect we are looking at a 1-dimensional a ne
hyperplane arrangement), then there are:

| 2k \positive" row vectors g of A; with g x°> 0,
| 2k \negative" row vectors g of A; with a;x°< 0, and

| one\zero" row vector corresponding to the hyperplan&® lies on.

The order of the rows ofA; is such that the signs match the sign pat-
tern of (i; ;9 in (63). Since the values in ' b and ' b dier by
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at least %1 ' 1 we have in factajx® 5 ' ! for \positive" row vectors and
a; x0 5! ! for the \negative" row vectors of A;. Hence we have

EESIE

If we now consider a pointx with jxi.1j < 7 ' * on the same hyperplane
asx? then jx° xij = jxix1j < 2 ' 1. For the row vectorsa; with a;x°6 0

4
we obtain:

i 1.

jaxi jaxyjax x9

DUk x93+ X xia9)
1 i1 1 i1 1 i 1_An-.
>3 i ;=0

Hence the sign pattern of is the same as the sign pattern of°

To conclude the proof we show that the required upper bounjg,j < 3 ' *
holds for the coordinates of the selected vertex For all i°= 1;2;:005d 2
the inequality g, 3 = 0 directly yields the bound jviej Kk ° 1+ jViosy].

Further &, , 3 =0 implies jvg 1j k ¢ 2 and thus recursively

JVis1] k "+ Vis2] k "+ k "+ Vis3]

. . X2 R
k iy k i+1 + + jvd 1j k | <k i |
K i K 1 I=i 1=0
- — i1 < = i 1.
1 Ak +1 4 -

The selected vertices of LemmBa_6.110 correspond to certainrtiees of the
dual zonotopeZ associated to the arrangemenA. Rather than proving
that these vertices ofZ survive the projection to the rst two coordinates,
we consider the edges corresponding to the sign vectors ob& from Equa-
tion (6.3) by replacing the\0"in ( ¢ 1; 3 ;) by either a\+"or a\ ", and
their negatives, which correspond to the antipodal edges.

Lemma 6.11. Let S be the set of sign vectors ( 1; 1%:::; ¢ 1 ¢ 19 of
the form (
(i 9= + +0 ; + +) with sum O or
v (+ ; 0+ +) withsumO
forl i d 2and
(g1 d1)=( + ; + +)withsum 1

Then the sign vectors inS correspond to 29 ?(n + 1) edges ofZ , all of
which survive the projection to the rst two coordinates.
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Proof. The sign vectors ofS indeed correspond to edges & since they
are obtained from sign vectors of non-degenerate(!) vertis by substituting
one\0"by a\+"or a\

Further there are 7% ?(n+1) edges of the speci ed type: Firstly there aren

accounts for the factom® 2. Let p be the number of \+"signsin 4 ;. Thus
there are X + 2 choices forp, and for each choice op there are two choices
for 4 1% except forp =0 and p = 2k + 1 with just one choice for 4 1% This
amounts to 2(kX+2) 2= n+1 choices for (4 1; ¢ 19. The factor of 2 is
due to the central symmetry.

Let e be an edge with sign vector (€) 2 S. In order to apply Lemmal1l.11l we
need to determine the normals to the facets containing So letF be a facet
containinge. The sign vector (F) is obtained from (e) by replacing each\0"
in (e) by either\+"or\ ", see Lemmd_6.4. For brevity we encodE by a
vector (F)2f+; g 9 ? corresponding to the choices for\+"or\ " made.
Conversely, there is a faceF containing e for each vector 2 f+; g ¢ 2,
sincee is non-degenerate.

The supporting hyperplane forF is a(F)x = 1 with a(F) = (F)A being a
linear combination of the rows ofA. We compute theith component ofa(F)
fori=2;3;,:::;d 1.
a(F)i=( (FA)N=( i1 P DA i+ i DA
= "2 ) + DD
Since we replace the zero of { 1; ? ;) by (F); 1 in order to obtain (F)
from (e)wehave (; 1; 2;) = (F); 1. Since (i; 9 is at mostn
it follows that
| a(F) 2 nitl= T1>0holds for (F) 1=+ and

| a(F); '24n 1= 1 1<0holdsfor (F) 1=
In other words, we have foi =2:3;::::d 1:

signa(F)i = (F); (6.4)

It remains to show that the lastd 2 coordinates of the 2 2 normals of the
facets containinge, that is, the facetsF forall 2f+; g ¢ 2 span 9 2.
But Equation (5.4) implies that each of the orthants of 9 2 contains one
normals of all facets containinge positively gban d 2 and e survives the
projection to the rst two coordinates by LemmalT.T1. O
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This completes the construction and analysis af . Scrutinizing the sign
vectors of the edges speci ed in Lemnfa6]11 one can furtheoshthat these
edges actually form a closed polygon i@ . Thus this closed polygon is the
shadow boundary oZ (under projection to the rst two coordinates) and its
projection is a h® ?(n+1)-gon. This yields the precise size of the projection
of Z . The reader is invited to localize the edges corresponding the closed
polygon from Lemma6. 11l and the vertices from Lemnia 610 indtires[6.5
and[6.6.

The following Theorem 6.1P summarizes the construction d@f and its prop-

erties. Our main result as stated in Theorerh 619 follows. Fige[6.4 displays
a 3-dimensional example, Figure 6.7 a 4-dimensional exampl

Figure 6.7: Two dierent projections of a dual 4-zonotope with cubic 2D-
shadow. On the left the projection to the rst two and last coordinate (clipped in
vertical direction) and on the right the projection to the r st three coordinates.

Theorem 6.12. Letkandd 2 be positive integers, and leh = 4k+1. The
dual d-zonotopeZ = Z, corresponding to the matrixA from Equation (6.2)
has @ 1)n zones and its projection to the rst two coordinates has (atdast)
2nd 1 +2n9 2 vertices. O

Remark 6.13. As observed in Amenta & Ziegler[]1, Sect. 5.2] any result
about the complexity lower bound for projections to the plaa (2D-shadows)
also yields lower bounds for the projection to dimensiok, a question which
interpolates between the upper bound problems for polytop&onotopes
(k = d 1) andthe complexity of parametric linear programmingK = 2), the
task to compute the LP optima for all linear combinations of wo objective
functions (seel[14, pp. 162-166]).

In this vein, from Theorem[6.9 and the fact that in a dual of a chical
zonotope every vertex lies in exacthf((d 1)-cube) = dkl 2¢ di erent
k-faces (fork < d), and every such polytope contains at mosn® ! faces of
dimensionk, one derives that in the worst case (¢ ') faces of dimension
k 1 survive in akD-shadow of the dual of ad-zonotope withn zones.






Bibliography

[1] N. Amenta and G. M. Ziegler , Shadows and slices of polytopesn Pro-
ceedings of the 12th Annual ACM Symposium on Computational Gecometry,
May 1996, pp. 10{19.

[2] N. Amenta and G. M. Ziegler , Deformed products and maximal shad-
ows in Advances in Discrete and Computational Geometry (South Hadley,
MA, 1996), B. Chazelle, J. E. Goodman, and R. Pollack, eds., Gntemporary
Mathematics 223, Providence RI, 1998, Amer. Math. Soc., pp57{90.

[3] M. W. Bern, D. Eppstein, L. J. Guibas, J. E. Hershberger, S. Sur i,
and J. D. Wolter , The centroid of points with approximate weightsin Proc.
3rd Eur. Symp. Algorithms (ESA 1995), P. G. Spirakis, ed., na 979 in Lecture
Notes in Computer Science, Springer-Verlag, September 199 pp. 460{472.
http://www.ics.uci.edu/~eppstein/pubs/BerEppGui-ESA -95.ps.gz |

[4] U. Betke and P. Gritzmann , A combinatorial condition for the existence
of polyhedral 2-manifolds, Israel Journal of Mathematics 42, no. 4 (1982),
pp. 297{299.

[5] A. Bj erner , Posets, regular CW complexes and Bruhat orderEuropean
Journal of Combinatorics 5, no. 1 (1984), pp. 7{16.

[6] A. Bj erner, M. Las Vergnas, B. Sturmfels, N. White, and G. M.
Ziegler , Oriented Matroids, Encyclopedia of Mathematics 46, Cambridge
University Press, Cambridge, second (paperback) ed., 1999

[7] J. Bokowski , A geometric realization without self-intersections does gist
for Dyck's regular map, Discrete & Computational Geometry 4, no. 6 (1989),
pp. 583{589.

[8] J. Bokowski and A. Guedes de Oliveira , On the generation of oriented
matroids, Discrete & Computational Geometry 24, no. 2-3 (2000), pp. 197{
208. The Branko Grenbaum birthday issue.

[9] J. Bokowski and B. Sturmfels , Computational synthetic geometry Lec-
ture Notes in Mathematics 1355, Springer-Verlag, Berlin, B89.

[10] U. Brehm , A universality theorem for realization spaces of maps Abstracts
for the Conferences 22/1997 \Discrete Geometry" and 40/198 \Geometry",
Mathematisches Forschungsinstitut Oberwolfach.

123


http://www.ics.uci.edu/~eppstein/pubs/BerEppGui-ESA-95.ps.gz

124 Bibliography

[11] U. Brehm , Maximally symmetric polyhedral realizations of Dyck's regilar
map, Mathematika 34, no. 2 (1987), pp. 229{236.

[12] U. Brehm and E. Schulte , Polyhedral maps in CRC Handbook on Discrete
and Computational Geometry, J. E. Goodman and J. O'Rourke, als., CRC
Press, Boca Raton FL, second ed., 2004, ch. 21, pp. 477{491.

[13] U. Brehm and J. M. Wills , Polyhedral manifolds in Handbook of con-
vex geometry Vol. A, P. M. Gruber, ed., North-Holland, Amsterdam, 1993,
pp. 535{554.

[14] V. Chv atal , Linear programming, A Series of Books in the Mathematical
Sciences, W. H. Freeman and Company, New York, 1983.

[15] H. S. M. Coxeter , Regular skew polyhedra in three and four dimensions, and
their topological analogues Proceedings of the London Mathematical Society
43 (1937), pp. 33{62.

[16] H. S. M. Coxeter , The abstract groupsG™"P | Transactions of the Ameri-
can Mathematical Society 45, no. 1 (1939), pp. 73{150.

[17] H. Crapo , The combinatorial theory of structures in Matroid theory (Szeged,
1982), Collog. Math. Soc. J=nos Bolyai 40, North-Holland, Amsterdam, 1985,
pp. 107{213.

[18] D. Eppstein , Ukrainian easter egg in: \The Geometry Junkyard", compu-
tational and recreational geometry, 23 January 1997,
http://www.ics.uci.edu/~eppstein/junkyard/ukraine/

[19] G. Ewald, P. Kleinschmidt, U. Pachner, and C. Schulz , Neuere Ent-
wicklungen in der kombinatorischen Konvexgeometriein Contributions to
geometry, J. Telke and J. M. Wills, eds., Birkhauser, Basel-Boston-Stuttgart,
1979, pp. 131{163. in German.

[20] S. Fischli and D. Yavin , Which 4-manifolds are toric varieties?, Mathe-
matische Zeitschrift 215 (1994), pp. 179{185.

[21] K. Fritzsche and F. B. Holt , More polytopes meeting the conjectured
Hirsch bound Discrete Mathematics 205, no. 1-3 (1999), pp. 77{84.

[22] E. Gawrilow and M. Joswig , polymake, version 2.3 (desert), 1997{2008.
with contributions by Thilo R erig and Nikolaus Witte, free software,
http://www.math.tu-berlin.de/polymake

[23] D. Goldfarb , On the complexity of the simplex methodin Advances in op-
timization and numerical analysis (Oaxaca, 1992), S. Gomezed., Dordrecht,
1994, Kluwer, pp. 25{38. Proc. 6th Workshop on Optimization and Numerical
Analysis, Oaxaca, Mexico, January 1992.


http://www.ics.uci.edu/~eppstein/junkyard/ukraine/
http://www.math.tu-berlin.de/polymake

Bibliography 125

[24] B. Gr mnbaum, On the facial structure of convex polytopesBulletin of the
American Mathematical Society 71 (1965), pp. 559{560.

[25] B. Gr unbaum, Convex Polytopes Graduate Texts in Math. 221, Springer-
Verlag, New York, 2003. Second edition prepared by V. KaibelV. Klee and
G. M. Ziegler (original edition: Interscience, London 1967.

[26] E. Hazan and N. Megiddo , The\arrangement method" for linear program-
ming is equivalent to the phase-one methgdBM Research Report RJ10414
(A0708-017), IBM, August 29 2007.

[27] M. Joswig and F. H. Lutz , One-point suspensions and wreath products of
polytopes and spheregslournal of Combinatorial Theory. Series A 110, no. 2
(2005), pp. 193{216.

[28] M. Joswig and T. R erig , Neighborly cubical polytopes and spheressrael
Journal of Mathematics 159 (2007), pp. 221{242.

[29] M. Joswig and G. M. Ziegler , Neighborly cubical polytopesDiscrete &
Computational Geometry 24, no. 2-3 (2000), pp. 325{344. The Branko Gen-
baum birthday issue.

[30] V. Koltun , The arrangement method Lecture at the Bay Area Discrete
Math Day XII, April 15, 2006, previosuly available at
http://video.google.com/videoplay?docid=-6332244592 098093013

[31] L. Lov asz, Kneser's conjecture, chromatic number, and homotopy Journal
of Combinatorial Theory. Series A 25, no. 3 (1978), pp. 319{324.

[32] R. D. MacPherson , Equivariant invariants and linear graphs, in \Geomet-
ric Combinatorics"”, Proc. Park City Mathematical Institut e (PCMI) 2004,
E. Miller, V. Reiner, and B. Sturmfels, eds., Providence, R| 2007, American
Math. Society, pp. 317{388.

[33] J. Matou sek, Lectures on Discrete Geometry Graduate Texts in Mathemat-
ics 212, Springer-Verlag, New York, 2002.

[34] J. Matou sek, Using the Borsuk{Ulam Theorem. Lectures on Topological
Methods in Combinatorics and Geometry Universitext, Springer-Verlag, Hei-
delberg, 2003.

[35] P. McMullen , Constructions for projectively unique polytopes Discrete
Mathematics 14, no. 4 (1976), pp. 347{358.

[36] P. McMullen, C. Schulz, and J. M. Wills , Equivelar polyhedral mani-
folds in E3, Israel Journal of Mathematics 41, no. 4 (1982), pp. 331{346.


http://video.google.com/videoplay?docid=-6332244592098093013

126 Bibliography

[37] P. McMullen, C. Schulz, and J. M. Wills , Polyhedral 2-manifolds in E3
with unusually large genuslsrael Journal of Mathematics 46, no. 1-2 (1983),
pp. 127{144.

[38] N. E. Mn ev, The universality theorems on the classi cation problem of on-
guration varieties and convex polytopes varietiesin Topology and Geometry
| Rohlin Seminar, O. Y. Viro, ed., Lecture Notes in Mathemati cs 1346,
Springer-Verlag, Berlin Heidelberg, 1988, pp. 527{544.

[39] K. G. Murty , Computational complexity of parametric linear programming,
Mathematical Programming 19, no. 2 (1980), pp. 213{219.

[40] J. Richter-Gebert  , Realization Spaces of Polytoped_ecture Notes in Math-
ematics 1643, Springer-Verlag, Berlin Heidelberg, 1996.

[41] G. Ringel , Wber drei kombinatorische Probleme am-dimensionalen Weir-
fel und Wurfelgitter, Abhandlungen aus dem Mathematischen Seminar der
Universitat Hamburg 20 (1956), pp. 10{19.

[42] T. R erig, N. Witte, and G. M. Ziegler , Zonotopes with large 2D-cuts
Discrete & Computational Geometry (online rst) (2008). Pr eprint, October
2007, 14 pageshttp://arxiv.org/abs/0710.3116

[43] R. Sanyal , Topological obstructions for vertex numbers of Minkowski sms,
Journal of Combinatorial Theory. Series A (2008). to appear Preprint, Febru-
ary 2007, 13 pageshttp://www.arxiv.org/abs/math.CO/0702717

[44] R. Sanyal and G. M. Ziegler , Construction and analysis of projected
deformed products Preprint, October 2007, 20 pages;
http://arxiv.org/abs/0710.2162

[45] L. Schewe , Generation of oriented matroids using satis ability solvers, in
Mathematical software|ICMS 2006, Lecture Notes in Compute r Science
4151, Springer, Berlin, 2006, pp. 216{218.

[46] U. Wagner (ed.) , Conference on Geometric and Topological Combinatorics:
Problem Session Oberwolfach Reports4, no. 1 (2006), pp. 265{267.

[47] G. M. Ziegler , Lectures on Polytopes Graduate Texts in Mathmatics 152,
Springer-Verlag, New York, 1995.

[48] G. M. Ziegler , Projected products of polygons Electronic Research An-
nouncements AMS10 (2004), pp. 122{134.

[49] G. M. Ziegler , Nonrational con gurations, polytopes, and surfaces The
Mathematical Intelligencer 30, no. 3 (2008), pp. 36{42.


http://arxiv.org/abs/0710.3116
http://www.arxiv.org/abs/math.CO/0702717
http://arxiv.org/abs/0710.2162

	Introduction
	Basics
	Polytopes
	Gale transform
	Polyhedral surfaces
	Naïve estimate on the number of moduli

	Projections and linear algebra

	New methods
	Topological obstructions and polytope projections
	Associated polytope and subcomplex
	Embeddability dimension and Sarkaria index
	Z2-maps and non-embeddability
	Projections of skeleta and skeleton complexes

	Realization spaces of projected polytopes
	Affine support sets
	Moduli of projected polytopes
	Affine support sets of cubes and Ringel surfaces


	Non-projectability of polytope skeleta
	Embeddability dimension of skeleton complexes of products
	Products of polygons
	Skeleton complexes of polygons
	Skeleton complexes of products of polygons
	Projections of products of polygons

	Products of simplices
	Skeleton complexes of simplices
	Skeleton complexes of products of simplices
	Projections of products of simplices


	Polyhedral surfaces in wedge products
	Wedge products
	Generalized wedges
	Wedge products

	The polyhedral surfaces Sp, 2q
	Wedge product of p-gon and (q-1)-simplex
	Combinatorial construction

	Realizing the surfaces Sp, 4 and Sp, 4*.
	Projection of the surface to R4 and to R3
	Moduli of the projected surfaces
	Surface duality and polytope duality

	Topological obstructions

	Polyhedral surfaces in products of polygons
	Hamiltonian surfaces
	MSW surfaces
	Generalized MSW surfaces
	Quad-polygon surfaces

	Realizing the surfaces in R3
	Projection of the surface to R4 and to R3
	Moduli of the projected surfaces
	Realization of the dual surfaces


	Zonotopes with large 2D-cuts
	Arrangements and zonotopes
	Hyperplane arrangements
	Zonotopes and their duals

	Dual zonotopes with 2D-shadows of size (n(d-1)/2)
	Dual zonotopes with 2D-shadows of size (nd-1)
	Geometric intuition
	The algebraic construction.



